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Abstract

This appendix provides mathematical proofs for the propositions made

in the paper “A Thorough Formalization of Conceptual Spaces” by Lucas
Bechberger and Kai-Uwe Kiithnberger [1].

1 Fuzzy Simple Star-Shaped Sets

Proposition 1. Any fuzzy simple star-shaped set S = (S, po, e, W) as defined
in [1] is star-shaped with respect to P = (", C; under d5°.

Proof. As pg(x) is inversely related to the distance of x to S, any S with

o < g is equivalent to an e-neighborhood of S under dés (cf. Figure 1). We

can define the e-neighborhood of a cuboid C; under dés as
Cf={2€CS|Vd € Dg:p; —ugq < zq <pj;+uq}

where u represents the difference between x € C; and z € C;. Thus, u must
fulfill the following constraints:

S wse Y wa-(ug)?<e A Vde€Dg:ug>0
dEAS ded

Let now z € C}, z € Cf.
Vd € Dg : xq = piy + aq with ag € [0, pj; — piy]
24 = p;y +bg with bg € [fud,p;ti —Pigt Ug)

We know that a point y € C'S is between = and z with respect to dés if the
following condition is true:

de® (@,y, W) + dg® (y, 2, W) = dg* (x, 2, W)
= V0 € AS : daE('rava(S) + déE(yvza W(S) = ddE(xasztS)
= VocAg:Ttel0,1]:Vded:yg=t-zq+ (1 —1t) 24



Cs

Figure 1: Left: Three cuboids C4, Cs, C3 with nonempty intersection. Middle:
Resulting simple star-shaped set S based on these cuboids. Right: Fuzzy simple
star-shaped set S based on S with three a-cuts for o € {1.0,0.5,0.25}.

The first equivalence holds because dés is a weighted sum of Euclidean metrics
d‘SE. As the weights are fixed and as the Euclidean metric is a metric obeying
the triangle inequality, the equation with respect to dés can only hold if the
equation with respect to d, holds for all § € A.

We can thus write the components of y like this:

Vde Dg:3te(0,1]:yg=t-2q+(1—t)-zg=1t-(p;y+aq)+ (1 —1t)(p;y+ ba)
=py+tt-ag+(1—1t)-bg=p;,+ca

Ascyg=t-ag+(1—1) bg € [—uq, pf; —pyy+ual, it follows that y € Cf. So Cf

is star-shaped with respect to C; under dés . More specifically, Cf is also star-

shaped with respect to P under dés. Therefore, S€ = U?; Cf is star-shaped

under dés with respect to P.
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2 Union of Fuzzy Simple Star-Shaped Sets

Proposition 2. Let S, = (Sl,,ugl),c(l), WMy and Sy = (Sg,ugz),c(Q),W(2)> be
two fuzzy simple star-shaped sets as defined in [1]. If we assume that Ag, = Ag,
and W =W then S; U Sy CU(Sy,S9) = 5.

Proof. As both A; = A, and WO = W@ we know that

d(z,y) == désl (z,y, W) = dgs"’ (z,y, WP = dés' (x,y, W)



Moreover, S1 U Sy C S’. Therefore:

13,05, (@) = max(ug (z), pg, ()
—_ 1) —cW d(z,y) (2) —c?.d(z,y)
max(max - € Y MAX g € )

—e @

< M6 -maX(e ¢/ minyes, d(ﬂ%y), e~ ¢/ minyes, d(z,y))

/| ¢ min(minyes, d(z.y).minyes, d(z,y))

S ,u/O . efc/,minyesl d(w,y) — ugl (l’)

3 Intersection of Projections to Subspaces

Proposition 3. Let S = (S, o, c, W) be a fuzzy simple star-shaped set as de-
fined in [1]. Let S, = P(S,Ay) and Sy = P(S,As) with Ay U Ay = Ag and
Ay NAy=0. Let §' = I(81,55) as described in Section 4.1 of [1].

If > sen, ws = |A1] and Y 5o n, ws = [Asgl, then S C S’

Proof. We already know that S C I(P(S,A1), P(S,Az)) = S’. Moreover, one
can easily see that puj = o and ¢ = c.

!
cdeS (z,y,W) & 1 o= deS (my, W) _

pg(r) = max 1o - e max o - € pg (x)

ye
I(P(S,A1),P(S,A2))

This holds if and only if W = W’. W) only contains weights for A;, whereas
W) only contains weights for Ay. As Yosen, ws = |Aq] (for i € {1,2}), the
weights are not changed during the projection. As A;NAs = (), they are also not
changed during the intersection, so W' = W.
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