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N Otk N

Let 1 be a stationary and isotropic Poisson line process in the Fuclidean
plane R?. For each line H € 7, we consider the half-space H~ supported
by H and containing the origin. The intersection Z, = Nye,H ™ is called
the zero cell of the line tessellation associated to n. D.G. Kendall recalled
in 1987 in the foreword of [SKM87, first edition| a conjecture that he made
a few decades ago:

‘[...] the conditional law of the shape of Z,, given the area Va(Z,)
of Zy, converges weakly, as Va(Zo) — 00, to the degenerated law
concentrated at the circular shape.’

This conjecture was later proved by Kovalenko [Kov97, Kov99] and many
contributions to this problem and very broad generalisations of it have been
done by Miles, Goldman, Mecke, Osburg, Hug, Reitzner and Schneider.
See Note 9 of Section 10.4 in [SWO08] for precise references. One of the
broadest generalisations was presented and solved by Hug and Schneider
in [HSO7]. They considered the higher dimensional case d > 2, diminished
the isotropy and stationarity conditions to a condition of homogeneity of
degree r > 1, and replaced the volume V,; by any size functional > satisfying
mild properties. It is quite remarkable that they succeeded to solve the
problem in such a high level of generalities. A cornerstone in this thesis is a
new proof of the theorems proved by Hug and Schneider, with some slight
improvements on the results.
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In this introduction, we will briefly present the setting and explain this
result. Then we will describe the most important steps of the proof, which
are themselves highlights of the manuscripts. Next we will present additional
related results we obtained. Finally we will give an outline of the thesis.

1.1 Generalized Kendall’s problem

We consider the tessellation associated to a Poisson hyperplane process n
with an intensity measure of the form

)=y [ [y € ),
sd—1 0

where v > 0, 7 > 1, ¢ is a probability measure on S, and H(u,t) =
{x € R?: (x,u) =t} denotes the hyperplane orthogonal to u at distance
from the origin. The cell containing the origin o is called the zero cell and
denoted Z,. One motivation for such a general setting is that it includes
two classical random polytopes: the zero cell of a stationary hyperplane
tessellation (not necessarily isotropic) when r = 1, and the typical cell of a
Poisson Voronoi tessellation when r = d and ¢ rotation invariant.

A size measurement is any real function ¥ on the set of convex bodies
which is continuous, not identically zero, homogeneous of degree k£ > 0, and
increasing under set inclusion. One specific size measurement, which will be
of great importance in this manuscript, is the so called ®-content :

O(K)=p({HeH: HNK +0}) ://n (H(u,t) N K # 0) "Lt dg(u).
§d—10

For a given size measurement 3, we characterise the shape of a convex body
by the isoperimetric ratio ®(K)X(K)~"/*. It is easy to see that

(K
T := min (X)

= > 0.
KeICE(K)E

Convex bodies minimizing this ratio are called extremal. For example, in
the original setting of D.G. Kendall’s problem, & is proportional to the
perimeter, ¥ is the area, r = 1 and k = 2. Thus the classical isoperimetric
inequality tells us that the extremal bodies are precisely the balls. Hug and
Schneider showed that there exist constants C' and C’ such that, for any
e>0and a>0,

(7 r
P <E(<ZOO))£ >T74e€|X(Z) > a) < Cexp (C'eyzﬂ) ,
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where C’ depends only on 7 and C on ¢, r and e¢. To rephrase it in a
similar way as Kendall’s original conjecture, we can say that the conditional
law of the shape of Z,, given the size 3(Z,), gets concentrated weakly, as
Y¥(Zo) — o0, on the set of extremal bodies. In this manuscript we will prove
the slightly stronger following result. If there exists a convex body K such
that ®(K)X(K)~"/* > 7 + ¢, then

aan;Oa7% In (IP’ (;((ZZO‘;l >71+4e|X(Zo) > a>) =—ey.  (1.1)

1.2 Major steps in the proof

Our proof is based on essentially three steps, which correspond to parts of
chapter 3, 5 and 6, respectively. We believe that the decomposition into
these three steps makes the proof clearer.

The first step is the complementary theorem, which states that under
the condition {f(Z,) = n},

e The size ®(Z,) is 'y, distributed,
e The size ®(Z,) and the shape ®(Z,)~/"Z, are independent.

Similar results have been proved before, see e.g. Miles [Mil71b], Mgller and
Zuyev [MZ96], Cowan [Cow06] and Baumstark and Last [BL09]. Most of the
results in these references correspond to more general settings than the one
we consider. This makes their statements more complicated to work with.
Also, for our purposes we need a very detailed description, adapted to our
situation, which we could not find in the literature. Therefore and for the
sake of completeness we state them explicitly and give proofs in Chapter 3.

In the second step we give an asymptotic estimation for the probability
P(f(Zo) = n), when n — oo, and where f(P) denotes the number of facets
of P. Really little is known about the distribution of the number of facets
of Z,. In dimension 2 and 3 one can deduce the mean number of facets
from the mean number of vertices, see the comments after Corollary 3.3 in
[HHRC15] or the last remarks of [Sch09]. As a special case of a formula due
to Schneider [Sch09, Sec. 5] we also know the relation Ef(Z,) = YE®(Z,),
which we will recover as a simple corollary of the complementary theorem.
In the 2-dimensional and isotropic case, Calka and Hilhorst [HCO08] obtained
a really precise asymptotic estimate of P(f(Z,) = n), as n — oco. To the
knowledge of the author, no significant additional results are known about
the distribution of f(Z,). We fill this gap by showing that, under a mild
condition, the quantity

1 Y/B(f(Zo) = n)
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is bounded from above and from below. In the two dimensional isotropic
case, we recover the first order terms of the estimate of Calka and Hilhorst.
Our proof relies on the complementary theorem and results about approxi-
mation of a polytope by a polytope with fewer facets. These latter results
are described in Chapter 4.

In the final step, by combining the results of the two first steps, we obtain
estimations of probabilities of the form

P (E(Zo) >, B(Ze) T 7o € S) ,

when a — oo and where ¥ is an arbitrary size measurements and S a set
of shapes. These estimations lead directly to the solution of the generalised
D.G. Kendall’s problem.

1.3 Related problems

Although, (1.1) is a really strong and general result, there are still some
cases which are not covered. When ¥ = &, all convex bodies are extremal
and thus (1.1) does not give any information. If ¢ has finite support, then
the shape of cells with big ®-content converges weakly to a random polytope
(explicitly: ®(Zo)~ /" Z, conditioned on {f(Z,) = |suppy|}), because of the
complementary theorem. One example of this form has been considered in
[HS07, Sec. 7]. In the isotropic case, or more generally when ¢ has infinite
support, the limit shape distribution of cells with big ®-content is unknown.
Actually, even the existence of a limit shape distribution is unknown. This
problem is directly related to the problem of the existence of a limit shape
of Z, conditioned on {f(Z,) = n}, as n — oo. At this point the author
cannot resist to present his own conjecture, which he believes has not yet
been officially formulated. We formulate it in the stationary and isotropic
case, i.e. ¢ is the Haar measure on S~ ! and r = 1, but we could also consider
generalisations of this conjecture to the non isotropic or non stationary cases.
In this conjecture ¢ denotes the center of mass.

Conjecture. In the stationary and isotropic case, the conditional law of
the centered shape ®(Z,) 1 (Z, — ¢(Z,)), given the number of facets f(Z,),
converges weakly, as f(Z,) — 00, to the degenerated law concentrated at
B,

Proving this conjecture would be a great step in understanding even
better the shapes of big cells, and a really interesting result on its own. We
are not able to prove this conjecture, but we were able to describe partially
the shape distribution of cells with many facets. Instead of showing that
cells with many facets tend to have a specific shape, we show, under a mild
condition, that they are not too elongated, meaning that they are not close
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to a lower dimensional convex body: There exists ¢ > 0 such that for any
L<1< [,

P (dH (@(Zo)_%Zo, ICi) <elf(Zy) = n) — 0, as n — 00,

where IC; denotes the set of convex bodies of dimension i in R, and
di (2(Zo) V" Zo , Ki) = infrex, du (®(Zo)"Y"Zo, K). In order to get
this result, we improved bounds from polytopal approximation theory. The
specificity of our bounds is to take into account the elongation of convex
bodies. These purely geometric results are presented and proved in Chap-
ter 4.

Another important part of this work is that in addition the case of Z,
we also cover the case of the typical cell Ziy, of a stationary hyperplane
tessellation. All the results above concerning Z, apply in a similar form to
Ziyp-

In contrast with D.G. Kendall’s problem, we also investigate the shape
distribution of small typical cells, with respect to a given size measure-
ment . The behavior of small cells depends on properties of ¢ and .
When ¢ is absolutely continuous, e.g. in the isotropic case, we show that
the limit shape is a random simplex with a distribution depending on X..
We also show that the speed of convergence of

P(f(Ziyp) > d+1| £(Ziyp) < a) = 0

is at most of order a%, which is the case when Y = ®, and at least of order
—In (a%> a%, which is the lower bound obtained when considering the worst

case, i.e. X is the inradius. In the general case, we give a technical criterion
which tells us if the limit shape of small cells, with a fixed number of facets, is
degenerated (i.e. concentrated on lower dimensional shapes) or not. Finally,
we apply this criterion to a specific case, namely the 2-dimensional case
where the lines are either horizontal or vertical. We improve a result due to
Beermann, Redenbach and Théle [BRT14].

1.4 Outline

In order to avoid repetitions in this section, we will write Z whenever a
result is obtained for both Z, and Ziy,,.

In the second chapter we introduce some basic notations and give some
background material needed for this thesis.

In the third chapter we give the complete setting for this thesis. We
introduce some specific sets of convex bodies and polytopes and equip them
with measures. We study some basic properties of these objects. This leads
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us naturally to the complementary theorems, which are essential tools for
this thesis.

In the fourth chapter we develop geometric tools which are both needed
in the further chapters and are of interest themselves.

The first four sections deal with polytopal approximation theory. We
give bounds for the Hausdorff distance between a convex body K and its
best approximation by a polytope P D K with a given number of facets. In
the case where K is elongated, i.e. some isoperimeter is close to zero, our
bound is better then the previously known ones. We also consider the case
where K is a polytope and each facet of P contains a facet of K.

The fifth section generalises tools of integral geometry to the general
setting considered in this thesis.

In the fifth chapter we show that na1 YP(f(Z) =n) is bounded from
above, and under a mild condition on ¢ also bounded from below. The
upper bound is the result of a recurrence relation between the probabilities
P(f(Z) =n)and P(f(Z) = n+1), which also implies that n — P(f(Z,) = n)
is decreasing for n big enough. Under an elongation condition we refine the
upper bound.

The sixth chapter focuses on D.G. Kendall’s problem, which asks for
the asymptotic shape distribution of Z conditioned on ¥(Z) — oo. More
generally, in this chapter we are interested in the asymptotic behaviour of
any probabilities of the form P(B) and P(A | B) where B is either {f(Z) =
n}, or {®(Z) > a}, or {X(Z) > a}, and A is usually an event about the
shape of Z. Thus, in this chapter we also recall some results obtained in the
previous ones.

In the first section we consider cells with many facets. We recall the
bounds on the tail distribution of f(Z), provide upper and lower bounds
for probabilities of the form P(s(Z) € S | f(Z) = n), recall the Gamma
distribution of ®(Z) when Z is conditioned on the event {f(Z) = n}, and
finally we study the tail distribution of ¥(Z) when Z is conditioned on the
event {f(Z) = n}.

In the second section we are interested in cells with a big ®-content. We
give bounds for the tail distribution of ®(Z) and a partial result describing
the shape distribution of Z conditioned on the event {®(Z) > a}.

In the last section we study cells with big Y-content. We give precise
estimation P (3(Z) > a,s(Z) € S), for specific sets of shapes S and when
a — o0o. From these bounds we derive easily our result answering D.G.
Kendall’s problem.

The seventh, and last, chapter deals with the opposite problem, namely
to characterise the shape of small typical cells.

In the first section we characterise the set N' = {n € N : P(f(Zyp) =
n) > 0}. Indeed we will need later the fact that if [A| > 1, then nyi,+1 € N,
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where npin = min .

In the second section we cover the case of cells with small ®-content.
The complementary theorem makes this case easy to deal with.

In the third and fourth sections we consider the case where ¢ is absolutely
continuous, and where 3 can be any size functional. First we show that the
shape of small cells are random simplices and we describe the asymptotic
shape distribution. Second we give a rate of convergence for P(f(Ziyp) >
d+1|¥<a)—0,asa—0.

Finally, in the last section we consider the most general case.

1.5 Underlying papers

The two first sections of Chapter 4 are taken from [Bonl6]. Sections 3.3,
4.3, 4.4 and 5.2 as well as Theorems 6.1.1, 6.2.1 and 6.2.5 are taken from
[BCR16], with a slight generalisation in order to consider the non stationary
case and Z, in Sections 4.3 and 4.4 and Theorems 6.1.1, 6.2.1 and 6.2.5.
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2.3.4 Convention about the constants . . . . . .. .. .. 15

For a general reference about convex geometry we refer the reader to
[Gru07] and [Sch14]. For tools from stochastic and integral geometry the
most important reference is [SWO08].

2.1 Geometry

2.1.1 General setting

We work in the euclidean space R? of dimension d > 2, with origin o, scalar
product (-, -) and associated norm || -||. We denote the vectors in R? by bold
letters, e.g. w,v,x,y... . Vectors of vectors are denoted with a bar above

9
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them, e.g. 4 = (ug, - ,uq) € (Rd)dﬂ. The vectors of the canonical base

of R? are denoted by e;, i = 1,...,d. We denote by B(zx,r) and S !(x,r),
respectively, the ball and the sphere of center  and radius r. The unit ball
B? = B(o,1) has volume x4 and the unit sphere S4~! = S(0, 1) has surface
area wy = dkg. The Lebesgue measure is denoted by Ay and the spherical
Lebesque measure on S¥~! by o. The normalised spherical Lebesgue measure
w;la is called Haar measure. The interior and the boundary of a set A are
denoted by A° and 0A, respectively. We denote by f(P) the number of
facets of a polytope P. We denote by Ry = [0,00) the set of non negative
numbers.

2.1.2 Set of convex bodies

A convez body in R? is a compact and convex set with non empty interior.
We denote by K the set of convex bodies. Because sometime we need to
consider convex bodies of lower dimension we denote by K’ the set of convex
and compact sets with at least two points. The set K have an algebraic
structure, with scale and translation action,

tA:={ta:ac A}, A+x=x+A:={a+x:ac A},

for any A € K, t € R\ {0} and = € R?, and also a sum called Minkowski
sum,

A+B:={a+b|lacAbc B},

for any A and B in K.
The set K is equipped with the Hausdorff distance

A (K, L) = min (K CcL+rBLLC K+rBd>
=

and its associated topology and Borel structure.
The following useful theorem is due to Blaschke, see Theorem 6.3 in
[Gru07] for two different proofs of it.

Theorem 2.1.1 (Blaschke Selection Theorem). Any bounded sequence of
convex bodies in RY contains a convergent subsequence.

2.1.3 Real functions on the set of convex bodies
Invariance

Let f : K — R be a map. If there exists k € R such that f(tK) = t*K for
any K € K and ¢t > 0, we say that f is homogeneous (of degree k). We say
that f is scale invariant if f is homogeneous of degree 0. If f(K+x) = f(K)
for any K € K and & € R%, we say that f is translation invariant. We say
that f is a shape factor if f is scale and translation invariant.
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The Steiner Formula and Intrinsic Volumes.

We denote by Vy4(-) the volume, i.e., the d-dimensional Lebesgue measure.
The Steiner formula tells us that there exist functionals V;: K — [0, 00), for
0 < ¢ <d, such that for any K € K and € > 0

Va(K +eB) = dedj K).

Vi(K) is called the i-th intrinsic volume of K. Some of the intrinsic volumes
have a clear geometric meaning. Vj is the volume. If K has non-empty
interior, then

1
Vi1 (K) = §Hd-1(af<),

where H4"1(OK) is the (d— 1)-dimensional Hausdorff measure of the bound-
ary of K. Thus, 2V;_; is the surface area. V; is proportional to the mean
width b. More precisely,

dﬁdb(K) = kg1 Vi(K) = / h(K,u)o(du),

Sd-1

where o is the spherical Lebesgue area measure on S ! and h(K,u) :=
max{(x,u) | € K} is the value of the support function of K at u. Vo(K) =

1 is the Euler characteristic For1 <i<j<dand K € K, we call the
Vi(K)Y/
‘/(1()1/2

shape factor the (i, 7)-isoperimetric ratio of K.

The Isoperimetric Inequality.

Let B C R? be a d-dimensional ball. For any K € K and for any 1 < i <
J<d,

V; ( ) 1/j A
with equality if and only if K is a ball.
A Steiner-type Formula.
For any K € K

d—1

d—k
Va1 (K + BY) = (2;"’”‘“‘;v (K). (2.2)
k=0

The isoperimetric inequality and the Steiner-type formula imply the next
fact.
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Fact :

Let d > 3, I be an interval (convex hull of two distinct points), B be a ball,
and K € K neither an interval nor a ball. Assume that Vi(I) = Vi(K) =
Vi(B). Note that V;(I) is just the length of the segment I. Then, we have

Va1(I +B% < V(K + B%) < Vy_1(B + BY). (2.3)

2.2 Poisson Hyperplane Mosaic

2.2.1 Space of hyperplanes

A hyperplane is a set of the form
H(u,t) = {x € RY: (x,u) =t} Cc R,

with w € S ! and t € R. We denote by H the space of hyperplanes.
The surjection ST x R — H, defined by (u,t) — H(u,t) induces on H a
topology. We equip H with this topology and the corresponding o-algebra.
Let © be a homogeneous (of degree > 0) measure on H. The homogeneity
property means that O(tB) = t"O(B) for any Borel set B C H and ¢t > 0,
and is equivalent to the fact that it is of the form

)=y [ [ € ) adaw), (2.4)

sd—1 0

where v > 0 and ¢ is a Borel probability measure on S*~1. We call 7, ¢, and
r, respectively, the intensity, the directional distribution, and the distance
exponent, associated to ©.

We denote by X the set of Borel probability measure on S*~! with support
not contained in some closed hemisphere, by N, the set of measures ¢ € N
which are even, i.e. ¢(—) = ¢(-), and by R.. the set of measures ¢ €
N, which are absolutely continuous with respect to the spherical Lebesgue
measure o. We say that ¢ is well spread (resp. strongly well spread) if
it is lower bounded by a multiple of spherical Lebesgue measure on some
spherical cap (resp. on the whole unit sphere).

From now on and for the rest of the manuscript, we assume the following
two assumptions.

e O = ~yu is homogeneous of degree r > 0, and thus is of the form (2.4).
After Chapter 3 we will be even more restrictive and consider that
r > 1, since otherwise some geometric arguments would fail.

e p € N and when we are in the stationary setting ¢ € N,.
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We will often restrict the setting in order to have stationarity. This is needed
when considering the typical cell (which will be defined in the next chapter).
Therefore an important observation is the following:

O is stationary < r=1and p € X, . (2.5)

Similarly, © is isotropic if and only if ¢ is the Haar measure.

2.2.2 Poisson hyperplane process

Recall that a discrete real random variable Y is Poisson distributed with
parameter 6 € (0, 1) if

gke—Fk
IP’(Y:k:):T

, ke N.
The definition extends to the case § = 0 (resp. # = 00), in which case Y =0
(resp. Y = o0) almost surely. A Poisson hyperplane process n of intensity
measure © is a discrete random set in H such that

e for any Borel set B C H, the random variable |n N B| is Poisson
distributed with parameter O(B).

e for any pairwise disjoint Borel sets By, ..., B, C H, the random vari-
ables |nN Byl,...,|n N B,| are independent.

We say that 7 is stationary (resp. isotropic) when O is stationary (resp.
isotropic).

2.2.3 Poisson hyperplane tessellation

A polyhedron is a finite intersection of halfspaces. A polytope is a bounded
polyhedron. A tessellation is a collection of polytopes which are covering
the whole space and have pairwise disjoint interiors. The polytopes forming
a tessellation X are called the cells of X.

Let  be a Poisson hyperplane process of intensity measure ©. The
closure of each of the connected components of the complement R?\ U HenH
is almost surely a polytope. They are the cells of the so called Poisson
hyperplane tessellation X = X, associated to 7.

Almost surely the origin o is not contained in any hyperplane of 1. The
cell of X containing o is called the zero cell and denoted by Z,. Note that
the assumption we made on the degree of homogeneity r of the intensity
measure ©, namely that r > 0, is a sufficient and necessary condition for
that Z, is almost surely not reduced to {o}.

In the stationary case, i.e. r = 1 and ¢ even, we can define the typical
cell Ziyp. It will be done rigorously in Section 3.3 of the next chapter.
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2.2.4 Slivnyak-Mecke formula

A really useful tool in stochastic geometry when dealing with Poisson pro-
cesses is the Slivnyak-Mecke formula. We present it in the context of a
Poisson hyperplane processes 1 of intensity © = yu as described above, but
it holds as well for general Poisson processes.

Let N be the set of all locally finite sets of hyperplane equipped with
the o-algebra generated by the maps N — N U {oco}, n — |n N B|, where B
ranges over all sets in H.

Let n € N. The Slivnyak-Mecke formula states that for any non negative
measurable map f: N x H" — R

E ) f(n.Hi....Hy)

(H17---7H7L)€77;
:'yn/Ef (nUUHH1Hn> dp™(H), (2.6)
2qn i=1

where 77, denotes the sets of n-tuples (Hy,...,Hy,) with H; # H; if i # j.

2.3 Analysis

2.3.1 Approximation

Here we collect the notations used to compare functions asymptotically.
Most of them are very standard.

Symbol Definition

f~y £—>1

fr<yg f~gand f<g
f=o(9) £—>0
f=0(9) limsup’ﬂ < 00
f=0(g) O<liminf‘§)§limsup‘£‘<oo

2.3.2 Stirling approximation

Occasionally we refer to the Stirling approximation:

1 1
V2r n"tre ™ < nl <ent2e7",

for any n € N. We will actually only need the following weaker form:

neT < nl<n”
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2.3.3 Gamma distribution

Let n > 0, and v > 0. A positive real random variable is 'y ;, distributed, or
I distributed with shape parameter n and rate parameter -, if its probability
density function is

n
VRN Y effyttnfly

I'(n)

where

I'(n) = /e_tt”_ldt,
0

and in particular
I'(n)=(n—-1)

when n € N.

2.3.4 Convention about the constants

In this manuscript, unless explicitly stated, all constants are strictly positive.
Most of them are of the form ¢;, ¢; or C;, where ¢ is an index which varies.
The table below indicates on which parameter(s) each of these 3 families of
constants depend.

Constants Dependence
c; universal
C; depends only on d
C; depends on d, ¢, r, i, j, X2, ...
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We recall that we consider a Poisson hyperlane mosaic X associated to
a Poisson hyperplane process n of intensity measure

() = / / 1 (H(u,t) € ) dt dgp(w),

Sd-1 0

where v > 0, r > 0 and ¢ € N. Apart from this chapter we will actually
consider only the more restrictive case where r > 1, since otherwise some
geometric arguments would fail. We recall as well that the cell of X which
contains the origin is called the zero cell and denoted Z,. In the stationary
case (r =1 and ¢ € N.) we will define, in Section 3.3, the so called typical
cell Ziyp.

Essential tools in this thesis are the Complementary Theorems. Note the
plural form. The first one is a result about Z, while the second concerns Ziy,,.
Similar results have been proved before, see e.g. Miles [Mil71b], Mgller and
Zuyev [MZ96] and Cowan [Cow06]. Most of the results in the references cited
above correspond to more general settings than the one we consider. This
makes their statements more complicate to work with. Also, for our purposes

17
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we need a very detailed description, adapted to our situation, which we could
not find in the literature. Therefore and for the sake of completeness we state
them explicitly and give proofs in Sections 3.2 and 3.3 of the present chapter.

3.1 Setting and Notation

In this section we introduce various functions on the set of convex bodies,
subsets of the set convex bodies, homeomorphisms decomposing such sub-
sets, and measures on such subsets, see Subsections 3.1.1, 3.1.2, 3.1.3, and
3.1.4, respectively. Along the way, we will also study basic properties of
these objects.

3.1.1 Functions

Although, we will exhaustively introduce notations for various sets of con-
vex bodies in Subsection 3.1.2, we start by giving the few notations already
needed in the present subsection. Recall that K and K’ denote the set of
convex bodies and the set of compact and convex sets with at least two
points, respectively. Sometimes we restrict our considerations to sets con-
taining the origin. For this purpose we introduce Ko := {K € K : 0 € K°}
and K, :={K € K': 0 € K°}.

d-content

The ®-content of a convex set K C R? is defined by

OK)=p({HeH: HNK #0})

// H(u,t)N K # 0)t"tdt dp(u).

sd—1 0

In the stationary case (r =1 and ¢ € ®.) or when o € K, it can be written

in a simpler form

B(K) = / WK, u) dp(u),

Sd—1

where h(K,u) := max{(x,u) : & € K} is the value of the support function
of K at w. In the literature, e.g. [HS07], ® is called the parameter functional
of the process n. It is due to the fact, that for any K € K’ the number of
hyperplane of the process n hitting K is a Poisson random variable with
parameter 7P (K),

()"

n!

P({H €n: HN K # 0} = n) = exp (—y®(K))
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In special cases ® has a simple geometric description. In the station-
ary case, it is the directional mean of the widths of K, where the mean is
weighted by the directional distribution . More precisely, we can write

oK) =5 [ WK o)
gd—1

where, b(K,u) := |h(K,u) — h(K,u)| is the width of K is direction u. In
the stationary and isotropic case, i.e. when ¢ is the Haar measure on S%!
and r = 1, the ®-content of a set K € K’ is half of the mean width, and
also, up to a constant the first intrinsic volume V; (K).

Note that ® is homogeneous of degree r, ®(tK) = t"®(K) for any K € K’
and ¢ > 0. In the stationary case, ® is also stationary, ®(K + x) = ®(K)
for any K € K’ and « € R%.

Constants related to the ®-content
Because of the Blashke Selection Theorem 2.1.1, we have that the sets
IC:)@ ={Kek,:®K)=1}

and
:,7‘/1 ={K ¢ IC; :VI(K) =1}

are compact. By continuity on a compact, and by homogeneity of degree 1
of Vi, and ®'/7 and h(-,u) for any u € S* !, we see that

Vi(K
Cp := max i 3 = max Vi(K) < oo,
KekK, @(K)? KeK, &

and (K
cp =  max (K, u) = max h(K,u) < cc.
Kekluesdi-1 Vi (K) K€K, , uesi=1
Thus, for any K € K, and any u € ST,
Vi(K) < co®(K)r and h(K,u) < chea®(K)r. (3.1)

Note that, in the stationary case case, (3.1) holds for any K € K, i.e. when
we remove the condition o € K.

Continuity of the ®-content

We will also use some kind of uniform continuity of ®. In the case r =1, it
is easy to see from the definition that |®(K) — ®(L)| < dy(K, L), for any
K, L € K. The following lemma generalizes this property in two directions.
First, it holds for any » > 1. Second, it takes into account the range of
directions for which the support functions h(K,-) and h(L,-) are distinct.
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Lemma 3.1.1. Let U € S™' and K C L € K, such that, for any u € S 1,
0 <h(L,u)— h(K,u) <1(uecU)d,
where § = §'ce®(K)'/" > 0. Then
(L) — B(K) < & (en + &) @ (K)p(U),

where ¢y, is the constant, dependent on d, defined in (3.1).
In particular, for any K C L € Ko,

1

®(L) — B(K) < d(K, L) (dH(K, L)+ cth><I>(K)?>T71 .

Note that in case r = 1, one can replace the condition K C L € K, by
K C L € K in the Lemma above, because of stationarity.

Proof. First observe that since o € K C L and r > 1, we have
h(L,u)
h(L,u)" — h(K,u)" = / rt"rdt < [h(L,u) — h(K,w)]rh(L,u)"
h(K,u)

<1(u e U)drh(L,u) "

But, by assumption and using (3.1), we have

Sl=

h(L,u) < h(K,u)+ 8§ < (cp + 8 )ca®(K)r.
Thus

h(Lou) — h(K. )" < 3w € U)or (e + 8)ea(K))
1

Therefore,

B(L) — B(K) = % / h(L,w)" — h(K, w) dg(u)
Sd—1

< /5’(ch + 6 e ®(K)dp(u)
U
= 0'(en +0) T p@(K)p(U),
which is the first part of the lemma.

For the second part, we only have to set 8’ = dp (K, L)cg ' ®(K)~'/" and
U = S% 1 and apply the first part. O
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Centring function

A centering function is a function ¢: K — R? which is translation and scale
homogeneous, i.e.
((tK +x) = te(K) + .

We naturally call ¢(K) the center of K.

There exist many common choices for such function. Here we list a few
examples: the center of mass, the center of the circumball (the smallest
ball containing the body), and the point inside the body with the lowest
coordinates with respect to the lexicographic order.

In Section 3.3, we are going to make use of a centering function to define
the typical cell Ziy,. But most of the time, the particular choice for ¢ has
no influence. So when we talk about ¢, the reader can usually think of his
favourite centering function. The only restriction to this remark concerns a
few proofs where it is simpler to assume that ¢(K) € K for any K € I, and
that the 1-Lipschitz property holds, i.e. |[¢(K) — ¢(L)| < du(K,L). Note
that all the examples above have both properties.

Shape

In complementarity to the size measurement ® and a centering function c,
we define shape functions. Informally the shape of a convex body is the
information that remains when we ignore some of its characteristics, like its
size, position or orientation. When studying the zero cell, we sometime look
at polytopes up to scale transformation. Hence we define, for any convex
body K € K,

Similarly, with the typical cell, we occasionally consider polytopes up to
translation and scale transformation. So we set

sea(K) = @(;()i (K — ().

We call both s¢(K) and s, ¢(K) shape of K.

3.1.2 Sets of convex bodies

K' > K D P D P, denote, respectively, the set of compact and convex sets
with at least 2 points, the set of convex bodies, the set of polytopes, and the
set of n-topes (polytopes with n facets) in R?. Here we define in a systematic
way a series of subsets of K'. For a set X C K’ of convex bodies, e.g. P, Py,
K or K', we define the corresponding subset of convex bodies

e containing the origin in its interior

Xo ={KeX: oc K},
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e with ®-content equal to 1

Xo ={KeXx: &K)=1},

e centered at the origin

Xo:={K e X: ¢(K)=o}.

We can combine the indices, e.g. Py, (o is the set of n-topes centered at the
origin and of ®-content equal to 1. All these sets are equipped with the
Hausdorff distance and the induced Borel o-algebra.

3.1.3 Homeomorphisms

We define homeomorphisms decomposing any convex body into size and
shape

f)cp (0,00) X /Cq>

K =
K = (®(K),s9(K)),
or size, center and shape

heo: K — R x (0, 00) x Keo
K v (oK), ®(K),s0(K)).
Later we will restrict the domain and the codomain of he or b e according
to the context. We are going to ignore it in the notation of the homeomor-

phisms but it will be clear from the situation. For example, in the context
of n-topes containing the origin, the homeomorphism bh¢ is defined by

h@ :pn,o — (0,00) X Pn,o,cb
P — (®(P),sa(P)).
3.1.4 Measures
Measure on the set of half spaces

We consider two different representations of half spaces in R?. The first
takes into account whether or not the half space contains the origin. For
any H € H not containing o,

H™ is the half space supported by H and containing o,
HT is the half space supported by H and not containing o.

This representation is undefined for half spaces with supporting hyperplane
containing the origin, but for the purpose of this thesis, this is a negligible



3.1. SETTING AND NOTATION 23

set of half spaces, i.e. a set of measure zero. In the second representation,
by allowing ¢ to be negative, we can omit the exponent +.

H(u,t) := {x e R : (@, u) < t},

for any u € %! and ¢t € R.
The measure p gives rise to the measure

i) = [ Y e dua)
9 e€{£1}
+oo
- / / 1 (1) € ) i dt dp(u) (3.2)

Sdfl —00

on the set of halfspaces H.

Measures on sets of polytopes

The measure fr on H naturally induces a measure u, on P, via

() = / 1 (ﬂ H € ) A" (H), (3.3)
. =1

H'n

where (i := ®- - -@ denotes the product measures and H€ := (Hy',..., Hi).
Note that, when we restrict u, to P, o, we get a simpler representation due
to the fact that ﬁ?le;i ¢ Pn,o as soon as € = +1 for one 1,

() = % / 1 (ﬂ H; € ) du" (H). (3.4)
'H” i=1

Splitting of the measures on sets of polytopes

Because the measure u,, and the functional ® are homogeneous of degree nr
and 7, respectively, we obtain

be (1n) ((0,0) x C) = b"he (un) ((0,1) x C),

for any Borel sets C' C P,,,¢ and b > 0. In the stationary case, the measure
W is stationary invariant and so is p,. This implies, similarly as above, that
in the stationary case,

Beas (1) (A % (0,0) x ) = Aa(A)¥"ba (s2a) (10,21 x (0,1) x C),

for any b > 0 and any Borel sets A C R? and C' C P, .0
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To simplify our notations we introduce on P, ¢ the normalized pushfor-
ward measure

pn, () = bo(ia) ((0,1) x ) = pn (b3 ((0,1) x ) -

Similarly, we define on P, s the normalized pushforward measure

() = Bea(pn) (10,117 % (0,1) % -) = pun (034 ([0,1) % (0,1) x - ).

We define on R the measure
A (B) = /nt”_ldt, A ((0,0) = b"
B

which is, up to a constant, the unique homogeneous measure of degree n on
Ry. With these notations the pushforward measure hg () splits into the
following product of measures:

bo (1) = A © im0 (3.5)
In the stationary case we also have

(n—

Because /~Ln,<1>(7)n,o,<1>) and Mn,c,(b(Pn,c,é) are finite, Hn,@(')/ﬂn,@ (Pn,o,<l>) and
Pone,@(+)/ tin,e.# (Ph.c,@) define probability measures on Py, ¢ and P, ¢ ¢, re-
spectively. The Complementary Theorems 3.2.1 and 3.3.1 in the next sec-
tions say, among other things, that these are the distributions of s¢(Z,), the
shape of the zero cell, and s(Zy;,), the shape of the typical cell, respectively.

3.2 Complementary Theorem for the zero cell
For any r > 0, we have
Theorem 3.2.1. Let n > d+ 1 be an integer.
1. For any Borel set of shapes S € Py 0.6 we have
P(f(Zo) =n,50(Zo) € 5)
! / 1(3(P) < 1)1 (s0(P) € S) dun(P). (3.7)

pn,o

2. (Complementary Theorem for the zero cell) If we condition the
zero cell Z, to have n facets, then

(a) ®(Zo) and s(Zo) are independent random variables,
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(b) ®(Z,) is Iy, distributed, and
(¢) s&(Zo) has probability distribution pin &(-)/tn,o(Pn.o)-

Proof. The number of cells of the mosaic X in a subset D C P, is
1 n . n . 0
X(D)=— > > ]l(ﬂHieD>]l<nﬂ(ﬂHi> :@>7
(Hl,...,Hn)en;}ﬁ ec{£1}" i=1 i=1

because there are n! possibilities of ordering a list of n different halfspaces.
The Slivnyak-Mecke formula (2.6), gives for Py, = (i, H;' that

n

EX (D) = % / 1(P, € D)P (77 NP = @) du" (H)
Hn

ZV”/I(PGD)P(nﬂP‘):@)dun(P)
Pn

by the definition of u,. Because 7 is a Poisson process, the probability in
the integrand is equal to e 12(P) | So, we can write

EX (D) = 4" / 1(P e D)e Py, (P) (3.8)
Pn

In the following we are interested in the case where D = (hg) 1(B x O)
with Borel sets B C [0,00) and C' C Py, 0,0. By (3.5) we obtain in this case

X ((ha) ™ (B x 0)) =" / 1(P € (o) (B x €)) e Py, (P)

- // e A (8) djin o (P).

For the first part of Theorem 3.2.1, observe that

P(f(Zo) =n, 56(Zo) € C) = EX({P € Pro, 56(P) € C})

— // e AN (1) dpn 0 (P).
C 0

Because the integration with respect to ¢ gives y=" n! /\gm) ([0,1]) by elemen-
tary computations, the right-hand side equals

!, ({P € Pro, ®(P) <1,56(P) € C}).
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by the definition of u,. This proves the first part of the theorem.

Analogously, for the second part we have

P(f(Zo) = n, ®(Zo) € Byso(Zo) € C) = 7" / / e A (1) dpin 0 (P)
C B

= ’Yn,Uzn,CD(C) n/e”ttnldt.
B

Thus, if we condition Z, to have n facets, we have that s¢(Z,) and ®(Z,)
are independent random variables with distributions

P(sq(Zo) € C | f(Zo) = n) = x%

and

P(D(Zo) € B| f(Zo) = n) = (n”_"l)! / ey,
B

O]

As a direct corollary we recover the following relation, which is a special
case of a formula due to Schneider [Sch09, Sec. 5].

Corollary 3.2.2.
E®(Z,) = V_I]Ef(ZO)~

Proof. Using the fact that, under the condition f(Z,) = n, we have that
®(Z,) is Iy, distributed, we get

E®(Z,) = ZE((I)(ZO) | f(Zo) = n)P(f(Zo) = n)
= > F(/(Zo) =)

= ’Y_lEf(ZO)

O]

3.3 Complementary Theorem for the typical cell

We consider in this section that we are in the stationary case (r = 1 and
¢ € X). Due to the natural homeomorphism

P — RIxP,
P — (¢(P),P—c(P)),
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we consider from now on X as a germ-grain process in R¢ with grain space
P.. Since n is stationary, this is also the case for X. That implies the
existence of a probability measure Q on P, such that the intensity measure
of the germ-grain process X decomposes into Q and Lebesgue measure \g,

EX({P —¢(P) € C, ¢(P) € A}) = +“D\4(A4) Q(C) (3.9)

for C C P.. We call Q the grain distribution, and the constant (@) =
EX({P € P, ¢(P) € [0,1]%}) the intensity of X.

Note that it is easy to see that 4% is a multiple of 4%, where 7 is the
intensity of the Poisson hyperplane process. The reader can find in [SWOS,
Thm. 10.3.3] an expression of the factor v¢/4(? in term of the volume of
the so called zonoid of the hyperplane process 7, but this is not in the scope
of our manuscript.

A random centered polytope Ziy, € P with distribution Q is called
typical cell of X (with respect to c).

Theorem 3.3.1. Let n > d+ 1 be an integer.

1. For any Borel set of shapes S € P, s we have

P(f(Ziyp) =, 8c,0(Ztyp) € S) (3.10)
o .
= @~ d)!/]l (C(P> € 0,1] )11 (@(P) < 1)1 (sc.0(P) € S) dun(P).

n

2. (Complementary Theorem) If we condition the typical cell Ziyy to
have n facets, then

(a) ®(Ziyp) and sc.o(Ziyp) are independent random variables,
(b) ®(Ziyp) is Iy n—q distributed, and
(¢) Seo(Ziyp) has probability distribution pin o ()/tn,c,0(Pn,ca)-

Proof. The proof is similar as the one of the Complementary Theorem 3.2.1
for the zero cell. Applying (3.8) to sets of the form D = (h.4) 1([0,1]¢ x
B x C) where B C [0,00) and C' C Py, 0,0 are Borel sets, gives

EX ((hq,)*l([o, 114 x B x C))

_ ’y”/]l (P& (hew) (0.1 x B x ©)) e ™)y, (P)

Pn
= ’}’"// / d)\d(C) et d)\gn—d) (t) d,un,c,(b(P), (3'11)

¢ B [o,1]?

where the second equality is induced by the splitting (3.6) of the pushforward
measure he o (fn).
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For the first part of Theorem 3.3.1, observe that by the definition (3.9)
of the intensity measure Q and using (3.11) we have

(@
P(f(Ziyp) = 1, Sea(Ziyp) € C) = %Ad (10.17) @ (Puc s b (C))

1
= J@X ({P € P, «(P) € [0,1]% sca(P) € 0})
Y
= /;Y(d)// / dXg(c) e d)\gn_d)(t) dpin c.a(P).
C 0 [0,1)d

Because the integration with respect to ¢ gives 4~ ("~ (n — d)! Agnid)([(), 1])
by elementary computations, the right-hand side equals

’Yd
@ (= D' (1P € Pu, <(P) € [0,1]7, &(P) < 1,50(P) € C}) .

by the definition of u,. This proves the first part of the theorem.

Analogously, for the second part we have

B

Thus, if we condition Ziy, to have n facets, we have that s.o(Zyp) and
®(Ziyp) are independent random variables with distribution

n.ed(C
P(sca(Ziyp) € C | f(Ziyp) = n) = m
n,c, n,c,
and
e tin—d—1
P(®(Ziyp) € B | f(Ziyp) =n) = (n—d—l)!/e_v thede.
B

O

As a direct corollary we get that the mean of the ®-content of Zy, is
independent from the directional distribution .

Corollary 3.3.2.

E®(Zyyp) =7 'd.
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Proof. Using the fact that, under the condition f(Ziy,) = n, we have that
O (Ziyp) is 'y y—q distributed, we get

Ztyp ZE Ztyp | f Ztyp) - n) P(f(Ztyp) = TL)

f(Zyp) = n)

= 771 (Ef(Ztyp) —d).

Since E(Ziyp) = 2d, see e.g. Theorem 10.3.1 of [SWO08], this proves the
corollary. ]
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Apart from the Complementary Theorems, an other essential tool to
get our main results in Chapter 5 is the Polytopal Approximation Theory.
The problem is the following: Given a convex body K, how good can we
approximate K by a polytope P? There exists many way to consider this
question, depending on how we measure the distance between K and P and
which constraints on P, or even on K, we assume. We refer the reader to
the well known surveys of P. M. Gruber [Gru93, Gru94] and E. M. Bronstein
[Bro08] for an excellent overview of the huge amount of results and literature
about polytopal approximation. In the following 4 sections we prove a few
new results which fit the setting of the proofs of Chapter 5.

In our setting, we always assume K C P, and most of the time fix the
number of facets of P. In Section 4.1, we give upper bounds for dy (K, P).
Section 4.2 improves these bounds when K is sufficiently ‘elongated’, mean-
ing that for some 1 < i < j < d the isoperimeter V;(K)'/*V;(K)~'/7 is small.
In Section 4.3 the convex body K is already a polytope and we approximate
it by ‘deleting’ one facet. There, the distance is measured both with the
Hausdorff distance and the difference of ®-content. Our work on polytopal
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approximation ends with Section 4.4 where we approximate elongated poly-
topes by polytopes with less facets.

In the fifth section we generalise tools of integral geometry to the general
setting of this manuscript.

4.1 ¢-net and polytopal approximation of convex
bodies

First, let us set some notation. Assume that M is a metric space with
distance dys, i.e. a set M and a function dyr: M x M — [0, 00) such that,
for any z,y,z € M, dp(z,y) = 0 if and only if z =y, dy(z,y) = dy(y, x),
and dys(z,z) < dup(z,y) + dy(y, z). We write

By(z,r) :={y e M | dy(z,y) <r}.

Definition 4.1.1. Let M be a metric space and S a discrete subset of M.
We say that

e Sisa d-covering of M if UpesBps(x,0) = M,
e Sis a d-packing of M if By(x,0) N By(y,d) =0 for any x #y € S,

e Sis a d-net of M if it is both a d-covering of M and a (§/2)-packing
of M.

Note that, in the poset of (4/2)-packings ordered under inclusion, a
maximal element is a d-net. Zorn’s lemma shows that, for any metric space
M, there exists a d-net.

In the following lemma, under some general assumptions, we give bounds
for the cardinality of a d-net. The construction of these bounds is adapted
from the proof of the following well known result, see e.g. [Gru07, Prop.
31.1]. If C € R%is a convex body with non empty interior such that C' = —C,
then there exists a packing of translated copies of C in R? of density at least
274 where, roughly speaking, density means the proportion of R¢ covered
by the translated copies of C.

Lemma 4.1.2. Let M be a space equipped with a measure ¥ and a measur-
able metric dp;. Assume that (M) < oo. Let 5o > 0 and S be a §-net of
M with 6 € (0,dp). Let k > 0.

1. Assume there exists a constant ¢ > 0 such that, for any € € M and
r € (0,80), it holds that cr® > (By(x,7)). Then |S| > ¢ Mp(M)6~F.

2. Assume there exists a constant ¢ > 0 such that, for anyx € M andr €
(0,00), it holds that ¢'r* < (By(,7)). Then |S| < 28c/=1ah(M)6~F.
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Proof. To prove (1), we only have to observe that since S is a d-covering,
we have that
Y(M) <Y Y(Bu(,d)) < |S| cs*
xS
because M = UgesBp(x,0). The proof of (2) is similar. Since S is a
(0/2)-packing, we have that

$(M) > 3 0(Bur(w,6/2)) > |S|¢6b2

zeS

because, for any distinct «,y € S, we have By (x,/2)NBy(y,6/2) = 0. O

In Lemma 4.1.4, we will apply the previous lemma to the space M =
O(K +B%), where K is an arbitrary convex body and M is equipped with the
surface area measure and the restriction of the euclidean distance. In this
space the balls are caps on the boundary of the convex body D = K + B¢,
where a cap is defined as follows. For a convex body D, a point d € D
(usually d € 9D), and a positive radius § > 0, we define the cap of D of
center d and radius § to be the set

cap (D, d,0) ={y € 0D | |[d — y| < 6}

Note that our definition differs slightly from the more usual one, where a
cap is the intersection of the boundary dD with a half-space. In the next
lemma we give bounds for the surface area of caps of radius § € (0,dg), of
bodies of the form K+ B¢, with §y = 1 independent from K. Precise bounds
for spherical caps are known, see e.g. Lemma 2.1 in [BGK™01], Lemmas 2.2
and 2.3 in [Bal97] or Remark 3.1.8 in [AAGM15]. Lemma 6.2 in [RVWO0S]
gives bounds for more general bodies than the sphere, namely those with
C? boundary of positive curvature, but with a dy depending on K. It does
not seem to the author that we can deduce easily Lemma 4.1.3 from these
results.

Lemma 4.1.3. Let K € K and D = K + B Let d € 9D and 6 € (0,1).
Then
6 kg_1277D <« 3 Y(cap (D, d, 6)) < 69 kg1 d.

Proof. For the lower bound, we approximate the cap by a (d—1)-dimensional
disc of radius §4/1 — 62/4 (see Figure 4.1). Let H be the tangent hyperplane
to D at d. We have

HI Y (cap (D, d,d)) > H¥L(H N B(d, d(d, e)))

521 (@4-1)/2
= (5d_1ﬁd71 <1 — 4)

g\ (@-1)/2
> (5dillid_1 <4> > 5d711€d_127(d71).
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d—e| = |a—b
la—b] _ M = area of the triangle bed

2
la,b] = ble, f| = 6y/1—07/4

3

oD, 1

| e

ce

S(e, 1)

(d-1)/2
Figure 4.1 H' (cap (D, d, 8)) > 6 Vg (1 5)

For the upper bound, we approximate the cap by the union of a (d — 1)-
dimensional disc of radius § and the spherical boundary of a cylinder of
radius 0 and height 62 (see Figure 4.2). Thus
HIYcap (D, d,d)) < HY(H N B(d, §)) + H2(H N S(d, 6))d?
= 0" gy + 642wy 62

= (5d71,‘<&d71 (1 + 5(d - 1)) < 5d71:‘£d,1d.
O

Set c1 == 2d 'k ', = ©(dY/?)? and ¢y := 4%k, = ©(dY/?)4. Asadirect
consequence of the two previous lemmas and the fact that H?~1(9D) =
2V4-1(D), we have the following lemma. We omit the proof.

Lemma 4.1.4. Let K € K and D = K 4+ B¢, § € (0,1) and S a 0-net of
the boundary 0D. We have that

Va1 (D)6~ 94D < || < eoVy_y (D)6 @1,

For a convex body K with boundary 0K of differential class €' and
x € 0K, we denote by v(x) the outer unit normal vector of K at x. Us-

ing Lemma 4.1.4, we prove the two following lemmas in a similar way as
Propositions 2.4 and Proposition 2.7 of [RSWO01].

Lemma 4.1.5. Let K € K with OK of class €' and 6 € (0,1). There exists
a d-net of OK , with respect to the distance dp,(x,y) = max(|x —y|, |v(x) —
v(y)|), of cardinality at most caVy_ (K + B%) =41,
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lg — 2] = 1 — cos(arcsin 9)
€ (62/2,0%) when § € (0,1)

H d g
/ i
oD, /
\ ///
c®
S(e, 1)

Figure 4.2: H(cap (D, d,0)) < 6% kg 1 + 692wy 162

Note that, in the lemma above, the condition that 0K is of class € is
equivalent to the fact that all boundary points of K have a unique outward
normal vector, see e.g. [Sch14, Ch. 2].

Proof. Set D = K + B% Let S be a d-net on the boundary 0D (with
respect to the euclidean distance in R?). Lemma 4.1.4 tells us that |S| <
caVy_1(D)6~ 41, Since OK is of class €', we have that each point of 9D
has a unique representation x+wv(x), where € 0K and v(x) is the outward
unit normal vector of K at . Observe that the projections

T 0D — 0K and oD — s
r+ov(z)—x z+v(x) — v(x)
are both 1-Lipschitz. This implies that the set mx(S) is a d-covering of
0K, with respect to the distance d,,(x,y) = max(|x — y|, |v(x) — v(y)|), of
cardinality |7 (S)| = |S| < caVy_1 (K + B%) 64~ Observing that for any
d-covering there exists a sub-d-covering which is also a (d/2)-packing (and
thus a d-net) yields the proof. O

Set c3 := 3(d_1)/402 — @(dl/Q)d‘

Lemma 4.1.6. Let K € K and 0 < € < 1. Then, there exists a polytope
P. D K with
dH(K, Pe) <e€

and with number of facets at most

e3Vy_1 (K + By e (4172,
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Proof. Without loss of generalities, we assume that 0K is of class €"'. Set
6 = 371/%¢1/2. Consider the d-net S built in Lemma 4.1.5. We have that
S| < coaVy_1(K 4+ B 541 = 3V, (K 4+ B%) e (¢=1/2_ Construct the
circumscribed polytope P D C' with one facet tangent to C' at each point of
S. Elementary geometric estimation gives that dy(C, P) < 31262 =e. [

Set ¢y 1= cg/(d_l) = ©(d). From the previous lemma, we can now prove
easily the following theorem.

Theorem 4.1.7. There exist absolute constants ¢1 and ca, independent of
d, such that the following holds. Let K be a convex body. Then, for any
integer n > ¢d¥?Vy_ (K + BY), there exists a polytope P D> K with n
facets such that

dy (K, P) < cdVy_1(K + B4 (=1 =2/(d=1)

Proof. Let n > c3Vy_1(K + BY).

Set € = 4 Vy_1(K + Bd)Q/(d_l)n_Q/(d_l). By the assumption made on n, we
have ¢ < 1. Hence, we can apply Lemma 4.1.6. There exists a polytope
P. D K with dg (K, P.) < € and such that its number of facets is at most

Cng_l(K + Bd) 6_(d_1)/2 =n.

The approximations of the constants ¢; using the Landau notation tells us
that there exist absolute constants ¢; and ¢z such that c3 < c‘fdd/ 2 and
¢4 < cad for any d. This yields the proof. O

Theorem 4.1.7 will be a key ingredient for the proof of Theorem 4.2.1.
We also use it to recover the following well known result.

Lemma 4.1.8. There exist constants cs and cg, depending on d, such that
the following holds. For any integer n > cs and any K € IC, there exists a
polytope P O K with n facets such that

2

dH<K, P) < C6V1(K)n_ﬁ.

Note that the dependence on d of the constants is not explicit in
Lemma 4.1.8. There are two reasons for that. First, it is know that the
result holds with ¢g independent from the dimension, see e.g. [RSW01, Cor.
2.6], and our proof gives a weaker result. Second, we will ignore the depen-
dence on d for the remaining of the manuscript.

Proof. Apply Theorem 4.1.7 to K’ = V1(K)~!K. It shows that there exists
a polytope P such that

d(K', P) < eadVy_i(K' 4+ B®)2/(d=1)p=2/(d=1), (4.1)
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if n > cfd¥?Vy_1(K' + B?%). By a compactness argument, we have that
¢7 := max {Vd_l(K’ + BY2/@D) . K e [ Vi(K') = 1} < .

Indeed, since V,;_1 is translation invariant, we can take the maximum above
over sets K’ with center of mass at the origin and first intrinsic volume equal
to 1. Because of the Blaschke Selection Theorem 2.1.1 the set of such sets
is compact. Hence ¢; < 0o, since the map K’ — cadVy_1 (K’ + B4)?/(d=1) ig
continuous.

Observing that dy (K, Vi(K)P) = dy(K', P)V1(K), equation (4.1) im-
plies the lemma with c5 := c‘fdd/ 2¢- and ¢g := cader. ]

4.2 Polytopal approximation of elongated convex
bodies

Let 1 <i< j<dand K € K. Recall that the isoperimetric inequality (2.1)
says that the (4, j)-isoperimetric ratio V;(K)Y7V;(K)~'/% of K is maximized
when K is a ball. On the other hand, V;(K)YIV;(K)~'/% ~ 0 precisely
when the normalized body V;(K) 'K is close to a (j — 1)-dimensional
convex body. If an isoperimetric ratio of K is close to zero, we say that K is
elongated. The following theorem gives a bound for the Hausdorff distance
between a convex body K and its best approximating polytope. This bound
can be arbitrarily small if K is sufficiently elongated.

Theorem 4.2.1. Assume 1 <i < j < [(d—1)/2]. Seta=2[(d—1)/2](d—
1)d=! and 8= [(d—1)/2](d —1)"td~L. There ezist constants §; j and n; j,
both depending on d, such that the following holds. For any € > 0 and any
convex body K

Vi(K)YI
’Lf(i) < € then dH(K, P) < (5@]‘66

; Vi(K
Vi(E)!/i =

n2/(d=1)

for any n > n; je %,

where P = Pk, D K is a circumscribed polytope, with at most n facets,
minimizing the Hausdorff distance dg (K, P).

This theorem will be prove in Subsection 4.2.2. We will need a shape
factor which we will describe in Subsection 4.2.1.

4.2.1 Shape factor

In this subsection we define g;, a shape factor, i.e. a scale and translation
invariant function on K. Lemma 4.2.3 tells us how g;(K) describes the
elongation of a given convex body K.

Set cg := c3Vy_1(B%), where c3 is the constant defined before Lemma 4.1.6.
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Definition 4.2.2. For any fixed parameter [ > cg we define the functions
by, 1,81 : K — (0,00) by

b)(K) = sup{t € (0,00) | | > c3Vy_1(tK + BY)},

Vd—l(tK + Bd)Z/(d—l)

B = o) t ’
and B(K)
R/

It is clear that the three functions are translation invariant. One can
check that b; is homogeneous of degree —1, f; is homogeneous of degree 1
and g; is homogeneous of degree 0. Therefore, for any fixed I, g; is a shape
factor. The next lemma gives a geometric interpretation of g;.

Lemma 4.2.3.
1. For any K € K, the function | — g;(K) is decreasing.
2. If d=2 andl > cg is fized, then g; is constant on K.

3. Ifd > 3,1 > cg is fizred, and K € K is neither an interval nor a ball,
then

ai(I) < gi(K) < gi(B) for any | > cs,

where I denotes an interval and B a ball.

4. Assume that 1 < i < j < [(d —1)/2]. There exist constants &;;
and n; j, both depending on d, such that the following holds. For any
convex body K € K and ¢ > 0, we have

Vi) 8

if ViR < € then gy, ;o (K) < &; €7, (4.2)
where N; j(€) := n; je=® with a = 2[(d — 1)/2](d — 1)d™ !, and 8 =
2[(d—1)/2](d —1)"ta !,

Proof. (1) is a direct consequence of the definition of g;. (2) comes from the
fact that in this case Vy_1 = Vi is additive. (3) is implied by (2.3). It only
remains to prove (4).

For the rest of the proof we write v; := V}(Bd)l/i fori =1,...,d. Thanks
to point 3 of the present lemma, we have that gy, () (K) < g, ;) (B). This
implies that, without loss of generality, we can assume that € < ¢, for ¢ > 0
as small as one need. We also reduce the proof to the case ¢ = 1 and
Jj =jo=[(d—1)/2]. Because of the isoperimetric inequality (2.1), we have
Vo (K)M/ V; ()" Vjo Vi
<c¢j - wh o= = 4.3

VI(K) — Cza] ‘/Z(K)l/z where cz’] UjU1 ( )
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Assume that there exist constants 01 j, and nq j, such that (4.2) holds for i =
1and j = jo. Let 1 < i< j < jo and (i,5) # (1,jo0). We set &5 := 815, ;
and n;; 1= nijoc; . In particular, Njj(e) = nije™® = nqjy(cize)™ =
Nijo(cije). Assume that K is such that V;(K)Y/V;(K)~'* < e. By
(4.3) we have Vj,(K)Y7°Vi(K) < c¢;je. This implies that N, (o (K) =
IN, j, (eiy0) () < 61, (cije)’ = 6; j¢?. This shows that we only have to
consider the case i =1 and j = jp.

Since both parts of (4.2) are scale invariant, we also assume without loss
of generalities that Vi (K) = 1. Let € € (0,1) and [ > ¢g. From now on, we
assume that

Vio (K)l/jo < €.

Set

IS

) (2:2) — (d— k)Ra

=V, 1(tK + B?
pc(t) == Vi1 (tK + 54

Vi (K tE.

£
I

0

Observe that it is a strictly increasing and continuous function and that

oy 2/(d—1)

K)=§(K) = inf ¢~ (47D 2y (¢ 4.4

8) =8 = (_ int 4D 2pe(r)) (4.4
and b;(K) = p'(c310).

Observe that jo— 1 — (d —1)/2 < —1/2. Hence, for t > 1,

t=@=D2p0 (1) < S1(K) Y2 4+ So(K) =172,

where
jo—1 d—1
— (d — k)"fdfk L (d — k)/ﬁ}d,k
S1(K) =) 0 Vi(K) and Sy(K) := Z —r Ve(K).
k=0 k=jo
The isoperimetric inequalities (2.1) gives that
Jo—1 k
Kq (d—k)kg—r (i
< — —_— | — =:cg.
SK) <5+ D g v “

k=1

It also implies that, for k = jo, . .., d—1, we have Vi,(K) < (vx/vj,)*Vj, (K)F/70.
And since Vj, (K)F/90 < €& < o it follows that

d—1 k
(d—FK)kq_r [ vk ' '
< ~ =2 - Jo —. Jo
Sy(K) < kgj 5d o € C10€
=Jo

Therefore, for ¢t > 1,

t=@=D2p 0 (1) < eot™V? 4 et D2 =2 g (1). (4.5)
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Since we want t~(@=1/2p.(t) small, we define t, > 0 such that g(t) is
minimal. But it holds that the derivative of ¢, is

o —Co, /0 C10¢°(d = 1) (4 39
H = %9, aoe A= Ty .

Thus,

; —2/d
to= <010670 (d — 1)) _ Clle_QjO/d
€9

with 11 = (c10(d — 1)/co) ¥4, Now, we observe that

(4.5)
<

to@=D2pe(t) Ge(te) = co(crre 20/4) =124 010l (oqy e 20/ DY [A=D/2 — ¢y cdo/d

with c1o 1= 690;11/2 + 01005?71)/2. This implies that if le,J‘o(E)(K) > t. then

@4 2/(d=1) N 2/(d—1)
Oy, (0 (B) < (te—(d—l)/2pc(te)) < <012630/d) < il

with d1 j, := c%(dfl) and B := 2jo(d — 1)~ td L.

It remains only to set N1,j,(€) such that by, ; () (K) > te. Set

_ Kd N di (d —k)kdg—k Uk F d j(t) = -1
C13 ‘= 5 2 72d 01 anda p ‘= C13 .

Again because of the isoperimetric inequality, we have that po(t) < p(t), for
any t > 1. Hence if u > p(1) = c13 then p5'(u) > p~ (u). Set

Nl,jo (6) = 03613t§l_1 = nLjOé_a
with nq j, == C3clgcclll_1 and a := 2jo(d — 1)d~!. Thus we have
by, (0 (K) = pa (c5 N1 jo(6)) = pe (crstd ™) > 5 (castd ) =t

whenever t. > 1. But tc > 1 when € < cl_ll/ “. This completes the proof. [

4.2.2 Proof of Theorem 4.2.1

Theorem 4.2.1 is a direct consequence of the following lemma and point 4
of Lemma 4.2.3. Let c14 > c4.

Lemma 4.2.4. Let K € K. For any n > cs, there exists a polytope P O K
with n facets such that
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Proof. The condition n > ¢g implies that b, (K) and g, (K) are well defined.
Let t € (0,b,(K)). We have defined b, (K) precisely such that the convex
body t K and the number n satisfy the conditions required to apply Theorem
4.1.7. So there exists a polytope P; with n facets such that

dg(tK, P,) < c4Vy_1(tC + B4/ [d=1p=2/(d=1)
Therefore, for any ¢ € (0, b, (K)), we see that

Va1(tK + BY)2/d-Y n—2/(d=1)
; .

1
dp (K ; tPt> <cy
Since c14 > ¢4, there exists tg € (0, b,) such that

d\2/(d—1)
i (K’ 1Pt0> < cus < inf Va1 (tK + BY) ) n2/(d=1)
to t€(0,bn) t

But it holds that

. Vy_1(tK + B4)2/(d-1)
Vi1 S (K) = an(F)V(K),
te€(0,b5) t

which yields the proof. O

4.3 Deleting facets of polytopes

The starting point of this subsection is [RSWO01] from Reisner, Schiitt and
Werner. Our goal is to show that if a polytope P has many facets, then a
good proportion of them has only a tiny influence. This will be a key ingre-
dient to obtain a recurrence relation between the probabilities P(f(Z,) =
n) and P(f(Z,) = n — 1) in Theorem 5.1.1 (resp. P(f(Zyp) = n) and
P(f(Ztyp) =n — 1) in Theorem 5.2.1). More precisely, for I C N and a set
of halfspaces H*, i € I, we define

P = ﬂieIHiEi.
Throughout the manuscript we use the notation

[n] ={1,...,n}.

For j < n we have P, C PFj\(j- We will measure the distance be-
tween P,) and Py i), both with the Hausdorfl distance and the ratio
%] (P[n]\{i}) /i (P[n]) > 1. We will show in the crucial Lemma 4.3.2 that
for a subset J C [n] of size at least n/4 we have good upper bounds of the
distances between Pp,; and P\ for j € J.

In the first lemma we approximate a polytope P = N, H,~ by the
intersection Pr of suitable supporting halfspaces of P. Its proof is similar to
the proof of Lemma 4.3 in [RSWO01].
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Lemma 4.3.1. There exist constants ci5 and c16 > 0, such that the following
holds. For any integer k > c15 and any simple polytope P with n facets, there
exists a subset I C [n] with |I| < k such that

1

dH(P, P[) < ClﬁCq)q)(P);kiﬁ.
~1\2/(d-1)
Proof. We set ¢15 := d(c5 + 1) and ¢16 := cg (d(C5 +1)c; ) , where cs
and cg are the constants of Lemma 4.1.8. We apply Lemma 4.1.8 to P and
m = |k/d]| > c¢5. We obtain a polytope @ D P with |k/d| facets and

k| a1 _2
du(P, Q) < csVi(K) LZJ < c1ca®(K)r kT,
where the second inequality is a direct consequence of the definition of cg,
see (3.1), and the simple following computation

k k C15 cs+1

@<k—dd<cl5—dd: o d.

By eventually shifting and rotating the facets of @) slightly, we can assume
that each of the facets of () meets exactly one vertex of P in its interior. Let
I be the set of indices of facets of P with one vertex in a facet of (). Since
P is simple, we have

k
n<af@=als| <
Finally, we observe that P C P; C @, which implies dy (P, Pr) < dg(P, Q).
O

The crucial step is to prove that also the ®-content of P and Pp,)\ ;5 are
almost the same for j € I.

Lemma 4.3.2. Assume that r > 1. There exist constants c17, C1 and Co
such that the following holds. For any n > ci7 and any simple polytope
P =N H € Ppo, there exists a subset J C [n] of cardinality at least n/4
such that for any j € J we have

1

dy (P, Ppp\(j1) < C12(P) o= (4.6)
and »
® (P () < exp {Czn‘ﬂ} (P). (4.7)

Moreover c17 depends only on d, and C1 = cigce and Cy = clgcy, with cig
and c19 depending only on d.

Note that in the stationary case the lemma extends to any simple poly-
tope P € P, not only the ones containing the origin.
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Proof. The first part is just a suitable reformulation of Lemma 4.3.1. Set
7 = 2c15+4, where ¢15 is constant of Lemma 4.3.1, and put k = n—2[n/4]
which implies k& > ¢j5 when n > ¢};. Note that we will set the value of
ci7 > ¢}, later in the proof. By Lemma 4.3.1 there is a set I C [n] of
cardinality k such that

2

du (P, Pr) < Clﬁc@(b(P)k_% < (4d)7lclscq><1>(P)%n_ﬂ,
where ¢1g := 4deyg (maxys.e,; (n/(n — 2[n/41))2/@=1). Hence for any j ¢ I,

2
dy (P, P[n]\{]}) <dg (P, P]) < (4d)_10180¢¢(P)%n_ﬁ

which gives (4.6). It remains to show that, for at least half of the j not in
I, equation (4.7) holds as well. Set

§ = (4d)_1018n_%

and
Uj=cl {u es?t.p (P[n]\{]},u) #* h(P, u)} .

Also, set ¢17 = max{c’17, ((4d)*1018)(d71)/2}, so we have ¢;7 > ¢}; and
6" < 1for n > ci17. Applying Lemma 3.1.1 with K = P, L = Py,
d= (S/Cq)(I)(P)% and U = Uj, gives

@ (P 1) — ®(P) < & (e + 1) p®(P)p (U;) - (4.8)

We need to estimate the ¢-measure of the set U;. Denote by v1,...,v,, the
vertices of the polytope P. Since the polytope is simple, each vertex is the
intersection of precisely d hyperplanes. Denote by N(v;) the unit vectors in
the normal cone of P at vy, i.e.

N(v;) = {u e ST h(Pu) = - u} .
The essential observation is that

U= |J N@).

’UlEHj

Observe that the sets N (v;) have pairwise disjoint interiors and cover S~
Thus for almost all u € S¥~! we have

Z]l(u eU;) = ZZ]I(W € Hj)1(u € N(v;))
j=1 7j=11=1

=3 t(ue Nw) Y 1(v € Hy) = d.
=1

j=1

n'g

=1 —=d
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This yields >°7_; ¢(U;) = d and in particular

> ey <d.

il

This implies that, for at least half of the j ¢ I, we have

n—k\ " ny—1 1
) < = — < .
@(Uj)d< 5 > dLJ < 4dn

Otherwise we would have at least half of the j ¢ I with the reverse inequality
and, because |I| = k =n — 2[n/4], that would imply

"~ 1 2d
d> Z@(Uj) > 5(n—k)n_k =d.
il

Combined with equation (4.8), it shows that there exists a set J C [n]\ I of
cardinality (n — k)/2 = [n/4] such that, for any j € J, we have

® (P i) — @(P) < 8'(cp, + 1) ch®(P)ddn ™"

r—1 r —d+l
=cig(cp + 1) Tca®(P)n” a1
< Chocp®(P)n~ 1,

where ¢19 = max(cys,1 + ¢p,). This implies equation (4.7). O

4.4 Deleting facets of elongated polytopes

When a polytope is sufficiently elongated the approximation results of the
previous section can be improved. This is a consequence of Theorem 4.2.1.

Lemma 4.4.1. Assume that 1 <i < j < [(d—1)/2]. There exist positive
constants C3 and Cy, both depending on i, j and d, such that the following
holds. For any € > 0, any integer k > |C3e~ (=2 | and any simple polytope
P =N H € P, withn >k facets and Vj(P)'/7V;(P)~Y" < ¢, there exists
a subset J C [n] with |J| < k, such that

dy (P, Py) < Cyesa Vi (P)k™ a1,

Proof. Assume 1 < i < j < [(d —1)/2]. Because of Theorem 4.2.1, there
exist constants ¢; ; and n;; (both depending on d), such that the following

holds. For any € > 0, any m > niyje_(d_Q), and any convex body K with
Vi(K)>
1 67
Vi(K)7i
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there exists a polytope Q O K with at most m facets satisfying

2

du(K,Q) < cije2a Vi(K)m a1,

Assume that P is a simple polytope with isoperimetric ratio
V;(P)'/iV,(P)~'" < ¢ and f(P) = n > k > dm facets with m = |k/d| >

ni,je*(d”). Then there exists a polytope @ D P with m + 1 facets and

2

di(P,Q) < cije21 Vi(P) (m+1)"7 < do1c; je3 Vi(P) k1.

We can assume that each of the facets of @ meets exactly one vertex of P
in its interior. Let J be the set of indices of facets of P with one vertex in
a facet of (). Since P is simple, we have

|J] <d f(Q) < k.

And P; C @ implies
du (P, Py) < du(P,Q).

O]

In the following lemma we prove the uniform continuity of the isoperi-
metric ratio. To our surprise we could not find any results in this direction,
this seems to be an open problem. We state the partial solution to this
problem which we need for our purposes.

Lemma 4.4.2. Let 1 <i < j <d. There exists a constant cog such that for
any § € (0,1) and for any K,L € K with K C L and dg(K,L) < 6Vi(K),
we have

L 1 .
Vi) ViK)s | st
Vi(L): Vi(K):

Proof. A first easy bound is obtained using V;(L)7~! > ¢;;V1(L)7~"V;(L)"~!
which is a consequence of the Alexandrov-Fenchel inequality, see [Sch14],
p.401, (7.66) therein.

Ty Vi(L) 5D ViK' D) EEN
VL) < e ( V(L) ) < V(KL + c21 ( Vi (L) ) (4.9)

A more precise bound uses Steiner’s formula. Due to the isoperimetric
inequality (2.1), V;(K)Y" < ¢1,V1(K) with ¢ ; := V;(B%)Y'V;(BY). Since

du (K, L) < 0Vi(K),
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we have that L C K +6V;(K)BY. The monotonicity of the intrinsic volumes
and Steiner’s formula shows for § <1

Vi(L) <V (K + 5V1(K)Bd>

" Z ( - ] + z) Kd— J-HCJ;Z VUK (0 (K))

Kd—j

< Vi(K) + 0Vi (K Jz]: - ‘HZ Rd—jti =i
>~ P K 1,7—1

< V;(K) + ca2 0Vi(L ;

1 1\J
Because a + b < (ai + bj> , for a,b > 0, and because of the monotonicity

of the intrinsic volumes this yields

1 1
L)i i 11 L
AL U s AU (4.10)
Vz‘(L)? Vi(K)7 Vi(L)@
Note that min {:1; =0/l } < 1 for all z > 0. We define ¢y =
max{021,022 } and combine (4 9) and (4.10).
V(L)
Vi(L)
: L ie J(JZ 1)
< LK)Z+5”J 1 min 622510 1 VI(L)I, 21 51‘0‘*11) Vl(L)l
Vi) VL) V(L)
1
S VJ(K)i +C2051](7 1)
Vi(K)7

Recall that we use the notation Py = N;crH;*, for any set of integers I.
For integers k < n and a permutation o € &,, we write o[k] = {o(i) : i €
[k]}. In particular P, = Nie IH;‘EE? We call hyperplanes H; in generic
position, if the intersection of any d + 2 of them is empty. The constants C5
and C4 have been defined in Lemma 4.4.1.

Lemma 4.4.3. Assume that 1 <i < j < [(d—1)/2] and let C3 and C4 be
the constants, depending on i, j and d, of Lemma 4.4.1. There is a constant
Cs, depending on i, j, and d, such that for any e < Cg/(dfl)lecgl the
following holds. For any polytope Py, € Pno with n > m = |C3e(4-2)
facets in generic position and Vj(P[n])l/jVi(P[n])*l/i < € there exist at least
27"(n — 2m)! permutations o € &,, such that
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(1) dH (Po[k},PU[k_l}) < C5C<1>6ﬁq) (Pg[m]>% k_% fOT all k € [n] \ [Zm],

1
p

(2) || (Popn)) = ¢ (Pom)) | < @ (o) "
(8) @ (Pop)) < (1+ (1 +ca) 1) @ (Pyop)).-

Note that, similarly as in Lemma 4.3.2, in the stationary case, the the-
orem extends to any polytope P € P,, not only the ones containing the
origin.

Proof. We set
m = [C’ge_(d_Q)J .

By Lemma 4.4.1 there exists a subset I C [n] with |I| = m, such that for all
subsets J with I C J C [n] we have

2

dH(P[n],PJ) < 04627111‘/1(P[n])m_% < C;‘Fl 046‘/1(]3[”])

By Lemma 4.4.2 this implies for all such sets J that

j—i
V:(Pj)i -2 G(G—1) 1

M < €+ co (C3 d_1046) " < 6236d13 . (4.11)
Vi(Py)

=] <=

N

We denote by S(P,) C &,, the set of those permutations o such that

(a) o[m] =1, and

1
(b) dy (Pa[k]7pa[k—1]) < 2ﬁ04622§6ﬁ(‘/1 (Pa[k]) k_% for all k € [n]\[2m]

To estimate |S(P,)| note first that there are m! possibilities such that o[m] =
I. Second, assume that o(n),...,o(k + 1) € [n]\ I are already chosen
satisfying Condition (b). Then by (4.11) and by Lemma 4.4.1 applied to the
polytope P’ = Py, the integer k' = % >m and ¢ = 623ed%, there is a set
Jr C olk] of size |Jg| < k/2 such that
1 1 k _ﬁ
dy (Pa[k:]v PJk) < 04622562#1 \%1 (Pa[k]) <2> .

If we choose o(k) ¢ Ji, Condition (b) is thus satisfied. Because we need in
addition o(k) ¢ I there are at least k/2 — m possibilities to choose o(k),
and thus to determine o[k — 1]. Continuing until £ = 2m + 1 gives at least
[ 1541 (k/2 — m) possibilities to choose (n),...,o(2m + 1). We obtain

|S(P)| > m! H <§ - m> = m!27" T2 (n — 2m)! > 27"(n — 2m)!
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Using (3.1), we observe that Condition (1) of our lemma is satisfied by

1
choosing C5 = 2%040% in Condition (b). Condition (2) follows from the
Lipschitz continuity of ¢ and

S =

__2
A1 (Py)s Pofm)) < Cy " Caca® (Ppy) " € < @ (Py) 7,

2

since Cs_ =1 Cycpe < 1. To check Condition (3) we apply the second part of
1
Lemma 3.1.1 with K = Pg[n] = P[n], L= Po[m] and dg(K,L) < ® (P[n});,

1 1 1\r—1
D (Pofy)) = @ (Py)) < @ (Py)” (@ (Poy)” + co® (Ply))" )

=@ (Ppy) (14 o).

4.5 Integral transformation formulae

4.5.1 Integration over the simplices of R?

In this subsection we present with Theorem 4.5.2 a direct construction of
a random polytope equivalent to Ziy,. It is a generalisation to the non
isotropic case of Theorem 10.4.6 of [SWO08], which itself generalises results
from Miles, Ambartzumian, Mecke, and Calka. See the second note of Sec-
tion 10.4 in [SWO8] for precise references. First, we need to show an easy
extension of a theorem due to Calka.

We denote by P the set of (d+ 1)-tuples of unit vectors which are not all
in one closed hemisphere of S¥~1, and by Ag4(@) the volume of the convex
hull of the unit vectors uyg, ..., ug. In the following theorem the measure
on H is of the form

u(e) = / / 1 (H(u,1) € ) dt dg(u).
0

Sd-1

Theorem 4.5.1. Let p € N. .. If f: HIFL 5 R is a non negative measurable
function, then

/f(H)dud“(H) _ /7/f(H(uo,<z,u0>—|—r),...,H(ud, (2, ua)+7))

Hd+1 RO P
x Ag(@) de?™ (@) dr dMg(2).

Proof. When ¢ is the Haar measure, Theorem 4.5.1 is Theorem 7.3.2 of
[SWO08], which is itself taken from the doctoral thesis of Pierre Calka [Cal02]
(in French).
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The result extends easily to the more general case where ¢ is absolutely
continuous. We only need to insert the density function of ¢ into the formula.
We write ¢ = go, where g: S¥~! — R is a measurable function and o the
spherical Lebesgue measure. We have

FH) dp™ (H)
Hd+1

- / / F(H (o, to), . .. H(uag, ta))g(uo) -~ g(ug) dE do® (@)

(5a-1)+1 g+
_ 4 / 7/ F(H (o, (z,u0) + 1), -, H(ug, (z,ug) + 1))
Hii AOd(Pu) g(uo) -+~ g(ug) do™ ! () dr dAq(z)
- d!//oo/f(H(uo, (zou0) + 7). Hug, (2, uq) + 1))
00 P

x Ag(uw) de® ! (w) dr drg(2).

For a (d + 1)-tuple of unit vectors @ € P we denote
A(@) = N H(ui, 1),

the simplex circumscribed to S¢~! and with facets with outward normal
vectors u;. In the following theorem, 7 is a stationary Poisson hyperplane
process of intensity v and directional distribution ¢ € R, ., and Zy,, is the
typical cell, with respect to the inball center, of the mosaic induced by 7.

Theorem 4.5.2. For Borel sets A C IC,

d+1
g

]P(Ztyp € A) = m //B_WT]P’ m H™ N (T‘A(’a)) S A dr
P 0 HennrrB?

x Ag(m) de™ (@),

where 1N FrBY denotes the set of hyperplanes of the process which do not
hit the ball rBY.

Proof. In the isotropic case Theorem 4.5.2 is Theorem 10.4.6 of [SWO08] (note
that the quantity 7 in [SWO08] is half the quantity + in the present thesis).
To prove the non isotropic case, one only needs to follow precisely the same
lines of the proof in [SWO08], except for the transformation at the end of
the proof. One should use the transformation of Theorem 4.5.1 instead of
Theorem 7.3.2 in [SWO0S]. O
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4.5.2 Integration over a d-tuple of points on a sphere

We present here a theorem due to Miles, see [Mil7la, Thm 4] where he
gives a sketch of a proof. It is mentioned in the book of Schneider and Weil
[SWO08, note 6 page 286] as a spherical counterpart to the affine Blaschke-
Petkanschin formula. We will give a proof of the formula since we did not
find in the literature a complete proof of it.

In the following, we denote by H(v,t) = {x € R?: (x,v) = t} the
hyperplane orthogonal to v at distance ¢ from the origin, by a;,t the surface
area measure on the (d — 2)-dimensional sphere (H(v,t) N'S%!), and by
Ag_1(a) the (d — 1)-dimensional volume of the convex hull of uq, ..., ug.

Theorem 4.5.3 (Miles,1971). Letd > 2. If f: (S~ 1% — R is a measurable
function, then

f(@)do’(a)

(Sdfl)d

— (d—1)! // / RLLELTE <>(1_d’;)gda<v)-

Sd-1 0 (H(v,t)nSi—1)

Proof. As suggested in [SWO08, note 6 page 286], our proof will follow the
lines of the proof of Theorem 8.2.3 in [SW08]. Without loss of generalities
we assume that f is continuous. Set the function f: (R?\ 0)? — R defined

by
f@ =f (leu szll> '

For 0 < p < 1 we denote Bﬂ ={x Ry p<|z| <1} and

Jp = / (@) (@), (4.12)
(Bg)*

The affine Blaschke-Petkanschin formula [SWO08, Thm. 7.2.7], applied to
f- ]I(Bg)d and with ¢ = d — 1, gives

1
L=@=vt [ [ [ @@ Ny @ dtdo(o),

§4-1 0 (H(v,t)NBg)d

where A, 4) denotes the (d — 1)-dimensional Lebesgue measure on the

hyperplane H(v,t). By introducing spherical coordinate in (4.12) we also

get

Jp=<1_pd>d / f(@)do’(a).

d
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From the two last equations, we get

/f '//lfp t) dt do(v),
(Sd—1)d 0

Sd—l
with

Ip(v,t) = (1 _dpd>d / F(@)Ag-1(Z) ANy 1 (E).

(H(v,t)NBg)d

Observe that H(v,t)NS?! is a (d—2)-dimensional sphere of radius v/1 — 2.
Using spherical coordinates in H(wv,t) N S?%! and the mean value theorem
of integral calculus (and denoting by a4 the positive part of a), we get

I,(v,t)

:(dd>d / /1(MSSi§m,Vie[d}>

1—p
(H(v,0)ns*=1)d RL

fltv+5-a)Ag 1(tv+5-a) s72- - Sg_ngd(U;,o)d(ﬂ)

d—1\ d

- <1dpd>d (1_t2)‘121d_ fela / f(tv+5-@)

(H(v,0)nSd—1)d
Ag-1(tv +5- @) d(o, ) (@)

d—1\ d

:<dd )d (1_t2)0g1_(§2_t2)+2 / f(tv +5- @)

—1 1—p
(H(v,0)nS4=1)4

Ag_1(tv+5-a) d(o;ho)d(ﬂ),

d
for a suitable choice of § € [\/(p2 —12),, V1 — tz} . Here we denoted by
tv + § - 4 the d-tuple of vectors (tv + sjuq,...,tv + squg). But
_ d—1
(1= — (R —12)7 po1 d—1, i3
d (1 —t ) ’
1—0p d

Hence, with p — 1 and the dominated convergence theorem, we now deduce
that

d(d—3)

Lv,t) =5 (1 —42) 7 / ftv + V1 - t2@)

(H(v,0)nSd-1)d
Ad,l(tv +vV1- tQ’I_L) d(O’,/LhO)d(’lTL)
—-e) [ f@ae@ de,) @),

(H (v,t)nSd—1)d



52 CHAPTER 4. GEOMETRIC TOOLS

and therefore

f(@) do(@)
(Sd-1)d
1 . )
— (d—1) / / (1-2)°8 / F(@) Mgy () d(o), ) (@),
§d-1 0 (H(v,t)nsd—1)d



Chapter 5

Cells with many facets

Contents
5.1 Bounds for the zerocell ... ... ........ 54
5.1.1 Upper bound for the zerocell . . . . . . ... ... 54
5.1.2  Upper bound for the elongated zero cell . . . . . . 58
5.1.3 Lower bound for the zerocell . . . . .. ... ... 60
5.2 Bounds for the typicalcell . . . . ... ... ... 64
5.2.1 Upper bound for the typical cell . ... ... ... 65
5.2.2  Upper bound for the elongated typical cell . . . . . 69
5.2.3 Lower bound for the typical cell . . ... ... .. 71

Combining the Complementary Theorems of Chapter 3 with the Poly-
topal Approximation Theory developed in Chapter 4 leads to one of our
main results: bounds for the tail distribution of the number of facets of Z,
and Ziyp.

We organized this chapter in two sections, the first focuses on Z, and
the second on Ziyp,. The structure and strategies for the proofs are the same
in both cases and both sections are divided in similar subsections. Therefore
Subsections 5.1.X can be compared with Subsection 5.2.X. Many differences
between the two cases appear at a technical level because of the different
settings. We believe that keeping things together about Z, (resp. Ziyp) in
one section makes it is easier for the reader to keep in mind the specificities
of the setting.

Each section has the following structure. In the first subsection we show
a recurrence relation for the probability that Z, (resp. Ziy,) has n facets,
and this implies a general upper bound. In the second subsection we prove
an upper bound for the probability that Z, (resp. Ziyp) has n facets and
is elongated. In the last subsection we establish a lower bound for the
probability that Z, (resp. Ziyp) has n facets.

53
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5.1 Bounds for the zero cell

5.1.1 Upper bound for the zero cell

The Complementary Theorem 3.2.1 combined with Lemma 4.3.2 about poly-
topal approximation implies our main upper bounds. By seeing a polytope
with n facets as a polytope with n—1 facets cut ‘a little bit’ by one halfspace,
we obtain the following recurrence relation.

Theorem 5.1.1. Assume that r > 1. There exist constants Cg and C7 such
that for n > Cy,

P(f(Zo) = n) < Con™ T1P(f(Zo) = — 1).

d—1)/2
Moreover, Cg := max (017,054025 )/ ) and C7 := ca5¢, ¢y, where ca4 and

co5 are constants depending only on d.

We prove Theorem 5.1.1 at the end of the subsection. Iterating the
recurrence relation of Theorem 5.1.1 gives us the following general upper

bound.

Theorem 5.1.2. Assume that r > 1. There exists a constant Cg > 0,
dependent on r and @, such that

P(f(Zo) =n) < Cgn

for any n. Furthermore, there exists an integer ng such that P(f(Zy) = n)
is either vanishing or strictly decreasing for n > ng.

Proof. Set ng := [Cg]. Iterating Theorem 5.1.1, gives us that for any n > ng,

n! —aT
P(f(Zo)=m) < cpm (=) 7
TL()!
And Stirling’s approximation n! > n"e™" implies for any n > ny,

n 2n

B(7(Za) =) < 7™ (mo) 1 (e27C7) " n 5,

from which the first part of the theorem follows.
For the second part of the theorem, we only have to observe that for
n > Cg/(dfl), Theorem 5.1.1 gives P(f(Zo) =n) <P(f(Zo) =n—1). O
We need to state the following elementary but useful lemma. We denote
by &,, the set of permutations of [n]. For & = (z1,...,2,) and 0 € &,,, we
write o 1= (T(1), - -+ To(n))- 1t is clear that the following holds.

Lemma 5.1.3. Let (X,X,) be a measured space, m,n > 0 be integers,
f: X" — [0,00) be a measurable function and S,T C X™ measurable sets.
Assume that
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o f is symmetric: for any o € &, and any x € X", we have f(x,) =

f@);

e S is symmetric: for any o € S, and any x € X" we have 1(x, €

S)=1(x e S);
e for any © € S, there exist at least p permutations o € &,, such that
x, €T.
Then
B [1eesif@ur @ < [ 1 e @i @).
Xn Xn

In the next two lemmata we investigate the influence of changes of Fj,; =
N1 H; . The first lemma deals with the measure of those polytopes P,
which are close to P,_; in the Hausdorff distance. The second lemma
clarifies the dependence of the measure of polytopes Pj,; on the ®-content.

Lemma 5.1.4. Assume that r > 1. For any o > 0 and any measurable
function f:H"1 = [0,00), it holds that

/]1 (Pinj € Pno) 1 (dg (P, Pr—1)) < @) f(Hy,..., Hyo1)dp" (H)

r—1
<ac;teg / ® (Py_q)) © 1 (Ppo1) € Pao1o) f(H)dp" " (H).
Hn—l
Proof. The essential part of the proof is to bound

I = /11 (KNH, €Ko)1(KNH, #0)1(dy(K,KNH,) < a)du(Hy,),
H
for any K € Ko. We will then apply it in the case K = P, 1] = ﬂ?;llH; €
Pn—l,o-
By definition of p

o0

Ix = / /]1 (KN H(u,t)” #0) 1 (dpr(K, K N H(u,t)7) < )t dtdp(u)
sd—1 0
h(K,u)

= / t"dt de(u).
S4-1 max(0,h(K,u)—a)

But since r > 1, the integrand is increasing with ¢ and hence bounded by
h(K,u)"~!. Therefore

Ik < « / h(K,u) " dp(u).
Sd—1
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With (3.1) this gives

1\t r—1 r—1 r=1
Ik < « (cth><I>(K)r> dp(u) = ac;” ey O(K) . (5.1)
gd—1
Let us fix now (Hi,...,H, 1) € H"~!. We observe that for every H, € H,
1 (P[n] S Pn,o) 1 (ClH (P[n}, P[n—l]) < Oé) (5.2)

<1 (P[nfl] € Pn—l,o) 1 (P[nfl] NH, € ICO) 1 (P[nfl] N H, # @)
x 1 (dH(P[n—l]ap[n—l] N Hn_) < Oé) .

Integrating (5.2) over H,, € H and combining it with (5.1) applied to K =
Py, 1], we obtain

/]1 (P[n} S Pn,o) 1 (dH(P[n}, P[nfl]) < a) du(Hn)
H
r—1
<1 (Ppy € Pui) ac,” ey 1@ (Py)) 7
We end the proof by multiplying the previous inequality by f(Hi,..., Hp—1)
and integrating it with respect to (Hy,..., H, 1) € du™ ! (H). O

Lemma 5.1.5. For any 6 > 0 we have

/]l (P[n] € Pn,o) 1 ((I)(P[n]) < /8) d:un (H)

Hn

= 6" / 1 (P € Pro) 1 ((Pyy)) < 1) dp" (H).
o

Proof. The proof consists of simple computations. By definition of u,,, see
(3.4), we have

/ 1 (P € Pao) 1 (®(Ppy) < B) du” (H) = n! / 1(®(P) < B) dyun(P).
Hr Pro
But equation (3.5) tells us that p,, can be decomposed into a product /\§”) ®
tn,&. This gives

[ 1P € Poo) 1 (@) < 5) du” (D)

’)_[n

B 1
= / /nt" Ydt dpin e (P) = f™n! / /ntn_ldtdun@(P)
0 0

Pnod’ no<I>

where the last equality follows from trivial computation. Using (3.5) and
(3.4) again yields the proof. O
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We are now in the position to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Set o = ¢13con~2/(4=1) and 8 = c’{gc’&)n_(d“)/(d_l),
where ¢ig and cjg are the constants of Lemma 4.3.2. Setting S" = P, 0.4 in
(3.7) gives

P(f(Ze) =) =n! [ 1(2(P) < 1) dpn(P).

Pn,o

By (3.4) this can also be written

P((Za) =)= [ (P € Po) 1 (2 (Py) < 1) " (BD).
)

where P, = ML H; . We want to use now Lemma 4.3.2 which, roughly
speaking, tells us that the variable H, has a ‘small influence’. Set

S = {H eH" ML H; € Pnoand M;_1H, is asimple polytope} ,

and

3=

T = {H €S:dy (P[n},P[n_l]) < ad (P[n]) , ® (P[n—l]) < exp (6) P (P[n])} .

Lemma 4.3.2 tells us that, when n > c¢y7, for any H € S, there exists at
least n!/4 permutations o € &,, such that H, € T. Hence, Lemma 5.1.3
implies

EP (f(Zo) =n) < / 1 (P € Pno) 1 (d (Puj, P-1)) < @)
o
x 1 (‘I) (P[n—l]) < exp (ﬁ)) dun (H) .

Using Lemma 5.1.4 with f(Hi,...,Hy—1) = 1(® (Py_1)) < exp(B)), we
have

1 r—1
PO =m <ag e [ @ ()T 1 (B € Pav)
anl
x 1 (<I> (P[n,l}) < exp (B)) du”fl (H)

1
< ac, ey ' exp <T 6) / 1 (1) € Pot1,0)

r
H7L71

x 1 (® (Py_1)) <exp(B))du™ ' (H).
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Applying now Lemma 5.1.5 with n’ =n — 1 and 8’ = exp(3), we get
1 1 r—1

X / 1 (P[n—l} S Pn_Lo) 1 ((I) (P[TL—I]) < 1) d,un—l (H)
’,L[nfl

= ac} 'y exp ((T;l +n— 1> ﬁ) P(f(Zo)=n—1).

d—1

And since (% +n— 1) B <np= cqgcgn_% < 1, for n > (cfocy) 2 , we
have )
P(f(Zo) = n) < 4ecisc) 'cpn TP (f(Zo) =n —1),

for n > max <017, (cqgcg)(d‘”/?). Hence the theorem holds with coy =

d—1)/2 _
cgg )/ and co5 1= 466186h1. ]

5.1.2 Upper bound for the elongated zero cell

Theorem 5.1.6. Assumer > 1 and 1 < i < j < [(d—1)/2]. For any
6 > 0, there exist € and Cy, dependent on @, r, i, j, and §, such that

Vi(Zo)
Vi(Zo)

8 Lt IR

IP’(f(ZO):n, <e> <5”n’%,

for any n > Cy.

Proof. We will proceed in a similar way as in the proof of Theorem 5.1.1 with
one main difference. In order to take into account the elongation condition,
we will use Lemma 4.4.3 instead of Lemma 4.3.2. This explains why we have
directly a general upper bound without passing through the intermediate
step of a recurrence relation similar as the one of Theorem 5.1.1.

Let §' = 5/(462/(d_1)011) where C11 is a positive constant dependent on
r and ¢ which will be set at the end of the proof. Let C3, Cy and C5 be the
constants dependent on i, j and d, used in Lemma 4.4.3. Set e = €(d', ¢, 1, j)
such that )

(5/ = C5C<1>6m.

Without loss of generality we can assume that ¢’ is small enough such that
€< C’;/(d_l)czlcgl. Set m = m(6,¢,i,j) = |Cze (=2 |. By (3.7), we have
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By (3.4) this can also be written

(-t <)
= /11 (Prnj € Pro)1(®(Py) <1)1 M <e|du"(H),

where P, = My H; . Roughly speaking, we will now use Lemmata 5.1.3
and 4.4.3 to order the halfspaces such that integrating step by step, starting
by Hf", the integrals can well be bounded. Recall that a collection of hy-
perplanes is said to be in generic position when the intersection of any d + 2
of them is empty. Set

Hi, ..., H, are in generic position,
P[n] S Pn,o:
S = HEH”:V(P >; )

. J

AL T <€

Vi (Pay)”

and
P[n] € Pn,o»

T={HeH": ®(Bm) < (L+(L+ca)") @ (Pyy),
dy (P[k],P[k,I]) <P (P[m})% k_ﬁ for 2m <k <n

Lemma 4.4.3 tells us that, for any H € S, there exist at least 27" (n — 2m)!
permutations o € &, such that H, € T'. Hence, Lemma 5.1.3 implies

:

< /1 (Pa) € Pro) 1 (® (Poy) < 1) 1 (@ (Py) < (14 (14 ca)™) @ (Puy))

27" (n — 2m)!
n!

Vi(Zo)
Vi(Zo)

IS ST

P (f(Zo) =n,

x 1 (dH (P[k:]ap[k—l]) <0 (P[m}) kﬁ% for 2m < k < n) d,u” (H)

: /11 (Pia] € Pro) 1(® (Py) <14 (1+ca)")
HTL
%1 (d (P, Pyy) < (14 (1+ co) ™) 8k for 2m < k < n) du” (H).

Now, observing that for any k = n,n —1,...,2m + 1, we have ® (P[k]) <
d (P[gm]), and using n — 2m times Lemma 5.1.4, we have

2

P (f(ZO) =n, Mo)z < €> < 010(0115/)n_2m <(2:L’!%)!>_d_l .

27"(n — 2m)!
n!
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where C1g = C19(9, ¢, 1, j,r) and C11 = C11(¢, ) are defined by

Cho = / 1 (Plzm) € Pam,o) 1 (P(Pr)) < (1+ (1+ o)) dp™™ (H)
HQm

and

_ . _ 1 r—1

Ciii=c; tep ' (1+ (1+co) ) e

Simple computations end the proof. Using Stirling approximation n! >
ne~ ", the trivial inequality (71_”72'”1), < n®™ and the fact that we defined

8 = 6/(4e*/(4=D 1), we have

V(%) CLol@mNTT s g —i
P(f(ZO)_n7W<€><<WLn 2 >5n )

which implies the theorem. O

5.1.3 Lower bound for the zero cell

Let us recall that we call cap the intersection of a small ball with the bound-
ary of a convex body. In this subsection we deal with caps on the unit sphere
and use the notation

C =C(z,R) =S N B(x,R)

for the cap C' C S?! of center € S*~! and radius R > 0.

In Theorem 5.1.7 we give a lower bound for the probability that Z,
has n facets. The argument relies on the particular assumption that the
directional distribution ¢ is well spread, i.e. there exists a constant c, > 0
and a cap C' C S¥! such that

o(-) > o) on C.

In the following theorem, co7 is constant which depends only on d and which
will be defined in Lemma 5.1.8.

Theorem 5.1.7. Assume that @ is well spread. Then there exists a constant
Chs > 0, such that

P(f(Zo) = n) > Clyn” @1,

for any n > co7. Moreover, if o(-) > cw’Hd_l(-) on a cap of radius Ry, then
Cia = c¢c§6R$+7"+1, where cog 1s a constant depending only on d.

The proof of Theorem 5.1.7 is based on the following strategy: we con-
struct a set of polytopes with n facets and with bounded ®-content which we
obtain by slightly perturbating a deterministic polytope which is as reqular
as possible. We do so in a way which ensures that Z, is one of these poly-
topes with a high enough probability. In Lemma 5.1.8, we proceed with the
construction of the deterministic polytope and in Lemma 5.1.9, we estimate
the probability that Z, is a perturbation of this deterministic polytope.
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Lemma 5.1.8. Let R € (0,1) and C C S%! be a cap of radius R. There
exist a constant coy = co7(d), and m = m(d, R) < co7 points y, € C' U —C,
i=1,...,m such that the caps C(y,;,r/12) are pairwise disjoint and

(VH(vi,1)” C B(o,4r™ ")
i=1

for any v, € C(y;, R/12)N(CU-C),i=1,...,m.

Proof. Without loss of generalities, we assume that C is centered at the point
eq = (0,...,0,1). We choose a saturated packing of caps C(y;, R,/12) with
y; € CU—-C,i=1,...,m. Here we call a packing saturated if there is no
possibility for adding another ball of radius R, /12. Since the curvature of
the sphere become negligible when R, — 0, we have that m is of the same
order as a saturated packing of (d — 1)-dimensional balls of radius R,/12
in R,B%1. Clearly this is independent from R, and therefore m < co7 for
some constant cg7 depending only on d.

This implies first that | J C(y;, R,/6) is a covering of CU—C and second,
that each cap C(z,R,/4), z € C contains one of the caps C(y;, R,/12),
because z € C(y;, R,/6) for some i =1,...,m.

The rest of the proof follows from explicit geometric calculations. As-
sume in the contrary that there are v; € C(y;, R,/12) N (C' U —C) such
that

m

(VH (i, 1) € B(o,4R,").
i=1

This in particular implies that either

e; N m H(v;, 1)~ ¢ B(o,4R;1) or er N ﬂ H(v;, 1)~ ¢ B(o,4R;1).
’UiGC Uiefc

Recall that C is a cap with center e4. Without loss of generality assume
that = (4R;',0,...,0) is a point with |lz| = 4R;1 which is contained
in ,,cc H(vi,1)7. Let us define g = (R,/4,0,...,0,,/1— R%2/16). By
elementary trigonometric calculations the line through x and ¢ is tangent
to the sphere at xy. Because x is contained in () H(v;,1)”, none of the
points v; may be contained the cap Cp = C(eq, |le1 — xo]|).

Next observe that the point x¢ = (V1 —h?,0,...,0,h) with h =1 —
R?D /2 is on the relative boundary of C' and in Cy, and

1 3 1 1
HII:C — :I:()H Z V 1— h2 — ERSD Z ERSO — ZRW 2 iR@

Hence C'NCy contains a cap of radius R, /4. Yet this cap must contain one
of the caps B(y;, R,/12) and thus one of the points v;, a contradiction. [J
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In the following lemma, co7 is the constant depending only on d of
Lemma 5.1.8.

Lemma 5.1.9. Assume that ¢ is well spread. There ezists a constant Ci3
such that for any n > coy there are subsets Si,...,S, C H with

d+1

/L(SZ) > (Cign 41

and for Hy € Sy,...,H, € S, we have
ﬂH; €P,

and
(H; c B’
7

Moreover if o(-) > c, 971(+) on a cap of radius R, then C3 = cwcggRg‘”H,
where cog depends only on d.

Proof. Consider the m < ca7 caps C(y;, R,/12) which have been constructed
in Lemma 5.1.8, and fix n > co7. In each of the sets C(y;, R,/12)N(CU—-C)
we produce an optimal packing of [n/m| smaller caps C(z;, p) where we can
choose p such that it satisfies C(z;, p)

_1 R
coon 1R, < p < T;

with a constant cog depending only on d. Observe that the number of caps
constructed in this way is between n and n + m. We choose precisely n of
these caps C(z;, p) in such a way that in each set C(y;, R,/12) N (C'U—C)
there is at least one cap C(z;, p).

As already used above, a cap of radius ¢ has height t?/2. Let v; be
arbitrary points in C(z;, p/2) N (CU—C), i =1,...,n. Since each cap

() = (wr-3()) e

is contained in the cap C(z;,p), it is disjoint from all other caps C(z;, p),
and thus also disjoint from all other caps C(vj, p/2). Hence for arbitrary
R; with 0 < R; < p/2, all points (1 — R?/2)v; are on the boundary of
N H(v;,1 — R?/2)~ and thus this intersection has n facets.

Since each set C(y;, R,/12) contains a cap C(z;, p), there are m points
v;, V1, - ,Um, say, which belong to C(yy, Ry/12),---,C(y,,, Ry/12) re-
spectively. Combining Lemma 5.1.8 applied to vy, --- , v, and the consid-
erations above, we obtain: there are pairwise disjoint sets

Ti:{H(v,t):veC<zi,g>, te [1—;(;’)2,1}}cﬁ, i=1,....m,
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such that for an arbitrary n-tuple H(v;,t;) € T;, i = 1,...,n, we have

n m

(VHwi.t:)” € (H(vi,t;)” C B(0,4R,") and () H(vi,t;)" € Py
i=1 =1 =1

We normalize such that B (0, 4R;1) is replaced by the unit ball and define

Si:{H(v,t): vGC(zi,g),te?[l—; (5)2,1”:]}"7}CH

fori=1,...,n.
It only remains to get lower bounds for the measures of the sets S;. By
definition of the sets, we have

usy= [ / £t p(du)

Josl
6

Using the the assumption ¢(-) > c, 2% 1(-), we bound the first factor of
the expression above. There exists a constant c3g, depending only on d, such

that
0 (508)) 2o (€ (20) > ot

where the second inequality comes from the fact that the Hausdorff measure
of a cap of radius p/2 can be approximated by (p/2)% 'k4_1, see e.g. Lemma
4.1.3. Simple computation give us a bound of the integral factor

And since p < R,,/12 < 1/12, we have (8 — p2)r_1 > 1, and therefore the
last equations imply

R IS
d
1(S;) > cpezop®tt <3;>
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which gives

R,\" _an1
w(S;) > 0@0300‘21;1R$+1 <3§> n d-1,

min(1,c30)
32

1
because p > cogn” -1 R,,. Setting cog = gives

dtr+1,,— 95
p(Si) > cpchg R in T a1,

This yields n sets S; with the desired properties. O

Proof of Theorem 5.1.7. As we have seen in the beginning of the proof of
Theorem 5.1.1, (3.7) and (3.4) gives

P (f(Zo) = n) = /]1 (Pinj € Pro) 1(® (Py) < 1) du™ (H),
’}_L?’L

where P,,) =M H; . Let S1,...,5, be as in Lemma 5.1.9, we then have

P(£(Zs) = n) zn!/]l(Hl € 1)1 (Hy € Sp) du™ (H)

n

Therefore, with Stirling approximation n! > n"e™", we have

2n

P(f(Zo) =n) > (e_lcwcgng”“)nn_ a1,

Setting cog = e‘lcg8 yields the proof. O

5.2 Bounds for the typical cell

We assume in this section that we are in the stationary case (r = 1 and
© € N,). As already explained at the beginning of the chapter, this section
follows the same structure as the previous one, with really similar subsec-
tions and theorems. The proofs follow analogous strategies but many dif-
ferences appear at a technical level and therefore we write completely the
main proofs.
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5.2.1 TUpper bound for the typical cell

Theorem 3.3.1, combined with the geometric arguments developed in Chap-
ter 4, implies our main results. By seeing a polytope with n facets as a
polytope with n — 1 facets cut ‘a little bit’ by one halfspace, we obtain the
following recurrence relation.

Theorem 5.2.1. There exist constants C14 and C15 depending on p, such
that for n > Chy,

P(f(Ztyp) =n) < ClSH_ij(f(Ztyp) =n—1).

2/(d—1
Moreover C14 = max (017, 631%/( )> and Ci5 = c3oce, where c17, c31 and
c32 are constants depending only on d.

We prove Theorem 5.2.1 at the end of the subsection. Iterating the
recurrence relation of Theorem 5.2.1 gives us the following general upper
bound.

Theorem 5.2.2. There exists a constant Cig > 0, dependent on @, such
that ,

P(f(Ziyp) =n) < Cign @1
for any n. Furthermore, there exists an integer ne such that P(f(Ziyyp) =n)
1s either vanishing or strictly decreasing for n > ng.

Proof. We omit the proof which follows exactly the same lines as the proof
of 5.1.2. O

We need the following two lemmata. They are analogous of Lemmata
5.1.4 and 5.1.5, and their proofs are similar. The main difference is that the
polytopes, convex bodies and half spaces considered do not need to contain
the origin o, so in particular we now use the notation Pp,) = M H . Also
in Lemma 5.2.4 we take into account the center ¢ (P[n})‘ These differences
make some notation a bit more heavy. On the other hand we have now r = 1
and ¢ € N, which simplifies some part of the proofs. For completeness we
include both proofs.

Lemma 5.2.3. For any o > 0 and any measurable function f : Hrl
[0,00), it holds that

/]l (Pln € Pn) 1 (dr (P, Pro—y)) < @) f(HT' ... Hy)di" (HE)
ﬁn
<« / 1 (P[n—l} € ’Pnfl) f(He)d/jn_l (H€).

ﬁnfl
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Proof. The essential part of the proof is to bound

I = /11 (KN HS € K)1 (KN HS £ 0)1 (du(K, K N H®) < o) di(H),

H

for any K € K. We will then apply it in the case K = P,y = NP HS €
Pr—1-

To get an upper bound of I, it is more convenient to use the following
representation of half spaces: H(u,t) = {z € R¥! : (z u) < t}. By
definition (3.2) of &

Ix = / ?H(Kﬂﬁ(u,t);é(?))]l(dH(K,KﬂI:T(u,t) <a) dt dy(u)

§d—1 —oo

h(K,u)
< / / dtde(u) = a. (5.3)

Sd=1 h(K,u)—a
Let us fix now (Hfl, ces ,Hfl"_l) € H"1. We observe that for every Hm € 7—~l,

1 (P[n] € Pn) 1 (dH (P[n}7p[n—1]) < Oé) (5.4)
<1 (P[n—l] € Pnfl) 1 (P[n—l] NH e /C) 1 (P[n—l] NH, # @)
x 1 (dH(P[n—l]a P[nfl] NH™) < a) .

Integrating (5.4) over He» € H and combining it with (5.3) applied to
K = Py,_y), we obtain

/]1 (Pin) € Pn) 1 (dg (P, Pr—1)) < @) di(Hy)

H
<1 (P[n,l] € Pn—l) Q.

We conclude by multiplicating the previous inequality by f(H{!,..., H," ")
and integrating it with respect to (Hj',..., H* ;) € dp" ! (H*). O

Lemma 5.2.4. For any $ > 0 and any Borel set A, we have

[ 1B € P L (e (R) € )1 (@ (R < 5) i (B
In
= Ag(A)p" / 1 (P Pyl (c (Pi) €10, 1]d) 1(®(Py)) <1)dp" (H®).

H'n
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Proof. The proof consists of simple computations. By definition of u,, see
(3.3), we have

[ 1B € P L (P) € )1 (@ (Ry) < 9) i (B

H™

=l [1((P) € )L(@(P) < 5) dun(P)

Pn

But equation (3.6) tells us that u, can be decomposed into a product Ay ®
AD @ 1 o. This gives

[ 1B € P L (e (P) € A)1 (@ (Ry) < 9) i (B

H’VL

— / // d)t" e dt djg, o (P)
= Ma(A)B" ! / // d)t"~ 4 tde dt djin o (P)

n(I)O 01

where the last equality follows from trivial computation. Using (3.6) and
(3.3) again yields the proof. O

We are now in the position to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Set o = clngm*Q/(d*l) and 8 = clgc(pn*(d“)/(d*l),
where c1g and cg are the constants of Lemma 4.3.2. Let

Ad) )

In = Vmp(f(ztyp) =n).

Setting S’ = P, ¢ in (3.10) gives
I, = n!/]l (c(P) c [0, 1]d) 1(®(P) < 1) dp,(P).
Pn
By (3.3) this can also be written
I, = /]1 (P € Pn) 1 (c(P) e [0, 1]d) 1(®(Pyy) <1)dp" (HS),

Hn

where P[n] = ﬂ?zlﬂiei.
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We want to use now Lemma 4.3.2 which, roughly speaking, tells us that
the variable H» has a ‘small influence’. For that we define sets S and T'
similar to the ones of the proof of Theorem 5.1.1, with the only difference
that the built polytopes do not have to contain the origin now. Set

S = {(H, €)eH": “ . H" € P, and Nj_1 H;" is a simple polytope} ,
and
T = {(H,G) €S:dy (P[n},P[n_l]) < ad (P[n]) , ® (P[n—l}) < exp (5) d (P[n})} .

Lemma 4.3.2 tells us that, when n > ¢j7, for any (H,€) € S, there exists
at least n!/4 permutations o € &,, such that (H,€), € T. Hence, Lemma
5.1.3 and the Lipschitz continuity of ¢ imply

%" < / 1 (P € Pa) 1 (¢ (Bwy) € [0,10) 1 (dig (P, Po-y)) < @)
Hn
X 1(® (Py,_1)) <exp(B))dn" (H®)
< [1(RyeP)1(c(Ro) € a1 +al)
In
X 1 (dg (Pyjs Pn—1]) < @) 1(® (Pj_q)) < exp (B)) dp" (H€).

Using Lemma 5.2.3 applied with
JOHE o H ) =1 (¢ (Ppoy) € [=a, 1+ a]?) (2 (Pyy) < exp (8),

gives

I,
1 <« / 1 (P[n—l] € Pn—l) 1 <C (P[n,l}) €[—a,1+ a]d)
ﬁn—l

x 1 (® (P[n_l]) <exp(B)) dp™—t (H*¢).

Applying now Lemma 5.2.4 with n’ =n — 1 and ' = exp(8), we get

%" < a(l+2a)%exp {B(n—d—1)} / 1 (Py—1) € Pn-1)
Hn—1
%1 (¢ (Pyoy) € [0,1]7) 1(® (Pyy) < 1) 4"~ (HO)
=a(l+2a)exp{B(n—d—1)}I,_;.
Therefore,

P(f (Zuyp) = 1) < da(1 +20) exp {B(n — d — 1)} " ~ Vp(f(Zip) =n - 1)

<Adaexp{2da+ B(n—d—1)}P(f(Ziyp) =n—1).
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d—1)

And since o = clngm*Q/( and

2

—-d—-1
2da+ B(n—d—1) = <2d618 + clgnn> copn -1 < 1,

for n > [(2deig + c19)ca)?/ (@Y, the theorem holds with 31 = (2deig +
019)2/(d_1) and c3p = 4ecys. J
5.2.2 Upper bound for the elongated typical cell

Theorem 5.2.5. Assume 1 < i < j < [(d—1)/2]. For any § > 0, there
exist € and Cy7, dependent on @, i, j, and d, such that

Vi(Ziyp)
Vi(Ziyp)

| Sie

P (f(Ztyp) =n, < e) < (5"71_%,

for any n > C17.

Proof. We will proceed in a similar way as in the proof of Theorem 5.2.1 with
one main difference. In order to take into account the elongation condition,
we will use Lemma 4.4.3 instead of Lemma 4.3.2. This explains why we have
directly a general upper bound without passing through the intermediate
step of a recurrence relation similar as the one of Theorem 5.2.1.

Let C3, C4 and C5 be the constants dependent on 4, j and d, used in
Lemma 4.4.3. Set &' = §/(8¢%/(*=D) and € = €(8, ¢, i, j) such that

1
(5/ = C5Cq>€ﬁ( .

Without loss of generality we can assume that ¢ is small enough such that
€< Cg/(d_l)C’;lc;. Set m = m(d, p,4,5) = |Cze (42|, Set

@ . 7
I, = ro_mw P <f(Ztyp) =n, L/](Ztyip)i‘ < 6)

v¢ (n—d)!

By (3.10), we have
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where Py, = NP, H*". Roughly speaking, we will now use Lemmata 5.1.3
and 4.4.3 to order the halfspaces such that integrating step by step, starting
by Hf", the integrals can be well bounded. Recall that a collection of hy-
perplanes is said to be in generic position when the intersection of any d + 2
of them is empty. Set

H,, ..., H, are in generic position,

S=<(H,e) e H":

and

P € Pn,

e (Py) — ¢ (Pl [| < @ (Ply)

© (Py)) <22 (Py)

dir (Pggy Pp—y)) < 8'® (Ppoy) k™77 for 2m < k <n

T={(H,e)cH":

Lemma 4.4.3 tells us that, for any (H, €) € S, there exist at least 27" (n —
2m)! permutations o € &,, such that (H,€), € T. Hence, Lemma 5.1.3
implies
27"(n — 2m)!
n!
< /]1 (P € Pa) 1 (¢ (Py) € [0.11%) 1 (@ (Py) < 1)
ﬁn
XL ([le (Fnp) = ¢ (Ppn) | < @ (Fn))) T (@ (Fmy) < 20 ()
x 1 (dH (P[k]ap[k:—l]) <5 (P[m}) k_% for 2m < k < n) dﬁn (He)

< /11 (P € Pn) 1 (c (Pn) € [—1,2]d) 1(® (Pyy) <2)
ﬁn
%1 (dpr (P Pie—1)) < 20k for 2m < k < n) dji" (HE).

I

Now, using n — 2m times Lemma 5.1.4, we have

2
27"(n — 2m)! rm—om [ MO\ 4t
I, < 018(25) (2m)' .

n!

where C1s = C13(6, ¢, 1, j) is defined by

Cig := / 1 (Pam) € Pom) 1 (c (P € [—1,2]d) 1(®(Pyy) < 2) dp®™ (HF).

ﬁQm
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This gives
1
Vil Ziyp) 7
P (f(Ztyp) =n, J( 'Cyp)l < 6)
W(Ztyp)’
2
¥ (n—d)

< ' Loy ()T
~@ Tl 27 n(n—2m) P (2m)!
< Clgn2m_d(45/)n(n!)iﬁ,

where
d

7 Cis(28) 72 ((2m)) 7.
(@)

Hence, with Stirling approximation n! > n"e~" and because §' = §/(8¢%/(@=1)),
we get

Chg := C19(0,9,1,7) =

1
Vi(Ziyp)i _2n
P <f(Ztyp) =mn, VilZawp)? typ)i < 6) < (ClngQm*d?*") o,
Vi(Ziyp)
which implies the theorem. O

5.2.3 Lower bound for the typical cell

In this subsection, we will show the following lower bound. Note that cor
below is the constant depending only on d of Lemma 5.1.8.

Theorem 5.2.6. Assume that o is well spread. Then there exists a constant
Cy > 0, such that

_ 20
P(f(Zyp) = n) > Cyon~ -1,

for n > ca7. Moreover, if o(-) > c,#?1(-) on a cap of radius Ry, then
Coy = c¢033Rff,+2, where c33 is a constant depending only on d.

Proof. As we have seen in the beginning of the proof of Theorem 5.2.1,
(3.10) and (3.3) gives

P (f(Ztyp) = TL)

d n— !
= J(d)(d)' / 1 (P €Pa)l (c(P) € [0, 1]“’) 1(®(Pyy) <1)dp™ (HS)

n!

HTL
where P,) = NP H. Let Sq,...,S, be as in Lemma 5.1.9, we then have

d

P (f(Zo) =n) > J(d)(n—d)!/]l(Hl €S1) 1 (Hy € Sp)dp™ (H)

Hn
d

= %(n — ) T u(s),
=1
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dt
But Lemma 5.1.9 also says that u(S;) > cipcgsRi*’"Hn*dfi. And since here
r =1, we have

d N
P (f(Zip) =) = g5 (n — d)! <C¢028Ri+2n d_l)
d
7¢ (n—d)! d+2\" -2
= W o (cg,czng ) no d-1,

But, because of Stirling approximation n! > n”e~" and the inequality n'/™ <
el/e. we have

nn nm n! -
Thus d
2n
P(f(Ziyp) =n) = % (6 ec 028R$+2> no a1,
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D.G. Kendall conjectured that, in the stationary and isotropic planar
case, the conditional law of the shape s. 4(Z5), given the area V2(Z,), con-
verges weakly, as V2(Z,) — 00, to the degenerate law concentrated at the
circular shape. A short history and an exhaustive list of references for this
problem and its very general variants can be found in the book of Schneider
and Weil [SWO08, Note 9 of Sec. 10.4]. We also refer to the more recent lec-
tures notes [Spol3] and in particular the chapters [Hugl3, Sec. 7.2.1] from
Hug and [Call3, Sec. 6.2] from Calka.

In the present chapter we consider D.G. Kendall problem in the same
general setting as in the previous chapters, namely d > 2, r > 1 and ¢ € N.
We will also consider both the cases of Z, and Ziy,. Since most of the
statements and their proofs are either identical or really similar in both
cases, we introduce the following convention.

73
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Convention 6.0.1. One can use consistently in the full chapter either
7 = Zo, 5(2) = 50(Zo), Ks =Kow, r>1, peRandd=0
or
Z = Ziyp, 5(2) =5c0(Ziyp), Ks =Kew, 7=1, p € X, and d=d.

Nevertheless the main results of the chapter are stated in an explicit way
such that the reader do not need to refer to this convention.

Following the setting of [HS07] we will consider arbitrary size functional,
i.e. a functional ¥: K — R satisfying the following four axioms

1. increasing under set inclusion: K C L = X(K) < X(L),
2. homogeneous of some degree k > 0: X(tK) = t*¥(K),
3. continuous,

4. not identically zero.

Most of the functions commonly used to measure convex bodies are size
functionals, including the intrinsic volumes V;, i > 0 and ®. A notable
exception is f, the number of facets, which only satisfies the last axiom.

We will characterise the shapes of cells with big >-content by the isoperi-
metric ratio ®(Z)%(Z) k. It is easy to see that 7 = inf gex ®(K)X(K)7F >
0. Hug and Schneider considered the problem in the case of the zero cell and
proved in [HS07] that the conditional law for this isoperimetric ratio, given
the size ¥(Z,), converges weakly, as ¥(Z,) — oo, to the Dirac measure
concentrated at 7. They also gave an exponential upper bound for the rate
of convergence. At the really end of the chapter, we will recover their result
with a slight improvement about the rate of convergence: we prove an equiv-
alence rather then only an upper bound. Also, our result apply both for Z,
and Ziyp. In order to reach this goal we study various tail distributions and
conditional laws. Some of them are not directly linked to Kendall’s problem,
but because of their similarities, it is appropriate to include them here.

In the first section we consider cells with many facets. We recall the
bounds on the tail distribution of f(Z), provide upper and lower bounds
for probabilities of the form P(s(Z) € S | f(Z) = n), recall the Gamma
distribution of ®(Z) when Z is conditioned on the event {f(Z) = n}, and
finally study the tail distribution of ¥(Z) when Z is conditioned on the event
{f(2) =n}.

In the second section we are interested in cells with a big ®-content. We
give bounds for the tail distribution of ®(Z) and give partial result describing
the shape distribution of Z conditioned on the event {®(Z) > a}.

In the last section we study cells with big Y-content. We give precise
estimation P (3(Z) > a,s(Z) € S), for specific sets of shapes S and when
a — o0o. From these bounds we derive easily our result answering D.G.
Kendall’s problem.
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6.1 Big number of facets

6.1.1 Tail distribution of the number of facets

The tail distribution of the number of facets has been investigated in Chap-
ter 5. In this subsection we summarize the results obtained in the previous
chapter by writing bounds which hold for all n and both Z, and Ziy,,. The
price of making these bound holding in this general setting is that we lose
the explicit dependency of the constants on ¢ and r.

We say that ¢ is well spread if there exists a cap on the unit sphere
where ¢ is bounded bellow by a multiple of the spherical Lebesgue measure.
Under the condition that ¢ is well spread, Theorems 5.1.7 and 5.2.6 give
lower bounds of P(f(Z,) = n) and P(f(Zyyp) = n), respectively. As a
corollary of both theorems, we have that if ¢ is well spread there exists a
constant Ch1, depending on ¢ and r, such that for any n,

o~ < P(F(Z) = n), (6.1)

where Z can be replaced by Z, or, in the stationary case, by Zi,,. Note
that the lower bounds in Theorems 5.1.7 and 5.2.6 do not hold for small n.
By setting the constant C; small enough, the lower bound holds for small
values of n as well.

Similarly Theorems 5.1.2 and 5.2.2 give upper bounds of P(f(Z,) = n)
and P(f(Zyp) = n), respectively. As a corollary of both theorems, there
exists a constant Css, depending on ¢ and r, such that for any n,

P(f(Z) = n) < Cyn™ i1, (6.2)

where Z can be replaced by Z, or, in the stationary case, by Ziy,. Note
that the upper bounds in Theorems 5.1.2 and 5.2.2 do not hold for small
n. By setting the constant Ca2 big enough, the lower bound holds for small
values of n as well.

6.1.2 Shape of cells with many facets

Similarly as in Kendall’s problem a natural question is to describe the
asymptotic shape distribution of cells with many facets. We conjecture
that when ¢ is well spread, it concentrates on a deterministic shape. We
present, with Theorem 6.1.1 below, a partial result in that direction.

Upper bound for the elongated cells with many facets

We say that a convex body K is (e: 4, j)-elongated if V;(K)YIV;(K)~/ < e,
with ¢ < j. For small ¢, the geometrical interpretation is the following: K is
(e: i, j)-elongated if the rescaled body V;(K)Y7K is close, with respect to
the Hausdorff distance, to a (i — 1) dimensional convex body. Theorem 6.1.1
says that cells with many facets are not (e: i, j)-elongated if € is small.
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Theorem 6.1.1. Assume that ¢ is well spread and that 1 < i < j <
[(d—1)/2]. For any § > 0, there exists € > 0, depending on §, ¢ and r,
such that

V2 i g
P(V;(Zﬁ < ‘f(Z)_ > )

for all n, where Z can be replaced by Z, or, in the stationary case, by Ziyy,.

Proof. Recall that Theorems 5.1.6 and 5.2.5 tells us that, for 1 < i < j <
[(d—1)/2] and any ¢’ > 0, there exist € > 0 and Cb3, depending on &', ¢
and r, such that

P(ww>
Vi(2)

2n

<e f(Z)= n) < (871, (6.3)

EHE I

for any n > Cb3. By setting € € (0,¢') small enough, the inequality holds
for all n. Thus, with the lower bound (6.1), we have

V2SN ()
P(ww> 1(2) ><(@).

Therefore setting ¢’ = C516 yields the proof. O

AT ST

For i € [d], we denote by K; the set of i-dimensional convex bodies in
R?, meaning that K € K; if there exists a i-dimensional flat F', such that
K C F is a convex and compact set with non empty interior (with respect
to the topology of F'). We extend the definition of the Hausdorff distance
in the following way:

dy (K, ;) = nglgdH(K’L)

We have the following corollary, which has a clearer geometric meaning.

Corollary 6.1.2. Assume that ¢ is well spread and that 1 < i < [(d—1)/2].
For any § > 0, there exists € > 0, depending on 0, ¢ and r, such that

P (dH(cb(Z)*%Z, Ki) < ¢

ﬂm:@<m
for all n, where Z can be replaced by Z, or, in the stationary case, by Ziyy,.

Proof. Set j = i+ 1, so we have 1 < ¢ < j < [(d —1)/2]. Because of
Theorem 6.1.1, there exists € > 0 such that

P(ww>
vi(2)

[ I

<e‘f(Z):n> <",
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for all n. One just need to observe that (using continuity on a compact)
there exists € > 0 such that, for any K € K,

dy ((I)(Z)_%Z, K:Z) <é= “//EEZ)

EREY IR

O]

Lower bound for cells with many facets and shape in a given set

In the previous theorem we gave an exponential upper bound for probabili-
ties of the form

P(s(Z) € S| f(Z2) =n) (6.4)

with

_ Vi)Y
S—{K€K5W<E C’Cﬁ

We will now consider more general set of shapes S. We cannot give a
non trivial general upper bound of the probabilities (6.4), but the following
theorem and corollary give a lower bounds exponential in n.

Theorem 6.1.3. Assume that @ is strongly well spread, i.e. there exists a
constant C' such that ¢ > CH*1,

Zo : For any shape K € Koo and € > 0, there exist constants Ck ¢ € (0,1)
and N such that, for n > Nk,

P(dn (s9(Zo), K) < €| f(Zo) =n) > (Ck.c)"-

Ziyp © For any shape K € K. o and € > 0, there exist constants Ck . € (0,1)
and Ni e such that, for n > N,

P(dH(sty‘?(Ztyp)?K) <€ ‘ f(Ztyp) - n) > (CK,e)n-

We will prove Theorem 6.1.3 at the end of the current subsubsection,
but first let us present a straightforward corollary.

Corollary 6.1.4. Assume that ¢ is strongly well spread, i.e. there exists a
constant C such that p > C% 1.

Zo: Let S C Koo be an open set. There exist constants Cs and Ng such
that, for n > Ng,

P(sa(Zo) €S| f(Zo) =n) > (Cg)™.
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Ziyp + Let S C Ko be an open set. There exist constants C's and Ng such
that, for n > Ng,

P(sca(Ziyp) € S| f(Ziyp) =n) > (Cs)"

Proof. The proof of both cases Z, and Ziy,, are almost identical. Thus we
will only consider the case of the zero cell. We only have to observe that
there exist K € Ko and € > 0 such that {L € Koo : dy(K,L) < €} C S.
The corollary follows directly from Theorem 6.1.3. O

In order to prove Theorem 6.1.3, we need first to establish the next four
lemmas.

The first considers a convex body K in which a ball rolls. It gives a
lower bound for the distance between a point @ € 0K and the hyperplane
tangent to K at a point y. The lower bound is given in term of the distance
between the outward normal vectors at  and y.

In the second lemma we consider a convex body K which rolls into a
ball. From a &'-covering V = {v;}; of S?™!, we build the polytope P =
N;H (v, h(K,v;))~ with facets supported by the tangent hyperplanes of K
with directions in V. Lemma 6.1.6 gives a bound for the distance between
K and P.

The third lemma provides a set U C S?~! of cardinality precisely n which
is both a covering and a packing of the unit sphere.

The last lemma is the key point in the proof of Theorem 6.1.3 and is
analogous to Lemma 5.1.9. It uses the three first lemmas and provides n
sets of hyperplanes satisfying suitable properties.

Lemma 6.1.5. Let R > 0 and K a convex body of the form K = L + RB?
where L € K is strictly conver. Let 6 € (0,R) and v1,v2 € S¥1 with
|lvi —wva| > 6. Let ¢k, € OK be the point on the boundary of K with
outward normal vector vy. It holds that

WK, vs) — (@i, v2) > %52

Proof. The lemma holds with an equality when K is the unit ball. It extends
to the more general case since

WL+ RB, v3) — (T1\ gpa o, V2)
= h(L,v2) — (T1.0,,v2) +R (h(Bd,'vg) - <de,m,v2>) .

~~

>0

52

2
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Lemma 6.1.6. Let R' > 0 and K € K, a convex body of the form R'B? =
K + L' where L' € K is strictly convez. Let §' € (0, R’). For any ¢'-covering
{vi}; STt of ST, we have

K +VYRB > (H(vi, MK, v;))” D K.

Proof. We only have to show the first inclusion since the second is trivial.
For any unit vector u, we denote xx, the point on the boundary of K
with outward normal vector u. And reciprocally, for any point y € 0K, we
denote by ug , the outward vector of K at y.

Simple geometric computations, similar as those of Figures 4.1 and 4.2,
show that the lemma is true if, for any y € 0K, there exists ¢ such that

max {||[€xw, — Yl , [lui —ukyll} <R

When K is a ball, this is trivially true. It extends to the more general setting
by observing that the map

I(R'BY — 0K
Ru — =z Ku
is 1-Lipschitz because K is a summand of R'B?. O

Lemma 6.1.7. There exists constants csq, css and csg such that for any
1
n > caq, there exists a set U C ST with |U| = n which is both a (c3sn™ @1 )-

1
packing and (czgn” a-1)-covering of S 1.

Proof. Let ¢; < co be the constant of Lemma 4.1.4. Set ¢34 = CQVd,l(Bd).
Apply Lemma 4.1.4 with D = B?% and

1

d\\ d—1

5 = <C2Vd—1(3)> <1
n

We get a set U; with
‘U1| < CQVd_l(Bd)(;;(dil) =n,

which is a §;-net of S¥~! and in particular a é;-covering of S¥~1. We apply
again Lemma 4.1.4, but this time with D = B¢ and

1
by = (Clvd—1<Bd>> B

n

We get a set Uz with

‘U2| > Clvd_l(Bd)(S;(dil) =n,
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which is a do-net of S¢~1, i.e. a do-covering and %—packing of S1. In
particular for each @ € U; there exists y = y(x) € Uy with || — y|| < 2.
And since |U| < n < |Us|, we can set Uz C S?! such that |Us| = n and
{y(x) :x €U} CUs C Us.

Since Us C U; it is a %—packing of %=1, And by construction, Us is
also a (61 + 02)-covering of S~1. Therefore the lemma holds with c35 =
L(eaVy 1(BY)" 71 and cg6 = (e1Va1(BY) 77 + (Vg1 (BY)) @1 O

Lemma 6.1.8. Assume that o is strongly well spread. Let K € K, smooth

and strictly convex and € > 0. There exist positive constants C, . and N
such that for any n > Nk . there exist disjoints subsets S1,...,S, C H with

, _d+l
lu(Sl) > CK,en 4=l
and for Hy € S1,...,H, € S, we have

()H; € P, (6.5)

and
dy (K ﬂH;) <e (6.6)

Proof. Since K is smooth and strictly convex there exist 0 < R < R’ and
L, L' € K strictly convex such that K = L + RB% and R'B? = K + L'. Let
¢34, ¢35 and c3g be the constants of Lemma 6.1.7, and set

d—1 —
R(cs5)? T ress\41 [ R(css)? 2
N € = M . M M M
K, max{c34 <8mmuegd_1 h(K, ) (23) 8¢

<<c36 + ) R)
€2

For n > Nk > c34, we apply Lemma 6.1.7 and get a set {w;}icn C Sd-1

which is both a (c;;;,nfﬁ)—packing and (036n7ﬁ)—covering of ST, Set

p=cssn 41, and for i € [n], set

S; = {H(u,t) L ueC (ug) te [h(K,u) - R8p2,h(K, u)] }

. R(css5)? T2 __1
Note that, since n > Nk > (8minu6;di51)h(K,u)) and p = c3sn” -1, we
R

have T’)Q < ming,cga-1 (K, u), and thus t; > 0 for any H(u;,t;) € S;. We
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have
= / /Oo]l (u eC (ui, g)) 1 <h(K, u) — R8p2 <t < h(K, u)> t"Ldtp(du)
sd-1 0
> 4 1( ( ))gzure%jdnl <h(K’u)_Rgp2>T—1
> CKe -1,

for an appropriate constant C% . independent from n.

Let H; = H(v;,t;) € S;, for i =1,...,n. It remains to show that (6.5)
and (6.6) hold.

For i € [n], let i, € OK be the point of the boundary of K with
outward normal vector v;. Observe the following implications,

(6.5) < H; ﬂ NjziH; # 0, for any i,

o —
< H(v;, h(K,v;)) ﬂﬂ#iH (vj, h(K,vj) — R8p> # (), for any i,

RN\
=X, € H (vj, h(K,v;) — 8,02) , for any i # j, (6.7)
But, by construction of S; and with the triangular inequality,
p
lvi = vjll > llwi — gl = [lwi = wil| = [lu; — 5]l > 5.

1
Therefore, since § < %N %" < R, we can apply Lemma 6.1.5 with § =

p/2, which gives (6.7), and therefore (6.5).
By construction we have that

R 2
Kc(\H + %Bd c(H; +eB,
i i
since Rp < RC35 NK‘é ' < e. Observe that since {ul}ze[n] is a (c3gn” - 1)

covering of Sd ! and that for any i € [n], [|[v; — || < § = ©en” dil, we
have that {v;}c[,) is a ((636 + 0?75) n_ﬁ)oovering of S¥=1. Thus, applying
Lemma 6.1.6 with
§ = (@,64—%)7{ﬁ < <036+C§)N = < —
gives
K +eB' S K+ VYRBY S (| H(vi, h(K,v;))” D ﬂH—

7

Therefore (6.6) holds. O
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Proof of Theorem 6.1.3. Here, we prove Theorem 6.1.3 in the case of the
zero cell. We omit the proof in the case of the typical cell since it follows the
same lines with the same adaptations as the one made between the proofs
of Theorem 5.1.7 and 5.2.6.

Let K" € Ko smooth and strictly convex such that dg (K, K') < €/2. Set
¢’ > 0 such that for any convex body L € K, with dy(K’, L) < ¢ we have
dp(K',ss(L)) < €/2. With this setting, we only have to prove that there
exist constants C'x > 0 and Nk . such that

P (di (s0(Zo), K') < €| f(Zo) =n) > (Ck,e)",

for n > Ng.

Similarly as in the beginning of the proof of Theorem 5.1.1, (3.7) and
(3.4) gives

P (dy (so(Zo), K') <€, f(Zo) =n)

= / 1 (du (s0(Zo), K') < €)1 (Py) € Ppo) 1 (® (Pyy) <1)du" (H),
e

where P[n] =M H, . Let C’}“, and Nk, and Si,...,5, be as in Lemma
6.1.8, we then have

P (dH (5@(Zo), K/) < 6/, f(Zo) = TL)
zn!/]l(Hl €S1)---1(H, €Sy)du" (H)
’}_LTL
=n! [ u(S:)
i=1
> nl! (C}Qﬁrf%)n.

n

Therefore, with Stirling approximation n! > n"e™", we have

2n

P (dH (5<I>(Zo)a K/) < 6/7 f(Zo) = TL) > (e_lc}(,e)nniﬁ' (6'8)
Thus, with the upper bound (6.2), we have

P (du (s6(Zo),K') < €| f(Zo) =n)
_ PUn (s0(Zo). K) <, J(Zo) =) (CK>

P (f(Zo> = n) Coya

Setting Cc = e 1C". Cyy' yields the proof. O
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6.1.3 ®-content of the cells with many facets

The Complementary Theorem 3.2.1 (resp. 3.3.1) tells us that, under the
condition that Z, (resp. Ziy,) has n facets, its ®-content is I',, (resp.
I'y n—q) distributed. With respect to the Convention 6.0.1 it says that,
under the condition that Z has n facets, its ®-content is F%nf 7 distributed.

6.1.4 >-content of the cells with many facets

Let

7=71(®,%) := inf CI)(K)E
Kek E(K)k

)

so that ®(K) > 7X(K)"/* for any K € K. A convex body Key for which
O(Kext) = TZ(KeXt)T/ k is call extremal. Thanks to the Blaschke selection
Theorem 2.1.1, there exists extremal bodies. We give now two examples
to make the reader familiar with the notion. In the isotropic case, ® is
proportional to Vi, hence if ¥ = Vi, with k& > 2, the Isoperimetric Inequality
(2.1) says that the balls are the only extremal bodies. If, in the situation
we just described, we have ¥ = V; instead, then ®(K)¥(K)™ % is constant
and every convex body is extremal.

Now we give bounds for the distribution of the ¥-content under condition
on the number facets.

Theorem 6.1.9. For a > (’YT)_k/T,

P(X(Zo) > a | f(Zo) =n) < exp (—fyTai + 1) (’yTa%)nil ,

and

P(X(Ziyp) > a | f(Zeyp) = n) < exp (—77(1% + 1) (v¢a%)n_d_l :

For any € > 0, there exists constants C¢ and N, such that for n > N, and
a>0,

P(S(Zo) > a| f(Zs) =)
> op (<rt7 + 9af) (0 + 9aF)

and

]P)(E(Ztyp) >a | f(Ztyp) = n)

0 ey (r+ ) (-

==

>

>n—d—1
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Proof. This proof covers both Z, and Ziy, by using the Convention 6.0.1.
We start by proving the upper bound. By definition of 7 we trivially have

P(S(2) > a| f(Z) =n) <P (®(2) > raf | {(Z) =n),

which can be written

n—d ® _
P(S(Z)>al f(Z)=n)< — / e vndlqy,
(n—d-—1)! ”

because of the Complementary Theorems 3.2.1 and 3.3.1. Now observe that,
iterated integrations by part give, for any a’ € R,

n—d o0 n—d—1

~ nm
Y / el = e Y ()™ (6.9)
(n—d-1)!J = m/!
Thus, for a > (y7)~F/",
n—d—1 ~
r 1 r n—d—1
P(S(Z) > a| f(Z) =n) < exp (—’yntk) > ( k)

r S\ n—d—1
< exp (—f)/Ta% + 1) (’yr(ﬂ) ,
which is the upper bound of the theorem.

The proof of the lower bound is similar. Set Kext € Ks to be an extremal
body, i.e. such that ®(Key) = TE(KeXt)’"/k. Set € > 0 small enough such
that

sup{;((lf)); s Kek, du(s(K), Kext) < e/} <T+e

With this setting we have

P(X(Z )>a\f(Z)=n)
>P(3(2) >a, dy(s(Z), Kext) < €' | f(Z) =n)

> B (0(2) > (r+ /¥, du(s(Z2), Kex) < € | f(2) =n),
which can be written

P(5(Z) > a| f(Z2) = n)

P (dH(ﬁ(Z), Kext) < 6/ | f(Z) = n) L,v_d / 6_7tt"_‘7_1dt,
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because of the Complementary Theorems 3.2.1 and 3.3.1. But Theorem 6.1.3
tells us that there exist positive constants Ck, , « and Nk, « such that,
for n > Nk, e

P (dr(s(2), Kext) <€ | f(Z) =n) > (Chipe)"-
And with (6.9) we have that

5 o r/k\n—d—1
Lf / efyttnfgfldt > ef’y(‘r+e)a’“/’c (7(7— + E)Ci /k)
(n—d-— 1)!(T+e)ar/k (n—d-—1)!

Combining the three last inequalities implies the theorem since n—d <n. O

6.2 Big P-content

6.2.1 Tail of the distribution of the ®-content

In this subsection we will prove the following bounds for the tail distribution
of the ®-content of Z, and Zyp,.

Theorem 6.2.1. There exist constants Coq > Co5 > 0 and Cog > 0 depend-
ing on @, such that the following holds. For a > 0, we have

P(®(Z) > a) < exp {—va + 024(760%} )

where Z can be replaced by Z, or, in the stationary case, by Ziyyp. Assume
that ¢ is well spread. Then, for a > v 1Cag, we also have

d—
P(®(Z) > a) > exp { —ya + Cos(ya) ¥ },
where Z can be replaced by Z, or, in the stationary case, by Ziyp.

In the rest of the subsection, in order to treat at once both the case of
Zo and Ziy, we use the Convention 6.0.1.

We start with three intermediary lemmas: Lemma 6.2.2 builds upon the
Complementary Theorems to get a rewriting of the distribution tail of ®(Z2)
as a function of the distribution tail of f(Z). In Lemma 6.2.3 we deduce
upper and lower-bounds for the tail distribution of f(Z) from (6.1) and (6.2).
Finally, Lemma 6.2.4 contains analytical estimates for some subexponential
power series.

In the sequel we use the abbreviations

qn :=P(f(Z) =n) and 1y, := qu.
k>n
Note that for n < d, g, = 0.
In the following lemma, we rewrite the probability P(®(Z) > a) as a

power series in a. Recall that d = 0 when Z = Z, and d = d when Z = Ziy,,.
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Lemma 6.2.2. For every a > 0, we have
- (va)"
P(®(Z) > a) =" Zrnﬂth'
n>0 )

Proof. Because of the Complementary Theorems 3.2.1 and 3.3.1 we have for
every a > (

P@(Z)>a)= 3 qP(®(2)>a| f(Z) =n)

n>d+1
n—dyn—d—1
t
- Y / fW d
n>d+1 P 1)'

Now we recall that iterated integrations by parts show that for every n >
d+1,

o _ _ ~
—dyn—d—1 n—d—1 m

/ YT ey (va)
e ’thdt: e va .

/ (n—d-—1)! o m!
Consequently, we obtain that
n—d—1 m
P@(Z)>a)=¢ Y Y g (7;‘3!
n>d+1 m=0

— g0 Z Z In ('7;)' )

m20 pn>max(d+1,m+d+1)

But since ¢, = 0 for n < d, it holds that )
even when m +d + 1 < d. Therefore

n>max(d+1 m+d+1) an = rm—l—g—s—l

P(®(Z) >a)=e" Z Tmtdt1 (7:;)!
m>0

which yields the proof. O

The relation from Lemma 6.2.2 indicates that in order to bound P(®(Z) >
a), we need to find bounds for 7,4 441. This is done in the next lemma.

Lemma 6.2.3. There exists a constant Co7 depending on ¢ such that for
n > 0 we have

Tordrn < Cy(nl)~ a1

Assume that ¢ is well spread. Then there exists a constant Cog > 0 depend-
ing on @ such that for n > 0 we have

2

Thtdi1 = Cog(n!) 4
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Proof. We start with the upper-bound. Recall the upper bound (6.2)

2n

dn < ngn_ d—1,

This gives

k .-k
~ —1
Farin < D Chk
k>n+d+1
2 2
< Cyn~ 1" N Oy kT,
k>d+1

We use n=" < (n!)~!, and observe that the remaining sum is convergent
and independent of n. Hence in order to get the upper-bound, it suffices to
set

__2
Cy7 := Cyoymax | 1, Z 052]{: a-1*
k>d+1

We assume now that ¢ is well spread and prove the lower-bound for
Tnidp1- The lower bound (6.1) tells us that when ¢ is well spread, for every
n >0,

Gusast > CFFT (b d 1)
Consequently, using Stirling’s approximation n=" > e~"(n!)~! and the sim-
ple inequality 7 i1 2 Tntd+l > Qnid+1, We get

L)n—&-d—i-l

rd > (Cme—d—l [(n+d+ 1)) 77

2 ) n+d+1

> (021e—ﬂ [(n+d+ )M . pl~ 21

__2 2 \ntdtl __2
> (Cgl(d—l— 1) d-le d71> (nl) a1

because (n +d+ 1) < (d+ 1)+ forn +d+1>d+1> 3.
2

Taking Cag = Coy(d + 1) ™Te 1 min(1, (Coy (d + 1) o1~ a1 )d+1),
we get the required result. O

The combination of the two previous lemmas implies that e7*P(®(Z) >
a) is well approximated by subexponential power series of type ano (Tgf%
The next lemma, which is purely analytical, investigates the behaviour of
such power series.

Lemma 6.2.4. For any o > 1, we have

1 1 " " 1
exp iawa < Z () < Z () < exp <axa)
n>0

n>d+1

where the first inequality holds for x > (2(3d + 5))* and the second for all
x> 0.
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88
Proof. The right-hand side inequality follows immediately from the following

simple computations.
1 i

1 o @
2" (z?)" @i\ .
2 (n!)a<z< ! ) < | X5 ) mew(ea).
n>d+1 n>0 n>0
For the left-hand side inequality, Holder’s inequality gives for any finite
I CN\[d+1]
i (o))" (z)m\"
€T« —(a—1) Lo
( — ) > |1 > — . (6.10)
nel

n!
nel

> (%)) =%

n>d+1
For Y a Poisson distributed random variable with mean X it is well
known, and can be proved e.g. by Chebishev’s inequality, that for I = (A —

N | —

V2M A 4+ v2X) NN, we have
:1—IP><]Y—)\| 2\/2)\> >

ATL
D
n!
nel
I has at most 2v2\ + 1 < 4v/X elements, when A > 1. Putting this for

A = z'/% into (6.10) yields
11\¢ 1
) (et

= () ) o

n.

n>d+1
as long as the condition z/® — v2zl/@ > d + 1 is fulfilled. Observe that
x> (3d + 5)% implies £/ > /d+2 + 1 which in turn implies z'/* —

221/(2%) 11 > d + 2 which gives the required condition.
Fort >3 wehave 2In8 +t <1+t + t2/2 < e!, or equivalently
1

1/

1 1
—aln8— =-Inz > —§ozxé, ie. 8 %3 > e 297
for /% > ¢3. The inequality 2(3d 4 5) > e* concludes the proof. O]

We are now ready to prove Theorem 6.2.1.
Proof of Theorem 6.2.1. We start by proving the upper bound. Combining
Lemma 6.2.2 and the upper bound of Lemma 6.2.3, we get

P(®(Z) > a) <e > CF: (WL .
n>0  (nl)@T

Applying now Lemma 6.2.4 to z = Co7ya and o = %, we obtain that
d+1 a-1
P(®(Z) > a) < exp <—’ya + %(Cﬂ’m) 3+}> :
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d—1
Setting Coy = %C’Q‘? ! yields the proof of the upper bound.

The proof of the lower bound is nearly identical. Combining Lemma
6.2.2 and the lower bound of Lemma 6.2.3, we get

P(®(Z) > a) > e Y O (?;3);

n>0 (n

Applying now Lemma 6.2.4 to x = Cygya and a = %, we obtain that

P((I)(Z) > CL) > exp <—’YCL + 2(24__11)(028’}/0,)34-_})

d—1
for Cogya > (2(3d + 5))@t1/(@=1) " Setting Cos = %Cﬁigl and Cos =

C53t (2(3d + 5))@+1/(@=1) vields the proof of the lower bound. O

6.2.2 Shape of cells with big ®-content

In this subsection we show

Theorem 6.2.5. Assume that ¢ is well spread and that 1 < i < j <
[(d—1)/2]. Then for any € > 0 sufficiently small we have

lim P (VJ(Z)
a—00 VYz(Z)

TSN

<e\@(Z)>a>:0,

where Z can be replaced by Z, or, in the stationary case, by Ziyp.

It is a direct corollary of the lower bound
P(®(Z) > a) > exp {—’ya + 025(7a)%} ,

of Theorem 6.2.1, and the following theorem, which must be applied with
0 < Cos.

Theorem 6.2.6. Assume 1 < i < j < [(d—1)/2]. For any § > 0, there
exists € > 0 such that for any a > 0

Vi(Z)
Vi(Z)

TS N

IP(@)(Z) > a, <e> < exp (—'ya+5(*ya)%>,

where Z can be replaced by Z, or, in the stationary case, by Ziyp.

In the rest of the subsection, in order to treat at once both the case of
Zo and Ziy, we use the Convention 6.0.1.
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Assume 1 < i < j < [(d —1)/2]. In the sequel, we use the notation
1

¢ =P <f(Z) =n, % < e) and rj, == ) 45, qp, for every n > d +1
and € > 0. The proofl follows along the same lines as the upper bound of
Theorem 6.2.1 with minor adaptations. Indeed, we need some analogues to
the statements of Lemmas 6.2.2 and 6.2.3 when g, is replaced by ¢, i.e.
when the extra-condition that Z is (e: 4, j)-elongated is added.

The lemma below is a rewriting of the joint distribution of (s(Z), ®(Z))

as a power series.

Lemma 6.2.7. For any measurable set of shapes S and a > 0, we have

k—d—1 n
P(s(Z) e S, ®(Z) >a) =€ Z P(s(Z) € S, f(Z) = k) Z (’YS')
k>d+1 n=0 :

= Y Bs(2) € 8, f(2) 2+ d+ )0

n>0

The proof of this result is fully analogous to that of Lemma 6.2.2 and is

therefore omitted.

. . .
As in Lemma 6.2.3, we require now an upper-bound for 77, ;.

Lemma 6.2.8. Assume 1 < i < j < [(d—1)/2]. For any 6 > 0, there

exists € > 0 such that
_ 2
T;+J+1 < O™ (nl) T

forn > 0.

Proof. Set e such that (6.3) holds, that is
_ 20
qy, < 6"nd-1

for n bigger than a constant Co3. Since for any n, ¢;, — 0 when € — 0, we
can assume that it holds for any n. Hence

¢ ko
Tn+g+1 < Z (5 k d—1
k>n+d+1
2n 2k
<ot nTaT Yo dRkTAET
E>d+1
But without loss of generality we can assume that § is small enough such

that the series is smaller than 1. Thus, the trivial bound n=" < (n!)~!
concludes the proof. O
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Let us now proceed with the proof of Theorem 6.2.6. Applying Lemma
6.2.7 to the set S = {K € Kca: V;(Z2)Y7V;y(Z)71 < €}, we get

P <(I>(Z) > a, V;(Z)i < e) = 6_7“27“6 <7a)n'

n+d+l  p)
n>0

P <<I>(Z) > a, W < e) <em Y (M‘Z)i .

n>0 (n!)d=1

Lemma 6.2.4 applied to £ = §ya and o = % ends the proof:

i
P <CI)(Z) > a, VJ(Z)i < e) < exp <_,ya+ d—'_l((g,ya)jﬂ> .

d—1

6.3 Big X>-content

6.3.1 Tail distribution of the X-content.
Hug and Schneider proved in [HS07, Thm. 2] that

lim o % In(P(X(Zo) > a)) = —77.

a—00

In this subsection, we prove the following theorem, which is a slightly
stronger result (see Corollary 6.3.2 for an easy comparison with the result
of Hug and Schneider) and which also cover the case of Ziyy,.

Theorem 6.3.1. For any € > 0 the following holds.
Upper bound. For any a > 0, we have

P(E(Z)>a, E(JIZ(ZZ))ZZTJFE)

d—1
< exp <—<T +epyat + Cu (7 + af) ) ,

where Cyy is the constant from Theorem 6.2.1, and where Z can be replaced
by Zo or, in the stationary case, by Ziyyp.

Lower bound. Assume there exists K € K with ®(K)S(K)™"/F > 7.
For any € > € there exists Ac ¢ such that for any a > A o,

(2)
S(Z)®

P (E(Z) > a, >+ e> > exp (_(T + 6')7(1%) :

where Z can be replaced by Z, or, in the stationary case, by Ziyp.
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From this theorem we get the following corollary.

Corollary 6.3.2. For any € > 0, if there exists K € K such that
—(T + €)Y, (6.11)

®(K)X(K)™"/* > 7 4 ¢, then we have
d(Z
forv)

Elle]

<IP> <E(Z) >4 S

lim o * In
a—r0o0
where Z can be replaced by Z, or, in the stationary case, by Ziy,. In par-
(6.12)

ticular, it always holds that
lim o % In (P (2(Z) > a)) = —77,

a—0o0
where Z can be replaced by Z, or, in the stationary case, by Ziyp.

(IP (2(2) > a, Ei(ZZ))

Proof. From the lower bound of Theorem 6.3.1, we get
> 7+ e)> > —(t+¢€),

lim ¢ % In
a—r o0
for any € > e. Thus
o7
( )i 27’—}—6)) > —(1+e)y. (6.13)
k

lim ¢~ % In (]P’ (E(Z) > a,

a—00 Z(Z)
And using the upper bound of the same theorem, we see that (6.13) holds
as well if we replace the lower bound by an upper bound. Thus we get the

first part of the corollary.
To prove the second part we need to distinguish two cases. In the first
case, there exists K € K with ®(K)X(K)~"/% > 7, and thus by setting
Y (K)# for any K € K. Thus, Theorem 6.2.1
O

e =0, (6.11) implies (6.12).
In the second case ®(K) =

implies (6.12).
In the rest of the subsection, in order to treat at once both the case of

Zo and Ziyp, we use the Convention 6.0.1.

Upper bound
Observe that £(Z) > a and ®(Z)%(Z)""/k > r+¢ imply ®(Z) > (1+¢€)a’/*

hus
d(Z
(2) >T+e€
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Therefore, with the upper bound of the tail distribution of the ®-content in
Theorem 6.2.1, we have

]P(E(Z)>a, zr+e>

d—1
< exp <"Y<T +a"* 4+ (217 + ) W) ,
which proves the upper bound of Theorem 6.3.1.

Lower bound

The proof of the lower bound is more complicate to get because the ratio
®(K)X(K)~"/* has a lower bound but no upper bound. The first part of
the proof consists in restricting the problem to cells with n facets and for
which this ratio is upper bounded by (7 + ¢’). The rests of the proof has
many similarities with the proof of the lower bound of the tail distribution
of ®(Z) in Theorem 6.2.1.

Set K¢ € Ks such that

THe< — L <74¢€,

and let €’ > 0 such that, for any K € K,

O(K) /

d K),K.o)<e = < = <
H(s(K),K.e) <€ T+e€ S(K)E T+e€

(Z) .
SIGE >74e€ f(Z)= )

(2(2) > a, du(s(2),Kee) <€, f(Z) =n)
(2(2) > (7 + )a"l, du(s(2), Ker) < €, f(Z)=n).

P (2(2) > a,
P
P

This implies
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In order to bound the terms of this sum we use the Complementary The-
orems 3.2.1 and 3.3.1, which tells us that for a fixed number of facets, the
®-content and the shape of Z are independent, and that ®(Z2) is I‘A/ ned

distributed. Hence by setting A = (7 + €')a’/* we have
B(8(2) > A, du(s(Z2), Kow) < ', £(Z) =n)
>P(du(s(Z), Kee) < €', f(Z) =n)P(2(Z) > A| f(Z) =n)

n—d—1 Al
=P (dy(s(2), Kew) < €', f(Z)=n)e* > =
=0

Therefore with (6.8) from the proof of Theorem 6.1.3, there exists constants
Cee and N, such that, for n > N, o, we have

P(®(2) > A, du(s(2),K.) <€, f(Z) =n)

n—d—1 1
n 2_7L A A
> (Ce,e’) n d-le T?
1=0
and thus (6.14) implies
—d-1
(I)(Z) ) n _—2n _An Al
P(X(Z) > a, —>T+¢€e] > Cee) n d-le g —
(o> e 52 2 () = 0
n>N, =0

— eiA Z Z (CE’E,)TL n- d2_n1 z;l'l

>0 anaX(Ns7el,l+g+l)

e eiA Z Z (Ce,e’)n n_% A?f

120 p>14d41

(6.15)

_2n_
We now bound Zn>l+d~+1 (C’“r)nn d-1 in the same way as we bounded

Tidyr in Lemma 6.2.3. First we observe the trivial inequality [ +d+1 >
I+d+1 implies

_ 2(l4d+1)

Z (Cﬁ,f/)n ’I’L_% > (Ce,e’)(lerJrl) (l + d + 1) d—1
n>l4+d+1
which, with Stirling approximation n=" > e="(n!)~!, gives
n _2n 2 N\ (I+d+1) 2
S (Coe)"n T > (Copem ™) [ d 1))
n>l+d+1

_2_
d—1

(I+d+ 1)d+1l!] B

(1)~ a1

2 )(l+d+1) [

(I+d+1)
> (Cﬁ,e,e*%(m 1)1131)
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because (I 4+ d + 1)1 < (d + 1)!T9+L, By setting

, _ 2 2 _2 __2 \d+1
Clo=Ccoe @1(d+1) @1 min 1,<C’€7€/6 —1(d+1) d*1>

€€’

we have

3 (Coe) n~ 1 > (CL ) "7 1.

n2maxl+g+1

Therefore (6.15) gives that for a big enough we have

l
C' A
P <Z(Z) > a, ;((ZZ))Z > T+6) > e A; <(z:;3+1>

Applying Lemma 6.2.4 with z = C! ,A and a = 2 we get

d+1

®(2) _ Y=
ZT+6> >exp< A+2(d—1) (CLaA)&T ).

S(Z)E

P (E(Z) > a,

-

d—1
Set Cag = % (C’;E,) ' and recall that A = (7+¢)a’/*. We have shown
that, for any ¢ > ¢/ > € > 0 and a big enough,

1

d—1
2T+ 6) > exp (—W(T + )a"* 4 Cyg (7(7 + 6,)a"/k> d+1>

P <E > a),
> exp <—fy(7' + e"')a’"/k)

which is the lower bound of Theorem 6.3.1.

6.3.2 Shape of the cells with big Y-content

In this section we derive similar results as in the papers on big cells from
Hug, Reitzner and Schneider [HRS04] and Hug and Schneider [HS07]. Note
that our result is stronger since it is an equivalence and not only an upper
bound, and that it holds both for Z, and Zy,.

Theorem 6.3.3. Let € > 0. Assume that there exists K € K such that
O(K)X(K)™"/* > 7 4 €. It holds that

alggoa—i In (IP’ (;’((ZZ))]C >71+e|X(2)> a)) = —e,

where Z can be replaced by Z, or, in the stationary case, by Ziyp.
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Proof. 1t is a corollary of Corollary 6.3.2. We have
r (7
a”*In (]P’( ( )T >T14¢€|X(2) >a>)
YX(Z)*

=a *ln @(Z) T+ € a)—a Fln a
=a %1 P(Z(Z)Z >T+e€ X(Z)> ) InP(X(Z) > a)

—— —(T+e)y+ 17 =—€y.
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We restrict the scope of this chapter to the typical cell, which implies
that we are in the stationary case: » = 1 and ¢ € N.. In contrast with
the previous chapter, we are now interested in small cells of the tessella-
tion. More precisely, we are interested in the conditional law of the shape
Se.o(Ztyp), given that ¥(Zyyp) < a and a — 0. Here ¥ is a size functional
satisfying the same four axioms as the one described at the beginning of
Chapter 6. This question can be divided into two sub-questions:

(Q1) What is the number of facets of small cells?

(Q2) Let n be such that P(f(Ziyp) = n) > 0. What is the shape distribution
of small cells conditioned on the event {f(Zyp) = n}?

We will give answer to bloth questions in many cases, covering the isotropic
case or the case when X% is of the same order as ®, i.e. there exist positive
constants C' and C’ such that CZ(K)% <P(K) < C’Z(K)% for any K € K.

In the first section we characterise the set N = {n € N : P(f(Ziyp) =
n) > 0}. Indeed we will need later the fact that if [N] > 1, then npi+1 € N,
where npmi, = min . In the second section we cover the case of cells with
small ®-content. The complementary theorem makes this case easy to deal
with. In the third and fourth sections we consider the case where ¢ € R,
i.e. is absolutely continuous, and where Y can be any size functional. First

97
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we show that the shape of small cells are random simplices and we describe
the asymptotic shape distribution. Second we give a rate of convergence for
P(f(Ziyp) >d+ 1] X <a) = 0, as a — 0. Finally, in the last section we
consider the most general case.

Before starting with Section 1, we want to give a few references to the
literature. Miles gave heuristic arguments in [Mil95] that small cells in a
stationary isotropic line tessellation are triangles with a random shape, and
that the random shape depends on .

Beermann, Redenbach and Théle in [BRT'14] considered the planar case
where ¢ is concentrated in two couples of antipodal points. Thus after a
linear transformation, this reduces to the case where all the lines are either
horizontal or vertical and the intensity of the subproceses of horizontal lines
and of vertical lines are the same. In that case all the cells are rectangles.
They consider two size measurements, the perimeter and the area. It turns
out that the perimeter is proportional to the ®-content, so conditioning
on it does not affect the shape distribution, because of the complementary
theorem and the fact that all cells have the same number of facets. The
case of the area is more interesting. They show that the shape of cells with
small area tends a degenerated shape, i.e. the shape of a line segment. They
also provide a rate of convergence, which is incorrect and was corrected
in Beermann doctoral thesis [Beel5]. At the really end of the chapter we
recover their result as a corollary applying to a much broader setting. We
also slightly improve the approximation of the rate of convergence.

Finally we want to mention that Schulte and Théle in [ST12, Ex. 6 of
Sec. 2], and Chenavier and Hemsley in [CH15, remark above Thm. 2], both
considered a related problem. They gave some results about the smallest
cell in a window of increasing size.

7.1 Possible number of facets

In this section we characterise the set {n € N : P(f(Zp) = n) > 0} for
general directional distribution ¢ € R.. Let supp(yp) C S¢! denotes the
support of ¢ and

Vi, :={v € supp(yp) : supp(p) \ {v, —v} is concentrated in a great circle}.
Theorem 7.1.1. With respect to the notation above,

1
{2|V¢| tp € Ne} ={0,1,...,d—2,d},
and for any @ € N,
{n e N: P(f(Ziyp) =n) > 0}

) {2d} if |Vo| = 2d
[d—i—l—i—%ﬂ/ﬂ, |supp(g0)|] NN if|V¢| <2d
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Proof. Clearly V, = —V,,, i.e. if v € V,,, then —v € V,. For any v € V,,, the
linear space H, spanned by supp(¢)\{v, —v} is a hyperplane which does not
contain v. It does not contain v because supp(¢)\{v, —v} is concentrated in
a great circle. It is a hyperplane since otherwise ¢ would be concentrated in
a great circle. From this we get that ﬂvevw H, is a (d — |V,,|)-dimensional

space. This implies that 1(V,,| € {0,...,d}. Set

vo:=¢— > o{v})ds,

veV,

where ¢, is the Dirac measure concentrated at v. It is the restriction of
¢ to the (d — 3|V,,| — 1)-dimensional sphere S*~! N Nvev, Hv- In the last
sentence, we used the convention dim () = —1.

We will show by contradiction that 1|V,| # d — 1. Assume the contrary.
Then ¢ is concentrated in the (d — (d — 1) — 1) = 0-dimensional sphere
S1n mvew H,. This 0-dimensional sphere is of the form {u, —u}, with
u ¢ V,. But then, supp(y) \ {u, —u} = V,,. And since, in this situation,
V., spans a hyperplane, we have that supp(y) \ {u, —u} is concentrated in
a great circle. Thus u € V,,, which is a contradiction.

Thus we proved

1
{QVM tp € Ne} c{0,1,...,d—2,d}.

We prove the reverse inclusion by construction. Let k& € {0,1,...,d — 2,d}.
Consider Sg_p, := {u = (u1,...,uq) € S :uy =+ =y, = 0} ~ S4=F-1
and oy, the (d — k —1)-dimensional spherical Lebesgue measure concentrated
on Sy_r. Set the measure ¢ := Uk—i—Zf:l(dei +0_¢,), and p:= @ (Sdil)fl 7]
its normalization. Here de; denotes the Dirac measure concentrated at the
canonical unit vector e;. In this case V,, = {e;, —e; : i € [k]}, and therefore
%|Vso‘ = k.

Now we will prove the second part of the theorem. If |V,,| = 2d, then V,,
is the support of ¢ and all the cells of the the tessellation are parallelepipeds,
and thus have 2d facets. We assume from now that |V,,| < 2d. Observe that

P(f(Ztyp):n)>O<:>u<{HEH":ﬁHiGPn}> >0

i=1
< Jug, ..., uy, € supp(p) and Ity,...,t, € Ry,

n
such that ﬂ H(u;,t;)” € Py
i=1

& Juy, ..., u, € supp(p),

such that ﬂ H(u;,1)” € Pp.
i=1
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But the intersection (., H(u;, 1)~ is bounded if and only if the vectors v;
do not all belong to one half sphere, which implies that V,, C {u; : ¢ € [n]}
(and that n > |V,,|). With this observation we can reduce the problem to
the (d — 1|V,,|)-dimensional space ﬂver H,,

P(f(Ziyp) =n) > 0 n > |[Vy| and Juy, ..., u,_jy,| € supp(yo), such that

n
m H(ui, 1)_ N ﬂ H, € Pn—|V(p\ (mv€V¢Hv) ,
i=1 vev,

where P, _jy,| (Nwev, Hy) denotes the set of polytopes with n — |V,| facets
in the linear space Nyey, Hy. It gives,

1
P(f(Ztyp) =n) >0 n> |V, and n— |V, | € [d— iyv@\ + 1, [supp(po)|| ,

which yields the proof. O

7.2 Cells with small $-content are n,;,-topes with
random shape

Because of the Complementary Theorem 3.3.1, it is easy to study cells with
small ®-content. Let nmin := min{n € N : P(f(Zyp) = n) > 0}. The
next theorem gives an equivalence for the asymptotic of P(®(Ziyp) < a),
as a — 0, and describes the conditional law of the shape s. o (Ztyp), given
®(Ziyp). In particular f(Ziyp) = Nmin with high probability when ®(Zy;)
is small.

Theorem 7.2.1. When a — 0, it holds that

P (Zuyp) = i) (it

P(®(Ztyp) < a) ~ C—

and

(@) ' B(f (Zeyp) > namin | D(Ziyp) < @)
( IP)(f(Z‘cyp) = Nmin + 1) )
P(f(Ztyp> = nmin)(nmin +1- d) ’

%

and, for any open set of shapes A C K o,

P(sc o (Ziyp) € A| ®(Ziyp) < a) = P(sc.0(Ziyp) € A | f(Ziyp) = Nmin)-
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Proof. With the Complementary Theorem, we have for any n,

P(f(Ztyp) =n, ﬁc,.:b(Ztyp) S A, Q(Ztyp> < U/)

a

—d
7" vt n—d—
=P(f(Ziyp) =1, 5c0(Ziyp) € A)(ndl)!/e Tt ld
P(f(Ztyp) =n, 5c,<I>(Ztyp) € A) (’ya
(n—d)!

when a — 0, where f ~. g, means f ~ g and f < g. This implies that, for
any n such that P(f(Zyyp) = n) > 0, and any open set of shape A € K, o,
we have

) (7.1)

~<

]P)(f(Ztyp) >n, 5c,<1>(Ztyp) €A, (I)(Ztyp) < a)
~P(f(Ziyp) =1, Sc.0(Ziyp) € A, P(Ziyp) < a). (7.2)

In particular, by setting n = nmin and A = Ko, (7.1) and (7.2) give the
first equivalence of the Theorem.

For the second point we need first to consider the set NV := {n € N :
P(f(Ziyp) = n) > 0}. If N = {nmin}, then we trivially have 0 — 0.
Otherwise, Theorem 7.1.1 tells us that P(f(Ziyp) = nmin+1) > 0. Therefore
applying (7.2) and then (7.1), both with n = nyi, +1 and A = K ¢, and
using the first equivalence of the theorem gives

P(f(Ztyp) > Nmin | (I)(Ztyp) < a)
_ P(f(Ztyp) > Nmin + 1, (I)(Ztyp) < a)
B P (Ziyp) < a)
P(f(Ziyp) = namin +1) o120 (PU (Zigp) = Panin) | ima)
’”< (s —d 4 1 0O d)( (o — ) " d> !

which gives immediately the second point of the theorem.

For the last point of the theorem, observe that

P(sca(Ztyp) € A| ®(Zyyp) < a)
_ P(f(Ziyp) = nmin » Se,0(Ziyp) € A, P(Zyyp) < a)
B P(f(Ztyp) = Mmin », P(Ziyp) < a) ‘
With (7.2), this gives
P(sco0(Ziyp) € A | 2(Ztyp) < a)
_ P(f(Ziyp) = niin, 5c.0(Ziyp) € A, P(Ziyp) < @)
P(f(Ztyp) = 1min » P(Ziyp) < a)
= P(sc,.0(Ziyp) € A| f(Ziyp) = Mmin , P(Ziyp) < a).
This yields the proof since the Complementary Theorem tells us that, when

we condition on f(Ziyp) = Nmin, the random variables s¢ o (Ztyp) and ®(Ziyyp)
are independent. O
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7.3 Absolute continuous case: Cells with small -
content are simplices with random shape

Now we are interested by the more general situation where the cells are

measured by an arbitrary size measurement Y instead of ®. In order to give

precise answers to the questions (Q1) and (Q2), we assume in this section

and the following one that ¢ € R, ., i.e. is even and absolutely continuous.

Also, we consider that Ziy, is defined with respect to the inball center.
Recall that Theorem 4.5.2 tells us that for any Borel A C K,

d+1 i
2 —r - =
P O HennFrB

x Ag(a@) dp™ (@),

where n N FrB? denotes the set of hyperplanes of the process n with empty
intersection with the ball rB%, and

P= {ﬂ € (819 41 : ug,...uy are not all in one closed half sphere} ,

and

d
A(@) = () H(ui,1)", and Ag(@) = Ag(ConvexHull(ug, . .., uq)).
=0

This can be rewritten in the following form,

d+ 1)y

( ,yd+)1 P(Ziyp € A) (7.3)

_ / / (| () HONA®@ ] € 4] drag@) dptt @),
P O Her—1nnFB?

where v~ := {r~'H : H € n} is the dilatation of ratio r~! of 1 and
therefore has intensity rv. Observe that, for any @ € P,

a 1/k
Y(rA(n)) <aer< (E(A(ﬁ))) )

and

f N  H na@ :d+1<:>mﬂ<A(ﬁ)\Bd) —0. (7.4
Her—1ynFB?
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Thus, (7.3) applied to the set
A={PeP: f(P)=d+1,s0(P)eS,I(P)<a},

where a > 0 and S C P, ¢ is an open set of shapes, it gives

)
(d:ler)lP(f(Ztyp) =d+1,s.0(P)e S, X(Zyp) < a)
(seatam)
P 0
x dr Ag(@) dp™ (). (7.5)

Since the intensity of 7' tends to 0 when r — 0, we have that
P (r 0 (A@)\ BY) =0) 251,

for any @ € P, where the convergence is monotonically increasing. Hence

w\»—‘

?r\»—-‘ =

el

ok , @)\ B') =0)dr =2 :
D/ e (r 10 (A@)\ BY) =0)d S(A(@))F

for any w € P, where the convergence is monotonically increasing. Therefore,
(7.5) and the monotone convergence theorem give

11P(f(Ztyp) =d+1,s.0(P)€S, E(Zyp) < a)
ak
! u
S [1aa@) e s)%ﬁdwﬂm -

P

Now, we will consider the probability P(f(Ziyp) > d+ 1, X(Zyp) < a).
Observe that the trivial inclusion

rBY Cr ﬂ H NnA(a) |,
Her—1pnFB?

gives the following implication

> (  H nA@) <a:>'r<<

Her—1ynFB?
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Therefore (7.3) applied to the set A = {P € P : X(P) < a} implies

d+ 1)@ - ) _
(’YCH)?P(E(ZWP) <a) < / / e "drAg(a) dgodH(u)
P 0

We will use this bound to apply the dominated convergence theorem to the
integral representations of a™V P(f(Zyp) > d+1, (Ziyp) < a), when a —
0. Equation (7.3) applied to A = {P € P : f(Zyp) > d+ 1, X(Ziyp) < a},
(7.4) and (7.7) give

(d+ 1)y
,}/d—&-l

(sm) "
< P/ 0/ B (0 (A@)\ BY) #0) drag(@) de' (@)

IP)(f(Ztyp) >d+1, Z](Ztyp) <a)

Since the intensity of r~!n tends to 0 when r — 0, we have that
P (0 (A@)\ BY) £0) =50

for any @ € P. Hence

R‘\H

?r\'—“ =

f e W nm(A(ﬁ)\Bd) #@)dra—_io—)O,
0

for any @ € P. Therefore, (7.5) and the dominated convergence theorem
give

L P(f(Ziy) > d+ 1, B(Zy) < @) 25 0. (7.8)

yak
Thus, with (7.8) and (7.6) we proved the following theorem.

Theorem 7.3.1. Let ¢ € R, .. For any open set of shapes S C K s,

P(f(Ziyp) = d+1, 50(P) € S, S(Ziyp) < a) ~ cy(S)7at,
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when a — 0, and
1
P(f(Zigp) > d+ 1, S(Zuyp) < @) = 0 (yat ),

where

d 1
() = @ P/ 1 (e (A@) € 8) S(A®@) " Ag(m) do® (@),

As a direct corollary, we get that the conditional law of the shape
Sc.0(Ziyp), given X(Ziyp), converges weakly to a random simplex.

Corollary 7.3.2. Let ¢ € X, .. For any open set of shapes S C K¢ o,

cp(S)

P(f(Ziyp) =d+1,5.0(P) €S| X(Zyp) <a) > —2——,
Co(Pdt1,c,0)

when a — 0.

7.4 Absolute continuous case: Speed of conver-
gence

In this section, as in the previous one, we assume that ¢ € R, i.e. is even
and absolutely continuous. Our goal is to find how fast P(f(Zyyp) =d+1 |
Y(Ztyp) < a) tends to 1 when a — 0. Since Theorem 7.3.1 gives us a precise
estimation of P(f(Zyyp) = d+ 1, 3(Zyp) < a), the question is reduced to
study how fast does the joint distribution P(f(Ziyp) > d+ 1, X(Ziyp) < a)
tends to 0.

We denote by r(Ziyyp) the inradius of Ziyp, that is the maximal radius of
a ball B = B(Zyp) inscribed in Ziyp,. The inclusion B(Ziyp) C Ziyp implies
Y(Ziyp) > X(B(Zigp)) = t(Ziyp)*S(B?). Therefore

]P)(f(Ztyp) >d+ 1, E(Ztyp) < a)
<P (f(Ztyp) >d+1, 1(Ziyy) < E(Bd)—%a%> . (7.9)

This shows that it is essential to study the case of the inradius. By (7.3),
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we have

d

_l’_

(d)
D B (ag) > 1, (i) <

—

/ e W}P’ “Inn (A(ﬁ) \ Bd) £ @) dr Ag(@) dp (@)
0

Il
v\ 2

o (1 _ e—»yr(@(A(a))—n) dr Ag(@) dp™ (@),

I
T—
O\@ D\

1— 7A@ dr Ay(@) dp™ (@)

A\
o

It is tempting to upper bound the integrand 1 — e~ 7" ®(A @) by 4rd(A(@)),
since for r — 0 these quantities are equivalent. This would lead us to

P(f(Ztyp) >d+1, r(Ztyp) <a)

d
2(d1+ 1);@/ (A@)Ag(a) dp® (@),
P

< (va)?

but this is useless since the integral [, ®(A(@))Ay(@) dp™ (@) turns out
to diverge. We need to consider more carefully the contribution of simplices
A(@) which have a big ®-content. The factor Ay(@) is not important to get
the order of the integral. We upper bound it by Ay .x = maxgep Ag(@). So
we have

d+ 1)~
( - )77 P(f(Zigp) > d + 1, T(Ziyp) < a)

/ / e rA@) qr dpt (a) (7.10)

In order to go further, we need to prove the following essential lemma.

Lemma 7.4.1. Let ¢ € X, .. There exists a constant C3g, depending on ¢,
such that for any increasing function f: R — R, we have

/f Y <C30/f

Proof. In this proof we set

Py :={@eP:dA@) e [k—1,k).
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Observe that, since f is increasing,

/f d+1ﬁ <Z/f d+1 Zf d+1

k>1P k>1
and
£(k) iy 0
Z?Q §4Z 4Z/f dt<4/ 2 dt.
E>1 k:21 k>1 5 0

Thus we only have to show that there exists a constant C4, > 0, such that
eIt (Py) < Chok™2, for any k > 1.

Since ¢ is absolutely continuous with respect to the spherical Lebesgue
measure o, there exists a constant c, such that ¢ < c,0. Thus we can
reduce the problem one step further. We only have to show that there exists
a constant Cf > 0 such that o@+1(Py) < CYk=2.

For any @ € P and i € {0,...,d}, we consider

v(t,i) == ﬂ H(u;,1),
3€{0,...d}\{i}

the vertex of the simplex A(w@) which is not contained in the face with
outward normal vector u;, see Figure 7.4. With respect to this notation we
define

= (@ € Pyt [lo(@, )| < [o(@,0)] for any i € [n]}

It is easy to see that o%(Py) = (d + 1)o%*(P}). Let p: (S¢~1H)d+l —
(ST1)4+1 be the permutation defined by p(ug, ..., uq) = (w1,...,uq, up).
We have Py, = UL p'(P},) and ¢ (p*(P},)Np? (P},)) = 0 for any i # j. Therefore
d+1(Pk;) (d—|— 1) d+1(P/)
Using Theorem 4.5.3, we have

o (PL) = / / 1 (@€ Py) do(un, .., uq) do(ug)

Sd—1 (gd—1)d

=(d—1)! / / / / ﬂ(ﬁEP;c) Ag_q(uy, ..., uq)

§d—-18d-1 0 H('Ut nsd— 1

ol N uy, ... u LJU o(u
d( 'u,t)(la vd)(l_t2)%d()d(0)a

where o},, denotes the surface area measure on the (d — 2)-dimensional
sphere H(v,t) N S%!. For any ug,v € S* ! and t € (0,1), considering the
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Figure 7.1: Construction of A(@) (red thick triangle).

diffeomorphism

H(v,0)n St — H(w,t)n st

u = u=tv+V1-t2,

we get

)

/ 1 (ﬂ € P;g) Ad—l(ulu s ,Ud)d((f; t)d(u’17 s ,Ud)

= / 1(a e Py) (1—t2)%Ad,1(u'1,...,u2l)
(H(v,0)nS4-1)d

(-2 el o) . )
where
a = (ug,...,uq) = (uo,tv—i— \/ﬁu’l,...,tv—i— \/ﬁu@ .
Thus
1P}

=(d—1)! / / / Ag_1(uy,. .., uy) (7.11)

Sd-1§d-1 (H(v,0)NSd—1)d

d2—

1
y /n (@ e Py) (1— )5t d(o) o) (et . ., ) do(w) do(u).
0
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Fix ug,v € S¥ 1 and uf, . .. ,ul, € H(v,0)N S%=1. We want to investigate
the asymptotic of

d2—2d—1

1
/]1(ﬁeP;€)(1—t2) > dt
0

when k£ — oo.

For this, we need to get a good approximation of ®(A(a@)), as t — 0.
The first step to get this approximation is to describe the vertices of A(a).
Recall that we denote

v(w,i):= )|  H(u;1).
jef0,..d\{i}
1

Simple geometric computations give v(@,0) = ¢t~ v. Since u; — u; as
t — 0, we have that

v(t,i) — v} := H(up,1) N m H(uj,1) |, when t — oo.
Jeld\{i}

Set Aoy = [o,v(w,1),...,v(q,d)] and A, = [0,v'(w,1),...,7'(a,d)],
where [S] denotes the convex hull of the set S. We have
O(A(m)) = p({H € H: HN A(a) # 0})

=u({H € H: HN[o,t 'v] # 0})

+u({HeH :HNApy #0, HN o, t " v] = 0})

=t 0([o,v]) + u({H € H: HNApy # 0, HN o, t " v] = 0}).
This implies that
d(A(@)) -t ®([0,v]) = C = C(uo, v, 1}, ..., u})

=u({HeH:HNAs#0, HN{tv:t >0} =0}).

In particular, when ¢ is small enough, we have

t71®([o,v]) + C -1 < ®(A(u)) < t 1 ®([o,v]) + C + 1.
Thus, for k£ big enough,
®([o,v]) @([o,v])
k—-C+1'k-C-2]

ueP;@é(A(u))e[k—l,k]:te[

Hence, for k£ big enough,
1

2 94—
/n(aepg)(l—#)d 2t

0
[ (e [2l0.0) @0 T () iz,
< [iee] Do

k—C+1'k—C—-2
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But, for t € (0, %),
g 42 —2d 1 oy 1 3 ~3
(1—1¢%) <(1-t)"2< |~ < 2.

Therefore, for k big enough,

a1 o[22, 20 )

:2@([o,v])<k_é_2_k—é’+1>

< 7®([o,v

1
/]1(aeP;€)(1—t2)
0

1
Do
Consequently, with (7.11), and the dominated convergence theorem, we get
that for k£ big enough

Kot (Py) < C,

= (d—1)! // / Ad—l(ulla---vu&)

Sd—1 §d— 1 ’UO nSsd— l
x 8P([o,v]) d(aiho)d(ul, o yuy) do(v) do(uo)

2, d /
< wyw max ANg_q(uy, ... 8 max @
d¥d 1( !l )€ (89-2)d d 1( 1 , U ) veSd1 ([ ])

where

< 0.

This implies that there exists a constant C%, such that o%*1(P}) < Cl k2
for any k£ > 1, which ends the proof. O

Now that we proved Lemma 7.4.1, we go back to our original problem
which is to get a upper bound for P(f(Ziyp) > d+1, r(Ziyp) < a). Equation
(7.10) and Lemma 7.4.1 give

(d—l—l)v”

Amax 7

// —_e —yr®(A ))dT'd(,Od+l( )
vt 1. C30
// hdr —dt

2030 (I + Ir+ I3),

7 P(f(Zeyp) > d+ 1, r(Zyyp) < a)
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where
B B
Yya Q 7'yrt Yya Q ’rt a2 1
1—
11:// drdt<//7ddt (=),
2 12 va
1 0 1 0
1 1
oo 7t yrt oo vt 9
1-— a
12:// _ drdt<//72drdt—7,
10 1 0
Yya va
and
T G yrt ri ~yrt ® t 2
1—e" 1—e™ 1—e" ya ya
_[3 = // 3 drdt = // 2 dtdr = / B} dt 7 < —
1 1 0 L 1
ya vt yr

Therefore, by setting Cs; := Csg (% + % + %) = %Cg(), we have

P(f(Ziyp) > d+ 1, v(Ziyp) < a) < Cs1(ya)?In <1> ,

va

for a < e"1y~1. And with (7.9), we obtain

101 1
B(f(Ziyp) > d + 1, £(Zuyp) < a) < Cn(y5(BY) " *at)’ In (mm) |

for a < X(B%)e¥y~*. This implies the existence of a constant Csz, depend-
ing on ¢ and ¥, such that

P(f(Ziyp) > d+ 1, S(Ziyp) < a) < Csa(var )2 In ( 11> : (7.12)
yak

for a < e *y7F. Now, we easily get the following theorem.

Theorem 7.4.2. Let ¢ € N, .. For any size measurement X, there exists a
constant Css, depending on ¢ and X2, such that

P(f(Ziyp) > d+ 1| X(Ziyp) < a) < Cs3 ('ya%) In ( 11) )
yak

for a < e Fy7F,
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Proof. Theorem 7.3.1, says that, when a — 0,
1
IP)(f(Ztyp) =d+1 ‘ Z:(Ztyp) < a’) ~ CpYak,

where ¢, is a constant. In particular, it exists a constant C34, depending on
 and X, such that

1
P(X2(Ziyp) < a) > P(f(Ziyp) = d+ 1| E(Ziyp) < a) > Cagyak,
for any a < e #y~*. Thus, with (7.12), we get

P(f(Ztyp) >d+1, E(Ztyp) <a)
X(Ziyp) < a)

Cso <7a%>2ln (7;)

C’34'ya%
1
:032<7a11v>1n< 1),
C'34 'yai

for a < e *4~%. This yields the proof. O

IED(f(Ztyp) >d+1| E(Ztyp) <a)=

<

7.5 General case

In the previous chapter, when studying cells with big Y-content, we have

seen the importance of polytopes P for which the isoperimetric ratio q)E((PP))k is
close to the minimum 7 = inf i qz(];)l . In contrast, when studying small
S(P)%
Pk

— =

cells, polytopes with isoperimetric ratio =557 ‘close to 07 are essential.
Set the measure p, 5; on the shape space P, (o defined by

d

() = A/ (P Fdpea(P). (713)

for any Borel set of shapes A C P, . The following lemma will be used in
several proofs.

Lemma 7.5.1. Let n be such that P(f(Z) =n) >0, and A C Pp o a Borel
set.

1. If inf{¥(P) : P € A} >0, then p,x(A) < cc.

2. If pnx(A) < 00, then when a — 0,

P(sco(Zigp) € A, S(Zigp) < a) ~ a"F" pin.s(A).
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Proof. Assume that Cy = inf{3(P) : P € A} > 0, and recall that

finet(A) < fnc.d(Prc.s) = bin ({P € Py o(P) € [0,1], B(P) < 1}) < 0.

We have

y _n-d
pn,(A) = (H_W/Z(P) F dptneo(P)

< mﬂn,c,é(A)CA b< oo,
which proves the first point.

Now assume that p, x»(A) < co. By the Complementary Theorem 3.3.1,
we have

P(se.a(Ziyp) € A, X(Ziyp) < a)

= % / / 1(X(tP) < a)e """~ 1dt dp,, ¢ o (P).
A 0

But for any P € A,

o] a%E(P)% - o

2rd s py- e
Jrser) <aeteta = [ et o ST
0 0

where f ~_ g means f ~ g and f < g. Thus, with the dominated conver-
gence theorem, we get

n—d
a” % Plsca(Ziyp) € A, X(Ziyp) < a)
n

Y _n—d
= @ | PP dalP) = )
A

which is the second point of the lemma. ]

1
Ifinf e % > 0, then % is of the same order as ® and the behaviour
of cells with small Y-content is similar to the one of cells with small ®-
content, which we studied in Section 7.2. Theorem 7.5.2 gives a precise
result for this case.

1
Theorem 7.5.2. Assume that infgex %KJ > 0. Let nyin = min{n € N :

(K)
P(f(Ziyp) =n) > 0}. When a — 0,

II"L"’erlir)‘|“17E (anin+1:c7®)

1
a *P(f(Z) > nmin | 2(Z) < a) —
(f( ) | ( ) ) Mnmin’Z(aninvc7q>)

il
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and for any Borel set of shape A C K¢,

lu’nmm, (A N anm)
/’aninyz (Pnnmin’caq)) '

P(sco(Z) € A|X(Z) <a) —

Proof. Let A C Pp o be a Borel set of shapes of polytopes with n facets.
By the Complementary Theorem 3.3.1, we have

P(sc,q)(Ztyp) I~ A, f(Ztyp) =n, Z(Ztyp) < CL)

- 7(7 / / S(tP) < a)e " dt dpp .o (P) (7.14)
0
7 (K
’7(// t<ak sup (71 tn_d_ldtdﬂn,c@(P)-
VD) Kek $(K)F

Integrating over t gives

n—d
G,_TP(EC7<I>(Ztyp) c A, f(Ztyp) =n, E(Ztyp) < a)

—d
" P(K)
< ——— | su n A) < oo.
D (n — d) (KEII)C E(K)% tine2(A)

Therefore the dominated convergence theorem and (7.14) gives

a_nT_dP(ﬁc,d)(Ztyp) €A, f(Ztyp) =n, E(Ztyp) < CL) - Nn,E(A)' (7'15)

In particular,

P(f(Ziyp) =1, S(Zigp) < @) ~ a"F o5 (Ppcs),

which implies the first part of the theorem. The second part of the theorem
follows directly from the first part and (7.15). O

In the next theorem, we consider a set A C Pp,o. The set A is such
that there exist polytopes P € A with ¥(A) arbitrarily small. The theorem
gives asymptotic lower and upper bounds of the probability P(s¢.o(Ztyp) €
A, f(Ziyp) = n, X(Zyyp) < a), as a — 0. The bounds depend on the
asymptotic of p, o ({P € A: X(P) < a}).

Theorem 7.5.3. Let A C P, 3 be a Borel set. Assume that o > [ are
positive constants such that

Cs5 := hm_)i(]glf a “pnce ({PeA:3(P)<a}) € (0,00),

and
Cs6 := lim sup a_ﬂun,cﬁp {PeA:X(P)<a}) € (0,00).

a—0
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1. If a < 272, then

I'(n—d— ak)

lim inf aiaP(Scyé(Ztyp) € A, E(Ztyp) < a) Z 035w.

2. If B < 22, then

. B I'ln—d—ak
limsup a ’BP(ﬁc,(I)(Ztyp) €A, X(Ziyyp) <a) < 036(,-yn—d—ozk)

3. If a= "T_d, then

n—d

-1
lim inf (— ln(a)aT) P(sco(Zigp) € A, S(Ziyp) < a) > Cask L.
4. If B= "2, then
n—d -1 1
lim sup (— ln(a)aT) P(se.s(Ziyp) € A, S(Ziyp) < a) < Csoh.

5. If a > 72, then there exists a constant Cs7 such that
lim sup a*nTﬂiIP’(sc,q)(Ztyp) € A, X(Zyp) <a) > Csy.
6. If 6 > "de, then pip x(A) < oo and
P(sca(Ziyp) € A, f(Ziyp) =, (Ziyp) <) ~ "% i 5(A).
Proof. For any a > 0, set
Ay, ={P e A:¥X(P) <a}.
Let € > 0 and § > 0 such that for any a < §,
(Cs5 — €)a® < finca (Aa) < (Css + €)a’. (7.16)

By Lemma 7.5.1,

P(sc,o(Ziyp) € A\ As, f(Ziyp) =1, B(Ziyp) < a) ~ anTﬂiﬂn,E(A \ As).

Therefore we only have to study the asymptotic behaviour of P(s o (Ziyp) €
As, f(Ziyp) = n, X(Ziyp) < a). By the Complementary Theorem 3.3.1, we
have

P(sca(Ziyp) € As, [(Ziyp) =1, E(Ziyp) < a)

// Y(tP) < a)e """ At dpuy, .0 (P).
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With Fubini, and using the k-homogeneity of X,

P(sc.o(Ztyp) € As, f[(Ziyp) =1, E(Ziyp) < a)

(o]
:(ZL/ /n@uﬂ<ar%@%@uw etm—d=1y
Y
0 \4,

1
Observe that $(P) < at™*, for any P € As and ¢t < (%)*. Therefore

(d)
,Tyin]P)(‘gc,‘P(Ztyp) € Ay, [(Zigp) =1, S(Ziyp) < a)
1
(5)"
= /‘n,c,(b(A(;) / e~ Vyn—d—1 4
0
* / /R(E(P) < at ™) dpnco(P) | e 744t
1 \A
(pF ¥

Thus, when a — 0,

(d)
%P(s@(ztyp) € As, F(Zigp) =1, S(Zuyp) < a)

o Hneo(As) na

(n — d)5"%"
—|—/ /]I(E(P)<at_k)dun7c,q>(P) e Vinmd-1q,
OLES

which can be written

(d)
%P(sc,aztyp) € As, F(Zigp) =1, S(Ziyp) < a)

o0
A n—
~ M“ & + / tne,d (Agg—) e e, (7.17)
(n—d)j & )
(§)*

By elementary computations we get that, for a € R and @ — 0 with a > 0,
00 a%yHAFRD(n —d — ak)  ifa< ”;d
/ (atik>a ef'yttnfdfl dt ~ _ ln(a)anTﬂik—l if @ = n;d )

n—d 6nT_d706 . —d

OL @ F ZiTrak it o> %5
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Thus, with (7.16), we get for a small enough

LT3

(5)*
a®y kD (n —d — k) if o < 272
n—d
> (C35 —2€) { —In(a)a & k=1 ifa= "de ,
_ n—d_
aTd jnJ]:d+ozk if a > n-d

and

fned (Ag—r) e 74714t

\8

1
(5)*
aPy T (0 — d — BR) i p <
< (Cag + 2¢) { —In(a)a" "k~ if g = nd
apd 5ﬂ_ﬁ : n—d
a k m if g > =z¢

Since these inequalities hold for any € > 0, with (7.17) they imply the
inequalities of the theorem.

. . —d
It remains to prove the point 6. Assume that 3 > *%.

d
__ —
() = o= / S(P) "% djin,c0(P)
A

==

n(p)

d
_ Y —d—1
A 0

Using Fubini,

d (o)
v . nd
pins(A) = (n_dw//ﬂ (E(P) <t '“) dpim 0 (A"~ dt
0 A

’Yd d—1
= A 71@)75"_ —dt.
—d)?2 (d) /Hn,c,@( t
(n —d)*y )

But, by assumption, there exists tg such that

finc.a(Ay—k) < 2036t ",
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for t > tg. Therefore

to 00
— d)2~(d)
Wﬂn,E(A) < /Un,c,q?(Atk)tn_d_ldt"i'/2036tn_d_1_kﬁdt-
0 to

The first integral above is finite because fiy c.o(A—k) < finco(A) < co and
n > d+1. The second integral is also finite since n—d—1—kS < —1. Hence
fn,5(A) < 0o and we can apply Lemma 7.5.1, which ends the proof. O

We present now two corollaries of the cases 3 and 4 of Theorem 7.5.3.
The second is a specific case of the first.

Corollary 7.5.4. Let n be such that P(f(Ziyyp) = n) > 0, and assume that
there exists a constant Csg such that

d

/ 1 (2(P) < a) dpinca(P) ~ Caga F
Pn,c,@

when a — 0. Then, for any e >0 and a — 0,

1
E(Ztyp)z CE
Pl —75 Ziyp) =N, 37 ~
( @(Ztyp) > € ’ f( typ) n? ( typ) < a —ln(a)’
where
Ce 1= kCiit s ({P € Prca - 2(P) > &}
Proof. Lemma 7.5.1 gives us that
Cl:=pnyx ({P € Prea: 5(P) > ek}) < 00,
and that
1
Y(Ziyp) * ne
P E(Zyp)* > e, [(Ziyp) =n, X(Ziyp) < a | ~ CéaTd. (7.18)
®(Ziyp)

With the setting of Theorem 7.5.3, we have a = § = "de and Cs5 = C36 =
(C'33. Therefore the cases 3 and 4 of the theorem tells us that

n—d
P (f(Ziyp) =0, %(Ziyp) < @) ~ k 'Css(—Ina)a * . (7.19)
Combining (7.18) and (7.19) ends the proof. O

As announced above the next corollary is a specific case of the previous
one. Basically it shows that in a planar line tessellation with only horizontal
and vertical lines, cells with small area tend to be degenerated, meaning that
their shape converges weakly to the shape of a line segment. It is a result
which was proved first by Beermann, Redenbach and Théle in [BRT14], but
with an incorrect rate of convergence. The correct rate was presented in
the doctoral thesis of Beermann [Beel5]. Our result is slightly more precise
since we provide an explicit constant C..
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Corollary 7.5.5. Set d =2, v =1 and ¢ = % (8¢, + 0_e, + ey + 0_e,).
Then, for any € > 0,

1
Vo(Ziyp)2 Cle
P (2(typ)2 > € ‘ VZ(Ztyp) < a> ~ 4

Vi(Ziyp) —1In(a)’

when a — 0, where

1+ V1 4e2
Cie = 16In [ — Y222} © _321n(e),
1—+v1—4e?

when € — 0.

Proof. Let us first describe the model. We have a planar line mosaic with
lines either horizontal or vertical. Each cell is a rectangle with sides sup-
ported by lines of equations x = x1, x = x2, y = y1 and y = yo with 1 < x9
and y; < y2. Therefore we consider the following identification

Py = {(v1,22,y1,92) € R*: 21 < 22, y1 < 3o},

and

() = /n<<x1,m2,y1,y2> e ydzr daa dyy dys

P4

The ®-content of such a cell is %[(1‘2 — 1)+ (y2—vy1)]. Thus ® = %Vl in the
setting of the corollary. We set the center to be the lower left corner, i.e.
the point of coordinate (x1,y;). By definition, the space of shapes Py ¢ is

1
{(56173327y1,y2) ERY: 0=z <z2,0=11 <y, Z(CUQ"‘?JQ) = 1}-

To simplify the notation, we do the following identification,

1
7347c7q>:{(x,y)€R2:0<x,O<y, 4(x+y):1}.

Then the measure on Py ¢ can be written

paca () = /11 ((z1,91) € [0,1%) 1 @(acg Ca) + (g2 — )] < 1)
P4
4(xg — 1) 4(y2 — y1)
<A <(<x2 —z1)+ (g2 —y1) (22— 21) + (32 —yl>> © )
dzy dwo dyi dyeo

4 4 4 47
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which can be written in a shorter form

4 4—x
1 4dx 4y dz dy
)= — 1 I Wi
Haco () 16// (<x+y’x+y> < ) 4 4
0 0

Using the isomorphism

0,1] x [-1,1] — {(z,y) €R*: x>0,y >0,z +y <4}
(s,t) — (z,y)=(2s(1+1),2s(1 —1t)),

we get
1 1
M,c@(-)_116//11((2+2t,2_2t) € ) dt sds
0 -1
1
:312/]1((2+2t,2—2t)e.)dt. (7.20)

-1

Now that we set up the model and that we presented the measure py ¢ o
in a explicit simple form, we want to measure the importance of the quadri-
laterals P with a low isoperimetric ratio Va(P)/2®(P)~'. For any a > 0,
we have

1
/ 1(Va(P) < @) djugca(P) = 1/]1 (24 26)(2 — 2t) < a) dt
21

32
Pa,c,
1-yig
16
@
128"

Applying Corollary 7.5.4 gives, for a — 0,

1 1

L2(Ztyp)§ L2(Ztyp)§

P| ——2— >c¢c| W <al|=P| =—F—— >4e | WV(Z <a
( ‘/i(ZtYP) | 2( typ) (I)(Ztyp) ’ 2( typ)

046
—1In(a)’

~

with Cue = 128k py5 ({P € Ppco : B(P) > (46)%}), where n = 4, ¥ =V
and k£ = 2. It only remains to compute explicitly the constant Cy.. By
definition of u, y, see (7.13),

128+
045 =
~(d)

/ 1 (Va(P) > (4€)%) Va(P) ' dpa,c,0(P).

P4,c,<I>
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Recall that v = 1. It is easy to get 4@ = 1—16. Thus, with (7.20), we have

1
Cye = 31222/1 1((242t)(2—2t) > (4e)?) [(2+2t)(2 — 2t)] dt

V1—4e?
=32 / (1—t*)~tdt
0

1 14+¢ V1—4€2
=32 |=In{ —
2" \1-¢)],,

1+ V1 —4¢?
=161In .

1—+1—4¢2

Asymptotically we get, as € — 0,

2
Ch 16l [ — =2
4 n(l—\/1—462>

2
=16In | ————
6ln <262 + 0(64)>
~ —321n(e),

which yields the proof. O
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