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Chapter

Introduction

Recently, the handling of digital information becomes more and more important in
workaday life as well as in current research. The main idea is to reduce the huge
amount of data by using appropriate representations which need much less data but
provide nevertheless a good approximation of the original information. Highly effi-
cient algorithms to process huge data sets are therefore of fundamental interest. One
basic problem in numerical analysis and scientific computing is the approximation of
functions. A very famous and well known example is the fast Fourier transform (FFT)
introduced firstly by C. F. Gauf} in [21] and most popularly published by J. Cooley and
J. W. Tukey in [9]. The FFT belongs to the algorithms with large impact on science
and engineering. It allows very efficient computations of trigonometric interpolation
polynomials to functions.

In this thesis, we consider fast and approximate algorithms to evaluate a function f
given by coefficients fk € C and frequencies or nodes §, € 2, k =1,..., My, M, € N,
of the form

f(®) = fun(, &), (1.1)

where x: X x 2 — C denotes a so called kernel function, X C R? the spatial domain,
and Q C R? the frequency domain. A similar task is the continuous counterpart, i.e.
the computation of the integral transform

f(z) = /Q F(€)n(z, €)de.

where €2 is an open set and f Q= C.

Techniques for the computation of function values of f given by the integral transform
with a smooth kernel are fast multipole methods [26, 50, [59] as well as the concept
of hierarchical matrices |28 |3, 25, |4, 29]. In all cases, the concept in such schemes is
to trade exactness for efficiency; instead of precise computations up to machine preci-
sion, the proposed methods guarantee a given target accuracy. Neglecting logarithmic
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factors in the problem size and the target accuracy, the computational complexity of
all these algorithms scales linearly in the problem size. The idea of all above cited
works relies on a simple geometric condition for subsets of X and €2 where the kernel x
can be approximated by a low rank approximation restricted to these subsets. We call
these geometric conditions admissible conditions and call the subsets admissible. Sub-
sequently, we deal with different kinds of exponential kernels. There are other methods
for the computation of fast function transforms which rely on asymptotic expansions
of functions as presented for example in [30, [51].

In the first part of this thesis, we study the univariate real valued exponential kernel
k(y, ) = e7¥ which leads to a discrete Laplace transform. This transform has been
studied in [46, 49]. In the latter, the author uses a particular function approach by La-
guerre polynomials, whereas in [46] interpolations are used. We introduce the discrete
Laplace transform [46] in a modern form including a generalization to more general
kernel functions and an improvement in the error estimate. These more general kernels
lead to specific function transforms. We present a complexity analysis of the general-
ized version and illustrate the theoretical results by numerical experiments. All these
findings can be found in our preprint [36].

In the second part of this thesis, we consider the Fourier kernel x(x, £) = e?™®¢ with real
variables €,z € R? for nonequispaced nodes which has been already studied in [12, |11}
5, 48,115, 133]. Yet another analysis-based fast algorithm is the butterfly approximation
scheme which can be traced back at least to [42] and has found a series of recent
applications in [60, [8, |43} 54} [10]. Moreover, it is well known that certain blocks of
the discrete Fourier transform are approximately of low rank [38] 57, [13]. Also, the
kernel function x can be approximated by low rank approximations for certain blocks
which leads to the butterfly sparse fast Fourier transforms [2, 58]. In this thesis, we
follow [58] where the author uses a special interpolation scheme. This scheme factors
out the oscillatory part of the restricted Fourier kernel, interpolates the nonoscillatory
part, and remodulates the outcome. Based on a local error analysis, we develop a
rigorous error analysis for the whole butterfly scheme, which shows how the local
expansion degree depends on the target accuracy and the diameter of the frequency
set ). Moreover, we show that the original scheme becomes numerically unstable if
a large local expansion degree is used. We remove this problem by representing all
approximations in a Lagrange type basis instead of the previously used monomial type
basis. We adduce a complexity analysis of all versions and illustrate the theoretical
results by numerical experiments. These findings are published in our paper [35].

In the last part of this thesis, we discuss a fast Fourier transform for nonequispaced
complex evaluation nodes in the univariate case. This is already done in [1] as a
generalization of the nonequispaced FFT (NFFT). The author of [1] uses convolution
techniques and computations by FFTs. Our first idea to compute such sums consists of
a generalization of the local butterfly interpolation to complex evaluation nodes. Both
approaches allow only the evaluation in complex nodes in a very small strip around
the real line. To overcome this issue, we develop another idea which combines both
the Fourier and the Laplace transform by means of a multiplicative separation of the
oscillatory and the smooth part of the kernel function. We do this in a purely algebraic
fashion by decomposing the Laplace transform explicitly and by using a small number of
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generalized fast Fourier transforms as black box. Alternatively, we might interpret this
approach for equispaced frequencies as the fast evaluation of a polynomial given by its
monomial coefficients at many nodes in the complex unit disk. The theoretical results
on accuracy and computational complexity are illustrated by numerical experiments.
Finally, we refer the practically orientated reader to our toolbox [37] which consists of
the implementations of the algorithms presented here.

1.1 Qutline of the thesis

The thesis is organized as follows.

Chapter [2]: [Preliminaries and basic definitions]

We introduce most of our notations and give a short overview about tensor decomposi-
tions in Section Tensors are multi-dimensional arrays and we use the concept [34]
to compute the butterfly sparse fast Fourier transform in higher dimensions. Moreover,
we summarize in Section some facts about polynomial interpolation, in particular
the interpolation in Chebyshev nodes which provides a nearly best approximation, see
Theorem [2.16| Each local approximation of the kernel functions in our algorithms is
based on the interpolation in Chebyshev nodes. In addition, we shortly introduce low
rank approximations of matrices and kernel functions. Later, we will use interpolation
to create low rank approximations of kernel functions.

Chapter [3]: [Laplace transform and generalizations|

We consider asymptotically smooth kernels k: Y x Q@ — R, Y,Q C [0,00), whose
g-th partial derivatives have a specified behavior depending on ¢. Furthermore, a
singularity of the kernel x in y¢ = 0 is allowed. Two examples of asymptotically
smooth kernels are given by the exponential kernel, which has no singularity, and by
the modified Bessel function of the second kind, which has a singularity in y& = 0,
see Lemmata and [3.3] respectively. An extension of the results in [46] of the
exponential kernel to asymptotically smooth kernels is presented. After introducing the
two-dimensional interpolation in a tensor Chebyshev grid, we prove in Theorem [3.5]that
the interpolation under an admissible condition leads to a good low rank approximation
with an exponentially decreasing error for increasing numbers of interpolation nodes.
Section contains a summary of the Laplace transform given in [46], where the
kernel x in Equation denotes the exponential kernel x(y, &) = e7%. We improve
the interpolation error [46, Equation (36)] of the whole algorithm by improving the
local interpolation error, see Corollary Using a geometrical decomposition of the
domains Y and ) gives admissible pairs of subsets. The exponential kernel takes the
value one if and only if one of the arguments is zero and the kernel is fast decreasing
to zero for large values y or £&. The algorithm in Theorem approximates the kernel
function by one, if one subset of 2 or Y of an admissible pair is near the origin and
by zero if one of the subsets of €2 or Y is far away from the origin. Between those
cases, we approximate the kernel function by interpolation and finally sum up the
developed approximations with respect to the coefficients fk In addition, we show
that the fast Laplace transform, cf. Algorithm [1 scales linearly in the problem size
except logarithmic terms with respect to accuracy. We extend the Laplace transform



4 1 Introduction

to asymptotically smooth kernels in Remark where we do exact computations in
the near fields and approximations otherwise. We close this chapter with numerical
experiments illustrating the theoretical results on accuracy and complexity.

Chapter [4): [Butterfly sparse fast Fourier transform|

Now, we aim to compute the sum for the kernel x(x, &) = e*™¢®/N_ While the
naive computation scales quadratically in the problem size, the FFT for nonequispaced
data in spatial and frequency domain [15] or type-3 nonuniform FFT [27] reduces this
to a linear complexity in the problem size with an additional N%log N term, where
N denotes the diameter of  or the length of the FFT. Let N9 '-many frequencies &
and evaluation nodes & be given on smooth (d — 1)-dimensional manifolds for d > 2,
then the above cited algorithms do not take any advantages of this sparsity constraint
on the frequencies and evaluation nodes. The here presented butterfly sparse fast
Fourier transform (BSFFT), reduces the complexity of computing the sum (I.1)) to a
complexity scaling linearly in the problem size except logarithmic terms. We start by
introducing the butterfly algorithm in the univariate case. We follow the ideas in [5§]
and use interpolation in Chebyshev nodes as low rank approximation. In contrast
to [58], where the author interpolates the kernel in the spatial and frequency domain
in Chebyshev nodes, we interpolate the kernel only in Chebyshev nodes in the spatial
domain and use equispaced nodes in the frequency domain. An explicit representation
and uniqueness result is stated in Lemma [£.4, In Theorem [4.8 a local error estimate is
proven under some admissible condition. An explicit representation of the interpolation
problem and an error estimate of the original approach [58] neither contained in [5§]
nor [35] is declared in Definition and Corollary respectively. Afterwards, we
present the butterfly scheme with the corresponding BSFFT to compute . We
consider two different representations of the interpolating function itself, on the one
hand the monomial type basis, which is used in [5§|, and on the other hand a Lagrange
type basis. We discuss the computations of both variants and come up with stability
results in Theorem [A.15 and Theorem [4.16]

Section [4.2] presents the butterfly sparse fast Fourier transform in higher dimensions.
At first, we extend the interpolation to higher dimensions, declare the algorithm, and
discuss the computation of the two realizations of interpolating functions by using
tensor decompositions. In Theorem [4.22] we prove an error analysis for the whole
algorithm. It is shown that computing the sum by the BSFFT reduces the
complexity from O(N?) to O(N log N(|loge|+1log N)?) floating point operations in the
one-dimensional case and from O(N2@=1) to O(N?!log N(|loge| +log N)¥*!) in the
d-dimensional case, where ¢ describes the target accuracy. Afterwards, we discuss the
space complexity of the algorithm and conclude the chapter with numerical experiments
illustrating the theoretical results. Finally, a simple application follows, where we
treat the vibrating string problem and approximate its solution with a two-dimensional
BSFFT.
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Chapter [5]: [Fast Fourier transform for nonequispaced complex nodes|
2miwé /N

In this chapter we consider the Fourier kernel x(w, &) = e with a complex first
argument w € C. A first idea is the extension of the interpolation operator given by
Definition to a small complex strip around the real line. We prove a local error
estimate in Theorem [5.4] which allows for a certain target accuracy if one chooses a suf-
ficiently small strip depending on the approximation rank. To evaluate the sum (|1.1))
for arbitrary complex nodes w on the nonnegative half-plane we develop Algorithm [7]
which combines the Laplace and Fourier transform by means of a separation of the
oscillatory and the smooth part of the kernel function. Algorithm [7] takes at most
(@) (N log N log? % log % log %) floating point operations using the nonequispaced FFT
in time and frequency (NNFFT) or the BSFFT for the Fourier part, where y; denotes
the diameter of the real part of the spatial domain. Furthermore, we state an error anal-
ysis in Theorem [5.8] Afterwards, we describe how to apply Algorithm [7] for evaluating
polynomials in the unit disk. We close this chapter with some numerical experiments.
In particular we compare Algorithm (7| with [1, Algorithm 2] for evaluating complex
polynomials in the unit disk.

Chapter [6]: [Software library]

The Laplace Transform (Algorithm , the BSFFT for the dimensions d = 1,2,3,4
(Algorithm |3 and , and the fast Fourier transform for complex evaluation nodes
(Algorithm [7)) are implemented in one MATLAB toolbox called extended fast Fourier
transforms (XFFT). We give a short tutorial for using this toolbox.
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Chapter

Preliminaries and basic definitions

In this chapter, we introduce some basic notations and definitions for this thesis. Fur-
thermore, an overview in the fundamentals of tensor decompositions, polynomial inter-
polation, in particular polynomial interpolation in Chebyshev nodes are given. Finally,
we introduce low rank approximations.

2.1 Notation

We denote the natural numbers, the natural numbers with zero, the integers, the real
numbers, the positive real numbers and the complex numbers by N, Ny, Z, R, R*, and
C, respectively. Throughout this thesis, we set K € {R,C}. Furthermore, the spaces
of polynomials of degree at most p € N are defined by

p
I,(C) := {q: C—-C:q(z) = chzj, cj € (C} :
=0
p .
I,(R) := {q: R —R:qx) = chxj, ¢ € R} ,
=0

p
IL,(R,C) := {q: R—C:qx)= chxj, ¢ € (C} :
=0

Let d € N and D C K¢ compact. We denote the space of continuous functions
[+ D — Kby C(D) with the norm || f||c(p) := maxep | f(x)|. Moreover, we denote the
partial derivative of a function f: R™ — R in one variable x by 0, f := a% f. Ford =1,
D C R, and m € N, we define the space of all m-times differentiable and continuous
functions f: D — K by C™) (D). Furthermore, we denote the m-th derivative of f by
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f™ . Let o € C and k € Z. The generalized binomial coefficient is defined by

alozl)=lam(bol) - for | > 0

o k!
(k:) =<1 for k =0,

0 for £ < 0.

We call a closed and bounded interval A = [a,b] box and define the diameter by
diam A := b — a. Moreover, we define the distance from the interval A to a point
d € R by dist(4,d) := minge4 |z — d|, and the center of the box A by ¢ = aT*b A
d-dimensional box is given by A = A; x --- x Ay C RY, where A;, i = 1,...,d, are one-
dimensional boxes. The center of the d-dimensional box is given by ¢ := (cAl, . cAd)
and the diameter by diam A := max; diam A;.

Let v € C% The transpose of the vector v is denoted by v' and the conjugate
transpose by v*. Moreover, let a € C, and e := (1,...,1)" € C¢ then the shifted
vector v — a := v — ae is defined. Furthermore, diag(v) denotes the diagonal matrix
with vector v on the diagonal. Let a,b € C?, we define the scalar product ab := a*b
and the norms

d

Solap and Jall = ma |o
o= 7j=1,...,d

lally =

for p € N, p > 1. Furthermore, we denote ¢ as the sequence space, which includes all
1/p

sequences a = (G )nen, such that ||al|, := (Z]EN |aj|p> < 00.

Let A € K™ m,n € N, we denote by AT the transposed matrix, by A* the adjoint

matrix and by rank(A) the rank of the matrix A. Furthermore, we write || - ||2 for the
spectral norm and || - || for the Frobenius norm,
Ax
ALy = max UAX A =

x€Kn\{0} ||X||2

Moreover, we define the absolute maximum entry of the matrix A by

||AH1—>oo = ’L:Hllax ‘ai,j|7 (21)

7j=1,...,n

and the Kronecker delta by

1 for j =k,
Ok,j i= .
0 otherwise

for k, 7 € N.
Lemma 2.1. For A € C"™*", we have

Al = max [[Af]c.
£lli=1
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Proof. We have

max [[AS]], < Ao max (£ = Al
I£]l1=1 [I£][1=1

Choosing 1 < k < n, such that ||A|l100 = max;—1,_m |a;x| implies with the k-th unit
vector e, := (0k,;)j=1,..n the assertion,

ﬁ%%? |Af]| > [[Ae],, = Jax
fll1=1

= max |ai| = [|Allise.
i=1,....m

n
E Qi jOk,j
=1

[]

For m = n and A invertible, we denote by k(A) the condition number of A in the
spectral norm.

Furthermore, let z € R, we define the floor, |-|: R — Z, and ceil function, [-]: R — Z,
by

|z] ;== max{k € Z : k < z},
[z] :==min{k € Z : k > z}.

Let g: R — R, we use the Landau notation O and o,

O(g) ={fR—->R":3C >03ng eR: f(n) <Cg(n) Vn > ng},
o(g) :={f R—=R":VC >03ngeR: f(n) <Cg(n)Vn > ng}.

2.2 Tensor decomposition

To expand the Fourier transforms to higher dimensions, we give a short introduction
to tensors which are multi-dimensional arrays. For simplicity, we start with some
definitions for matrices, which are two-dimensional tensors. Afterwards, we generalize
matrices to tensors and introduce some calculation rules.

We use the same notation for tensors as in [34]. The pointwise product of two matrices

A = (tmp)moners B = (bp)pity € CM*N s defined by

m,n=1>

A © B := (apnbmn)iN

mn=1"

M,N
c (CMXN

Moreover, we denote the Kronecker product for matrices A = (amn), ", _,

and B = (bk,l)sz’ﬁ -1 € CF*L in multi index notation by

._ M,N _ M,K;N,L MKXNL
A ® B = (a’m,nB)m:I,n:1 - (ammbk:l)mzl,kzl;nzl,l:1 cC '

The vectorization of a matrix A = (am,,)22 _ is denoted by vec: CM*N — CMN,

VGC(A) = (amm)n:l’._,]\;;m:l 77777 N = (au e 1012 - -2 Q1 e am,n) € CMN

which means, that the row index runs first. The vectorization of a matrix is writing
the columns of the matrix one below the other.
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1 2 3 4

Example 2.2. Let A = (5 6 7 3

),th@nvec(A):(l 526 37 4 8).

Lemma 2.3. (i) Let A € CMN B e CEXL C e CV*/, and D € CE*C be given,
then it follows

AC®BD = (A ® B)(C ® D).

(ii) Two invertible matrices A € CV*N B € CM*M | satisfy

(AB)'=A"eB™" (2.2)

(iii) For A € CM*N B e C**L and U € C*N | we have

vec(F) = (A ® B)vec(U) & F = BUA'.

(iv) Let v, w € CN and a matriz U € CN*N be given, then it follows
(diag v ® diag w) vec(U) = vec (wv' ® U).

Proof. See |47, 1.3 Matrix Multiplication] for |(i)| and and [47, 1.12 Vec operator,
Theorem| for [(iii)} We prove [(iv)] From [(iii), we conclude

(diag(v) ® diag(w)) vec(U) = vec(diag(w)U diag(v))
and hence the assertion follows since

(diag(w)U diag(v)), ; = wiu, jv; = (wvh)® U)i,j :

]

We generalize the Kronecker product to higher dimensions using tensors. At first, we
use the notation of a multi index vector f € CNt"Ne given by

Np--N,
f= <f"1 7777 ”d)m:l Ni,...,ng=1,...,Ng e Ch,

-----

where the last index ng runs first and then the previous one, ny_1, and so on up to n;.
By abuse of notation, we write the usual Kronecker product for matrices AU) € CMi*N
M;,N; € N;and j =1,...,d, in a multi index notation

d d Mu,...;Mg;N1,...,Ng
®A(]) — (H A(l/) ) c CMl"'MdXNl'”Nd
my,Ny .
v=1 v=1

For a fixed multi row index my,...,my the column index nyg runs first from 1 to Ny
and afterwards ng_; from 1 to Ny_; and so on up to n;. The multi row indices are
traversed in the same way. The number of dimensions of a tensor is called order of a
tensor, also known as ways or modes. The next definition is a generalization of the
vectorization of matrices to tensors.
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Definition 2.4. Let d € N, d > 2, and Ny,...,N; € N. We denote a d-tensor of
dimension Ny X -+ X Ng by F = (fn,... ”d)nN11;I:,]Yiind:1' The numbers fn, . n, € C are
called tensor entries. The vec-operator is defined by

vec: CNv>Na _y cNiNa

-----

VGC(.F) = (fnl7"'7nd)nd=1,...,Nd7...,n1=1,...7N1 )
where the index ny runs first and then ny, and so on up to ng.

From now on, we consider for simplicity only tensors where every mode is the same
size. Such tensors are called cubical tensors. We only need cubical tensors in this
thesis.

N
ni,...,nqg=1

Definition 2.5. The pointwise product of two d-tensors F and U = (un, . n,)
15 defined by

FoU = (fm,-n,nd ) u”lv-"v”d)N

n1,...,nd:1 :
Let k € N and 1 < k < d. The k-mode product of a tensor F and a matric
A = (amp )m et € CMN M €N, is defined by U xj, A € CNX X NXMXNxxN,

N
(u Xk A)nl.,.nk,lmnkJrl...nd = E Un;y..ngAmny, -

nE=1

Furthermore, let 1 < k < d. The k-mode matricization of a d-tensor F € CN*>xN

is denoted by Fy € CN*NTY " where the tensor entry (ny,...,nq) is mapped to the
d NI=2 forj>k+1
matriz entry (ng, m) with m =1+ n; —1A;, A; = . - )
Z’J(k ) ]:2:1(] ) J J {N]_l for j < k.

Jk
Example 2.6 ([34]). (i) Let a matriz (a 2-tensor) A = (aij)il\i’ljyjzl be given. The
mode n-foldings are

A(l) =A and A(g) = AT.
The vectorization coincides with the definition of the vectorization of a matriz.

(ii) Let U € C****2 where u; j1 € C fori,j, k =1,2 given by

u<1>=(“ “) U,:,2) = (“ Z)
2,2,2

U211 U221 U2.1,2
The three mode-n foldings are U;) € R2*4 for j = 1,2, 3,

U( = Ur1,1 U121 U2 U122
1) — )

U211 U221 U212 U222

U( = Ur1,1 U211 U122 U212
2) — ’

Up21 U221 Ur22 U222

U( = Ur1,1 U211 U211 U221
3 —_— .

U2 U212 Ur22 U222

The vectorization of U is given by

-
vecU = (U1,1,1,U2,1,17U1,2,1,U2,2,1,U1,1,2>U2,1,2,U1,2,2,U2,2,2) .
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Lemma 2.7 ([34]). Let N;d € N and d > 2, a d-tensor U € CN* >N and two
matrices A = (aym)}—y € CVN, B 1= (b))t € CVN be given.

(i) Let I := ((5”)” 1, k € Ny, be the identity, then it follows

(Ik—l RA® Id—k) vecld = vec(u X d—k+1 A) forkeN, 1 <k<d.
(i) The k-mode product of U and A satisfies

Y=UXx A=Y =AUy forkeN, 1<kE<d
(iti) Let vV, ... v € CN with v := (v,,)N_,. Then it follows

(diag(v\)) ® - - - @ diag(v(?)) vec(U) = vec(V @ U),

where V = (véll) . v}f?) € CNxxN

(iv) Letd =2 andU = U € CN*N . The calculation rule of Kronecker products agrees

with the tensor calculation rules,

(A ® B) vec(U) = vec(U x; B x5 A) = vec(BUAT).

Proof. (i) The identities I € CV ExN k, k € N, can be written as k& Kronecker prod-

ucts of the identity I, I = ®§:1 I = (0ryt, -+ 5"‘k:tk)7]"\i it We obtain

N;N
L1 ®@A® Iy = ( Pty Oyt 1A)7~1 ..... re_1=1it1,.. b1 =1 ® Ly
N;N
( AR T’“ Litk—1 lm)”‘l7---77'k—17l:1;t17---7tk—17m:1 ® Lg-r
N;N
( rity T Tk 1ite—1 Oty Tk(srkﬂ tey1 "7 (5mytd)r1 ,,,,, ra=1it1,0tg=1"
Since vec(U) = (Utys- - td)ty,..t1=1.... ~, we change the indices k — d — k + 1 and
obtain
d
N;N
L1 ®@ARL, = (atd—k+la7"d—k+1 H 57"j7tj)7’d ..... ri=Litg,....t1=1
Jj=1
jAd—k+1

Setting £ := (fr1,.ra)r,  m1n = Lim1 @ AR Lyg) vecld € CN*, we have

..........

le ,,,,, rq Z 57’d7td o .57’d—k+27td—k+2a’td—k+177"d—k+15”'d—k7td—k e 57“1775111“751 ----- tq
t1yeeey tqg=1
N
Z Aty pyr1,ma—pp1Uri,.ra = (U Xd—k+1 A)m ..... rq "
tg_g+1=1

(ii) Cf. [34}, 2.5 Tensor Multiplication: The n-Mode Product].
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(iii) The assertion follows since diag(v)) ® - - - ® diag(v(") = diag(vl®) @ - -- @ v(®)
and vecV = vl @ ... @ v,

(iv) We prove that
Ux; B x; A=BUA’

holds true. We set Z =Y x5 A, where Y = U x; B. Applying and using
Yo =Y and Zp = Z" imply

Z'=AY', Y=BU,
and finally
Z=YA" =BUA".
Due to Lemma [(iii)] the assertion follows.

2.3 Polynomial interpolation

The following problem is called interpolation problem. We have given a set of p € N

77777

.....

the interpolation condition
r(zs) = f(zs) for all s =0,...,p— 1.
Definition 2.8. We denote the nodal polynomial to the nodes x by w, € 11,(K),

we(z) 1= H(m — Ty),

s=0

and the Lagrange polynomials to the nodes & by Ly € 11, 1(K), k=0,...,p—1,

2 e w(r) :pfl T — T,
Lm,k( ) : (33 . xk)w’(xk) Sl;gxk _ xs‘ (2'3)

Polynomial interpolation is unique.

Theorem 2.9 (|31, Satz 37.3 and 37.4.]). Let f: K — K. Under the above assump-
tions, the interpolation problem has a unique solution r € 11, 1(K) given by

Moreover, let now K =R and f: [z, zp-1] = R, f € CPlxg,xp-1]. For x € [xg,2p1]
exists £(x) € (xo,xp—1), such that the interpolation error is given by

@ (¢(x
F(a) — () = 280D

p!
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2.3.1 Interpolation in Chebyshev nodes

We introduce Chebyshev polynomials, which are orthogonal polynomials and very im-
portant in numerical analysis, see [17, 45, |40, 53]. Let p € N. Interpolation in the
roots of Chebyshev polynomials provides a nearly best approximation as stated in [53,
Theorem 16.1]. The Chebyshev polynomials of the first kind are defined by 7,,: R — R,

T () {cos(parccos ) for z € [-1,1],
p\T) = (z4+Vz2—1)P+(z—Vz2—1)P .
5 otherwise.

The Chebyshev polynomials obey the following three-term recurrence relation
Tpi1(z) = 22T, (x) — Ty_1(z), To(x)=1, Ti(z)=ux. (2.4)
It is obvious, that we obtain 7, € II,(R). We denote the roots of the Chebyshev
polynomial 7}, by
2]+ 1
2p

and we call them Chebyshev nodes. Furthermore, the restricted Chebyshev polynomial
T,: [—1,1] — R takes its extrema at the nodes

t .= (tj>j:0 p—1; tj .= COS

.....

,

p

max . jﬂ- .

;7 i=cos—, j=0,...,p.
p

Moreover, we introduce the Chebyshev polynomials of the second kind by U,: R — R,

B for € (=1,1),

Up(x) =< (£1)P(p+1) for z = 41,
(z+Vx2—1)PH —(z—/22-1)P+!

oW otherwise,

which obey the similar three-term recurrence relation ([2.4)) with different initial condi-
tions,

Upi1(x) = 22Uy (x) — Up—1(x), Up(z) =1, Ui(x)= 2.
Lemma 2.10. Let A be a box and p € N. We call

diam A
mA = (CA + 5 tj)j:() p—1 (25)

,,,,,

the Chebyshev nodes in the box A. The Chebyshev polynomials, the Chebyshev nodes
and the corresponding nodal polynomaial obey

T!(2) = pUy-1(a), (26)
[will o1,y = 277, (2.7)
diam A\?
|wga oy = 2 ( 1 ) . and (2.8)
p—1
H|tj]:—2f_1 ifp=2r+1,reN (2.9)
=0

Jr
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Proof. The first equation can be found in [45, (1.23)] and the second in |45, Theo-
rem 2.1]. The third equation follows from the second by mapping the interval [—1, 1] —
Aviat— ¢4 — Wt =: x, which implies the assertion since

wer) = [[ee =) = [[ -5 2010 = (-552) w0

j=0

Let p = 2r+ 1, r € N, it follows ¢, = 0 and L,.(0) = 1. Moreover, we have
1,(0) = pUp—1(0) = p, where U, 1(cost) = s:“pa denotes the Chebyshev polynomial
of second kind. Combining T),(z) = 2P~ 'w;(x) with Equation (2.3)), we conclude

T ()
Lo(z) = —2% 2.10
The assertion follows from = = 0. O

Remark 2.11. The nodal polynomial wg to the Chebyshev nodes is optimal in the
sense, that for all polynomials r € IL,(R) with leading coefficient 1, we have

||7"||C[,171] 2 ||2_(p_1)TpHC[71,1] — 2—(p—1)
with equality only if r = 2=W=VT,,. See [45, Theorem 2.1] for a proof.

For simplicity we denote the Lagrange polynomials for the Chebyshev nodes t and x*
by

Ly:=L;, and L7 := Lyags fors=0,...,p—1 (2.11)

Definition 2.12. Let A be a box and f: A =K, f € C(A), pe N, p>2. We denote
the interpolation operator for Chebyshev nodes €4 in A by

T C(A) = T, (RK), TAf= Zf

Theorem 2.13. Let a box A, f: A—= R, f € CP(A), andp € N, p > 2, be given. The
interpolation error is bounded by

(dlam A)P

S ey

IZ'f = Fllew <

Proof. The polynomial interpolation error is given with some &(x) € (:v;f‘_l, xi!) by

1

(Z,'f = P@)] = Hlf(p)(f)llww(r)!,

see Theorem . Applying the maximum norm || - ||¢(a) and using Inequality (2.8)
yields the assertion. O]
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Lemma 2.14. For p € N, p > 2, the Lagrange polynomials (2.11)) obey

p—1
max Y (Ly(7))* <2, (2.12)
z€[—1,1] =
p—1 9
Ly(z)] <1+ Zlogp, 2.13
xg[la;fus;l (2)] <1+ ~logp (2.13)
343
L, . 2.14
zg[ﬂgggﬂ ()] < ™ (2.14)

Proof. The Gauss-Chebyshev quadrature yields the discrete orthogonality

- 0 fork#I
ZTk‘(tS)E(tS) =\3\P for k =1 = 0,
=0 o fork=1#0,

for k,l = 0,...,p — 1, see [45, Equation (1.141)], and since L,(t;) = J5, also the
expansion of the Lagrange polynomials

S (La(a))? = %(Z'Tk@sm(x) STt ()

s=0 s k=0 =0
4 p—ll p—ll p—1
== Te(@)Ti(x) Y Ti(t)Ti(ts)
P 1= s=0

and since |Ti(z)| <1 for z € [—1, 1] the first claim by

4 (1 P
< — |- 1= | <2
<% (-0l <

The second estimate is the classical Lebesgue constant, cf. [45, Theorem 1.2]. Finally,
we note that Inequality implies |Ly(x))| < v/2 for |z| < 1 and it remains to show
the bound for |z| € [1,3]. Since Ly is a polynomial and has all its zeros inside [—1, 1],
it attains its extrema at x = +3. Combining Equation with we obtain

Tp(x) ‘
(z —ts)pUp-1(ts)
The explicit formula

(z+ V22 = 1)P + (z — Va2 = 1)P
2

Ls(x) =




2.3 Polynomial interpolation 17

implies |T,,(+3)| < 342. Applying the simple bound (43 — t,)? > 4, and

Sln2 M 2 1

U = 2T s e (2 ) < = =0,
gin? (2‘;;;17r> 2

finally yields the assertion. O]

Corollary 2.15 (Lebesgue constant). Let p € N, p > 2, and a box A be given. Then
the operator norm is bounded by the so called Lebesgue constant

2

T4 = 74 = |IZ-2) < 1+ S logp.

T = mas 1T ey = 125 < 1+ 21ogp
Ifllccay=1

Proof. Let the mapping A — [—1,1] via 2 — ¢ := —2—(x — ¢*) be given. Since a

function f: A — C, can be expressed by the function g: [—1,1] — C, g(t) := f(z(t)),
and since we have L (x) = L,(t), the norm of the interpolation operator can be written
as

A Py— A B A
|Z, || == max IZ,) fllec) = max  max ZL
[fllocay=1 Ifllccay=1
p—1

= max max
geC[-1,1] te[-1,1]
llgllcr—1,1=1

= Iz,

Using the triangle inequality and estimate the function values |g(t5)| by the maximum
norm of g, we obtain

Iz < max Z\L

[-1.11 4

and thus the assertion follows with Inequality (2.13)). ]

The next theorem states, that interpolation in Chebyshev nodes is nearly as good as
best approximation.

Theorem 2.16 ([53, Theorem 16.1]). Let f € C[—1,1] and p € N. We denote by
qy € 1,1 (R) the best approzimation of f in the sense that

1f = Q;||C[—1,1] = . min | f - QpHC[—Ll]-

p€llp—1(R)

Then, it follows

. P .
If = Z5 1 oy < (2 + ;logp) If = ¢lleer-

This theorem can be extended to all boxes A instead of [—1,1].
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2.4 Low rank approximation

A matrix A € CM*V with rank(A) = r < min{M, N} can be represented with
a,€cCM b, cCfork=1,...,7 by

k=1

Note, that the memory requirements are r(M + N) instead of M N. Furthermore, the
matrix-vector multiplication

Ax = Z aybix = Z a(b;x)
k=1 k=1

takes (M + N) operations instead of M N floating point operations. Summarizing,
low rank matrices can be stored efficiently and the matrix can be applied efficiently.
That is why we are interested in the approximation of matrices by low rank matrices.
The most popular low rank approximation of a matrix K € CM*V is given by the
truncated singular value decomposition. Furthermore, it is the best approximation for
the spectral and the Frobenius norm in the following sense.

Theorem 2.17 ([31, Definition und Satz 12.1.]). Let K € CM**N of rank k > 0. Then
there exists two unitary matrices U € CM*M 'V ¢ CN*N | and a diagonal matriz
Y = (z())k 8) € CM*N '3, = diag(oy,...,01), where 01 > 09+ > op_1 > 03 > 0
are called singular values, such that K = UXV*,

Theorem 2.18 (|29, Satz 2.4.1], Best rank k approximation). With the same assump-
tions as in the previous theorem, the best rank r approximation of K with respect to
|- 1l2 and || - ||e, for r < k is given by B = 3"._, w;0;v}, where we denote the columns
of the matrices U,V by u; and v;, respectively. Furthermore, it follows

IK—Bls=0,41 and |K-B|p= (2.15)

Let X,Y C K, k € N and functions ¢,: X - C,¢,: Y — C, v =1,...,k, be given.
Wecall c: X xY — C,

Rz, y) =Y pu(@)t(y)

a low rank approximation with rank £ to the function x. The function Ry : X XY — K,
Ri(z,y) := k(z,y) — k(x,y), is called error term and it follows

/i(xay) = /?;(x,y) + Rk(xay)'

In this thesis, we will use polynomial interpolation to obtain good low rank approxi-
mations.



Chapter

Laplace transform and generalizations

In this chapter, we treat the computation of sums in the one-dimensional case for
so-called asymptotically smooth kernels. One example of such a kernel is the real valued
exponential kernel. In this case, the sums lead to a discrete Laplace transform.
We study the fast Laplace transform [46] and improve slightly the error estimate of
this approach. Moreover, we generalize this method to the computation of sums
for arbitrary asymptotically smooth kernels k: Y x Q@ — R, Y, Q C [0, 00).

To be more precise, let M;, My € N, evaluation or spatial nodes y; > ... > yp, > 0,
frequency nodes & > ... > &y, > 0, and coeflicients fk € Cfork=1,..., M, be given.
We consider the computation of sums

Mo
= Fly) =Y fmlys, &), G=1,..., M. (3.1)
k=1

Allowing only decreasing sequences y; and & is just to simplify the notation. The

computation of the sum is equivalent to compute the matrix vector product
My, M2

f=Kf, K:= (/{(yj,gk))jzl’kzl, (3.2)

..........

3.1 Asymptotically smooth kernels

At first, we introduce asymptotically smooth kernels similar to [29, Definition 4.2.5.].
Afterwards, we consider a low rank approximation by interpolation in Chebyshev nodes
in both variables of such kernels.

Definition 3.1. Let an infinitely often differentiable function k: (0,00) x (0,00) — R
be given. The kernel k is said to be asymptotically smooth if there exist constants
C,u,s >0, veR such that for all ¢ € N the conditions

|y* 05k (y. €)] < Caluq” (&)™ and  |€70k(y. €)| < Calu'q” (€)™
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are fulfilled for all y,& € (0,00). Moreover, we call two intervals A, B C [0,00) admis-
sible if

diam(A) < dist(A,0) and diam(B) < dist(B,0). (3.3)

We give two examples of asymptotically smooth kernels, one for s = 0 and one for
s = 1/2. Note that the parameter s characterizes the singularity of the kernel for

y§ =0.

Lemma 3.2. The kernel  : [0,00) x [0,00) — R,
Ry, €) = e,

15 asymptotically smooth with

q! q!
5 and  |£10¢k(y,€)| < o

|y 0Lk (y, &)| <

E
i)

Proof. For y > 0, we have the necessary condition for a local maximum of [0k (y, £)],
ie.,

|0:02K(y, €)| = €77 % g — €y| = 0

if and only if £ = ¢/y. Using Stirling’s approximation, we conclude the globally valid
bound

Ogly, )] = e < L <

1
T ely? T /2mq

The proof is analogously for |0z r(y, £)| and the assertion follows. O

qly~ 2. (3.4)

Lemma 3.3. Let the modified Bessel function of the second kind K, : R, — R,

K,(x) ::/ e~ 2esh®) cosh(nt)dt,
0
for m € R be given. In particular, we have Kyj(x) = \/5-¢7%. Then, the kernel
k:(0,00) x (0,00) —» R,

(Y, €) = Kij2(y€)

15 asymptotically smooth with

01 g 0" T
' 5k W O < ygq' and |¢" 5 (y, )] < /%q!,

Proof. The modified Bessel function for n = 3 is stated in [56, 3.7.1, Formula (13)].

We prove per induction over q € Ny, that the ¢-th partial derivative of x is given by

0. 6) = \f H’i)()—f @I+ 1) ey-rrns
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For ¢ = 0 we have -Rk(y, &) =, /ﬁe*yf. It follows

Oyt k(Y. €) = 0,05k(y.€))
= \/g( §)q+ley£i Z) H?:é(;kj +1) <y£)*(2k+1)/2

n : lté 2j+1) — k+1)+1)/2
Ty = IR RS-

2k 2
k=0
q k—1 .
N PV as g3 q Hj:O(QJ +1)) —(2k+41)/2
\/; e k> W)
k=0
q k .
q [l +1) —(2(k+1)+1)/2
+Z <k>]2k—+1<y£) @k+1)+1)/2 |
k=0

Shifting the index in the last sum k& — k£ + 1 and applying (q+1) = (,‘i) + (kzl) implies

the assertion. Furthermore, using H 0(25+1) < H L 2j = 2%k! and shifting | = ¢—k
yields

07 T gyt d q —k
‘a—yqﬁ(y,f)' < 1/Q_yéﬁ e ; (k) k! (y€)
1 1
;ﬁéqe‘ygq! Z — k>!(y§)_k
gqe y£ —q i%

=0
,/ £q (y&)~

The multiplication with y¢ implies the assertion for y. Since k is symmetric, i.e.
k(y, &) = k(&,y), the proof can be done analogously for &. O

3.1.1 Low rank approximation via interpolation

Interpolation in Chebyshev nodes in both variables leads to a good low rank approxi-
mation of asymptotically smooth kernels under some admissibility condition. At first,
we introduce the interpolation in a tensor Chebyshev grid.

Definition 3.4. Let A, B C (0,00), k: A X B = R, and q € N. We denote by I the

identity, then we define the interpolations in one variable via
(T @ D)k Z LAy syl €

(Z®IP)k( ZLB
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and in two variables via

I Pr(y, €) = (T} @ IP)k(y, &) = L (y)s(ys, €8)LE(©).

The interpolation obeys the following error estimate.

Theorem 3.5. Let g € N, ¢ > 2, A, B C (0,00) be admissible, and k: A x B — R be
asymptotically smooth with constants C,u,s > 0 and v € R, then we have

AxB Cﬂqqy 2 . . _s
|x—Z; KHC(AXB) < ST 24— logq (dist(A, 0) dist(B,0))

Proof. For fixed £ € B and g: A — R, g(y) := k(y,&), we apply the error formula of
Theorem 2.13] and obtain

diam(A)?
lg — T gllca) < WH ey

The asymptotical smoothness and the admissibility implies

199 (y)| < Calutq"y™(y€) ™ < Cqluq” (dist(A, 0))~%(y€) ™

and in conclusion

lg = Z3'gllocay < Criq”2' 7 sup |(y€) ™.
yeAELEB

The same estimate holds true with respect to £ € B. In particular, Definition [3.4] yields
q—1
(T @ DT @I)k(y, &) = (I} 9 1) > kly.& =T Pk(y, ©).
r=0

From this and together with the Lebesgue constant in Corollary [2.15] we conclude

| _I;XBKHC (AxB) = <|lx - IA ® ) “”c AxB)

+1ZF @ 2l Ir = (Z @ Z7) #ll o any

Culq” s
< = <2+ ;108"(1) sup [(y€) "

yeALEDB

The conditions y¢ > dist(A, 0) dist(B,0) and s > 0 imply the assertion. O
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3.2 Laplace transform

For the rest of this section, we consider the exponential kernel x(y, &) = e=%%. We call
the sums (3.1) discrete Laplace transform. The following results are a simplification
and minor improvement of [46].

Corollary 3.6 (|46, Equation (36)]). Let ¢ € N, ¢ > 2, A, B C [0,00) be admissible,
then

| — T2%® o=

K’HC(AXB) =

Proof. Due to Lemma [3.2] the exponential kernel is asymptotically smooth with con-
stants C' = 1/\/27r p=1,v=-1/2 and s =0. Let f: (0,00) — R,

flg) =2+~ logq -/ 27g,

be given. Since f is continuous in (0,00), lim, o+ f(¢g) = —oo and has only one
extremal point in ¢ = 5 which is a maximum, it follows f(q) < f(3%) < 0. This
implies (2 + 2 2log q)/+/2mq < 1 and the assertion follows from Theorem [3.5) . O]

Definition 3.7. For given ,y1,& > 0, we define the geometrical decomposition of
Y= [0,31] and 2 :=10,&] by

M = _log yfl—‘—l—l m:==1,....,.M —1,
Yy = :07 2]\321,1} 5 Y = (g_nlw 221,1] ’
Qu = —O, %} , Q= (5—;, 25111} .
For ease of n;tation in Algorithm |1, we moreover define
L = (LS[<€j))5j€QgT 0,...,q—1" L= (L;/m(yi))yzGYms 0,.ig =17
= (0), o K = <f~e<yzm,5?f>)z;§ 1

form, =1,..., M —1.

0 y_sl % y?l 1
° ® o ® ®
Y, Y3 Y, Y

Figure 3.1: Geometrical decomposition of the domain Y = [0,y,] for M = 4.

Lemma 3.8 ([46] Sect. 4]). Let e, y1,& > 0 be given, use the notation of Definition[3.7]
and Corollary and set q = (% +log, 1/¢],

(= max(1, logy(11&1) — m — logy(log 1/e)] +1),
Ly, :=M-—m

forallm=1,...,M — 1, then
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(i) y € Yar and € € Q (and analogously y € Y and & € Q) implies 1 — e % < ¢,
(ii) y€ Yy, m=1,....M —1, and £ € Qy, { < L,,, implies e ¥ < ¢,
(i) y €Yy, m=1,.... M — 1, and £ € Q, L, <l < Ly, implies

e = I M h(y, )| <,

(iv) y€ Yy, m=1,....,M —1, and £ € Qy, £ > L,,, implies 1 —e % < ¢.

Proof. The individual estimates can be proven as follows. At first, let £ € [0,&] and
y € Yy = [0,y1/2M71]. Using M > longlaﬁ + 1, we obtain 0 < £y < & /2M 71 < ¢
and finally case i) since

—yé — = (_E)k
1>e % >e :Z 21—
k=0 ’

Now let y € Yy, &€ € Q. The condition ¢ < ¢, — 1 = [logy(y1&1) — m — log,y(log 1/¢) |
implies

_ &
e 2m2t < ¢

and due to y > 3%, £ > g—}g assertion . The third result follows from Corollary
since the intervals Y,,, Q, {,m =1,..., M — 1, are admissible.
Finally, we havey € Y,,,, £ € Q, (—1 > L, = M—m = [logy(&191)+1ogy(1/e) | —(m—1)

and thus

£
e ¥ <loe TaT <] —¢°<e.

Figure 3.2: Contour plot of the Kernel function and geometrical decomposition, the

cases in Lemma , , and are shown in black and white, respec-

tively.
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Theorem 3.9 ([46, Sect. 7]). Let My, My € N, & > 0, y1 > yo > ... > yay, > O,
& >&6>...> &, >0, feC” and f = Kf be given. Set M = [logQ yl&-‘ +1,

€

.....

fly) = S v
= - . .
o ijng ijYmXQZK,(y, SJ) + ZE>Lm ijeQe fj yeY, 1<m<M.
(3.5)
Then the error estimate
If = fllo < el[f]ly
holds true and Algorithm[1] computes this approximation in
1 1
O ((Ml + My)log — + (log3 —) log y1—£1> (3.6)
€ € €

floating point operations.

Proof. We start with the error estimate. For y € Yj;, Lemma implies

Mo N
F@) = Fw)| < X 1Al =1 < 3IAI
k=1 k=1

Now let m=1,...,.M — 1, y € Y,,, and partition the function f in three parts

o) = (z P30 z) S )

0<bly A=lm L>Lym/ &EQ

The desired result follows by the application of Lemma — and the approxi-
mation of the kernel k by zero, by interpolation, or by one, respectively.

Regarding the computational costs, we first note that the last sum in Equation ({3.5),
denoted by ¢y, in Algorithm [I is computed for all m = 1,...,M by means of a
cumulative summation in O(M;) operations. In matrix notation, the spatial partitions
in Definition yield a partition of the matrix in Equation in admissible blocks.
Considering only the case when the kernel function is approximated by interpolation,
Algorithm [I] factors out row- and column bases by

- M—1,Ly,
K= <LYmKYm,Qe (LQZ)T>m:1 . (37)
M—1,Lm
L 0 0 SO (L)' 0 0
=lo o0 Kt 0o .0
0 0 L)\ .o 0 0 (L%m)'
m=1,0={p,

Clearly, applying the rightmost block diagonal matrix takes at most Zf:em q|| < qM,
operations. The second matrix has at most L,, — ¢, < 2log(1/e) blocks in its m-th
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block row, in total its application takes O(M¢q? log %) operations and the multiplication
with the left block diagonal matrix takes at most ¢M; operations. Finally, note that
we neglect the pre-computation of the necessary matrices L%, LY and KY»%  This
sums up to a complexity of O((M; + Ma)log 1 + Mg?log 1). Applying M € O(log yl%)

and ¢ € O(log %) completes the proof.

]

Algorithm 1 Laplace transform

Input:

e (0,1)

N eN

> &> gy > 0

yl>g2>--->yMl>0
f= (fj)jw:gl € CM
Output:

feCV, f~Kf

> target accuracy

> number of sampling nodes
> nodes in frequency domain
> nodes in spatial domain

> Fourier coefficients

> samples in spatial domain

q= (% +log, 1/¢]

gm = ijEQ]u f]

form=M-1,...,1do_
9m = Gm+1 +Z§jeQm fj

end for

?wa =q

for/=1,....M —1do
v — (LQZ)TE'Q[

end for
form=1,...,.M —1do
Pym — f;ngm KYm,QgVQg
fYm = LYmhYm 4+ 9L, +11
end for

> number of decompositions
> approximation rank

Remark 3.10. The approzimation in Theorem [3.9 yields an entrywise error

IK — K100 = max K — Kjy

<e.

In particular, this implies

IK — K2 < |K —K|[r < N|K =Kl 00 < Ne.

and introduces at most a log N-factor in the complexity estimate if we wish to achieve
accuracy € with respect to the spectral norm. We note in passing, that the adaptive
cross approzimation [{)] of the matrixz block KY™* takes the form

K =K"™"K; 'K,
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where all matrices on the right hand side evaluate the kernel k at certain nodes. In case
of total pivoting, this leads to an error |K — K||1500 < (¢ + 1)og41, where o, denotes
the g-th singular value of K, cf. [22].

An application of Algorithm [I] is the evaluation of certain polynomials.

Remark 3.11. (i) Algom'thm can evaluate polynomials p € 11y, (R, C) of the form
Mo
p(z) = fra*
k=1

in0<xz <--- <xpy < 1, where My, My € N. We set y; := —log(z;), which
reduces the evaluation of p to an evaluation of exponentials in the decreasing
sequence y;j. In this case, the complexity (3.6|) can be written as

1 1 1 M-
(@) <(M1 + M,) log B + log? B log (w#)) .

See also (46, Remark 3.1].
(ii) Let K, My, My € N be given. Moreover, let
O<zi<---<apy <1 and K>&>--->&y, >0

with &, € N be given. Another approach is the evaluation of sparse polynomials
p € (R, C) of the form

My
p(z) = kaxg’“
k=1

Setting again y; == —log(x;), we can compute the values p(x;) for j=1,..., M
by Algorithm m O((My + My)log  + log® I log(w)) floating point opera-
tions.

Remark 3.12. The truncated Laplace transform is given by

Lo: L?[1,2] — L?[1,2], f > g(&) :/1 f(z)e *da

and (39, Equation (3.105)] conjectures a singular value decay

oy~ C /_Qﬂ_e—\/10.1189q(1+q)+6.12572’

which serves as an asymptotic lower bound on the best approximation of the real ex-
ponential kernel under the admissibility condition (3.3)). A comparison between the
singular value decay and the local error is illustrated in Figure[3.3
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Figure 3.3: The (?-approximation error (daggers) of the polynomial interpolation, see
Definition together with its normalized theoretical upper bound (solid
line) given in Corollary [3.6] and the singular values (triangles), represent-
ing the best approximation in this case, together with the lower bound of

Remark (dashed line).

3.3 Special function transforms

The Laplace transform can be extended to asymptotically smooth kernels. The gener-
alization of Algorithm [I]and Theorem to other asymptotically smooth kernels reads
as follows. We suppose the kernel x is asymptotically smooth with constants C' > 0,
veR, s>0and p € (0,4), which implies a local approximation

Ik — TB ]| oarxs) < Cet(dist(A, 0) dist(B,0)) ™,

with some constant C' > 0 and ¢ € (0,1). A bound for the interpolation error away
from the singularity y& = 0 is given in the next corollary. We increase the number of
boxes M by a log N factor in the geometrical decompositions to obtain under some

further assumptions on the nodes later a constant number of nodes in the near fields
YM and QM

Corollary 3.13. Let M := [log, @-‘ +1 and q > ]10g(€2s+1/(§§gfl)SNQSC))| be given.
For A # Yy and B # Qyy, it follows

s — IfXBHHC(AxB) S €

Proof. We have
|k — I;‘XBRHC(AX,B) < Ccf(dist(A, 0) dist(B, 0)) ™.

Since M — 1 < log, @ + 3, it follows

. . no & e?
dist(A, 0) dist(B,0) > VT M1 > S E N (3.8)
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This implies

- Cct
) = (dist(A, 0) dist(B, 0))*

2s
< C(2p&)’ (g) &

I = 2%

HHC(AXB

25+1/((2y1§1)5N256~')

5 )| the assertion. O
gc

and with ¢ > |1°g(E

Example 3.14. Let k be given by the modified Bessel function of the second kind,

K(z,y) = \/Z}T—xye’yf, see Lemma . In other words, we have s = . At first, we

2
determine the constants C and ¢ in the previous corollary. Combining the asymptotical
smoothness, Lemma and Theorem yields

e =27

2 I, .. : _
/@'HC(AxB) < V2 (2 + ;log q) E(dmt(A, 0) dist(B, 0)) /2.

From the proof of Corollary[3.4] it follows

V2r(2+ 2logq) - 2m./q < 27

44 4a = 3¢’
where the last estimate can be proven inductively. This leads to constants C = 21 and
c= % The approzimation rank has to fulfill ¢ > 2 |log — ===/ to obtain a target
8N2712y16
accuracy €.

Remark 3.15. The generalization of Algorithm [1] and Theorem to other asymp-
totically smooth kernels reads as follows. Let the assumptions of the previous Corollary
be given. Moreover, let the nodes

N>y >...>yn >0 and & >&>...>&v >0

be quasi-uniform and y,,&1 > 0 be fived for all N € N. Since the domains Y and
Q are geometrically decomposed, there are O(QM%) nodes in the near fields Yy, and
Qur. Applying M € O(log &) leads to a constant number (O(¢)) of nodes in the near
fields. We apply direct computations in the near fields Yy, and Q. Of course the
approzimations of the kernel by either zero or one as in Lemma cannot be done
in general and thus we let run { = 1,..., M — 1 in Lemma . We obtain for

f(y) = 301 fir(y, &) an approzimation

}T(y> _ f(y) . R Y € YM;
1 Y ey HT MR (0, 6) + Xg can Y 6) Y € Yin, 1 <m < M.

Algom'thm then takes O(Ne) floating point operations for the exact computations in
the near fields and O(qN + M?q*) operations for the approzimation, see Equation .
Applying q € O(log &) the total compleity is reduced to O(N log & + log* ) floating
point operations.
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3.4 Numerical experiments

The implementation of Algorithm (1] is realized in MATLAB 2013a. We use one node
of an Intel Xeon, 128GByte, 2.2GHz, Scientific Linux release 6.5 (Carbon) for all
numerical experiments.

We draw random uniformly distributed coefficients fk, and frequencies & € [0, N] for
k=1,...,N, and we draw random nodes 0 < yy <yny_1 < -+ <1y < (2¢ —1)log?2,
which ensures y; € [0,log1/e] and M = [log, Nl%l/ﬂ + 1.

We consider the relative error

= w (3.9)
[1£]]2
where f, f € CV denote the exact result and its approximation, respectively, see The-
orem [3.9) Figure [3.4] shows the quantity e; and the corresponding upper bound in
dependence of the approximation rank ¢ = 1,...,20 for a fixed bandwidth N = 24,
In a second series of experiments we compare the computational times, measured by
the MATLAB functions tic and toc, of the naive evaluations and Algorithm [I] with
respect to the increasing problem size N. The theoretical complexity in ({3.6) reduces
to O(N log% + log® % log Nlo%gl/s) for our choice of sampling nodes. For large values of
N, the linear term in N dominates the complexity. Figure [3.5| shows the timings for
the naive matrix vector multiplication using entrywise and rowwise evaluations of the
matrix, both shown as diamonds, and Algorithm [I] is shown as plus. The complexity

of the approximate computation is linearly in the problem size as shown in Figure [3.5
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(a) N = 210, (b) N = 214,

Figure 3.4: Approximation error £; with respect to the local expansion degree ¢ for a
fixed bandwidth N = 20 (left) and N = 2!* (right). The daggers represent
the numerical errors, the solid line the theoretical estimate, cf. Corollary 3.6}
and the dashed line a least square fit ¢y =~ C,C ™9, C' > 4.

10°3 T T T T T T T T 103

Figure 3.5: Behavior of the computational times of the naive computation (diamonds)
and Algorithm [I| (plus) for fixed approximation rank ¢ = 4 (left) and ¢ = 8
(right) with respect to the bandwidth N. The solid lines represents a least
square fit t = C1N? to the times t of the exact computations and the dashed
lines a least square fit ¢t =~ CyN to the times t of the approximations.






Chapter

Butterfly sparse fast Fourier transform

Several applications in numerical analysis, signal processing, and imaging require the
computation of the well known fast Fourier transform (FFT). The FFT is a divide and
conquer algorithm which computes the coefficients of the trigonometric interpolation
polynomial for equispaced interpolation nodes in O(N log N) floating point operations.
The inverse FFT allows for the evaluation of the interpolation polynomial in equispaced
nodes. The evaluation of trigonometric polynomials in nonequispaced nodes led to the
NFFT [12, 11, 5, |48} |15 [33]. Moreover, the NNFFT [15] allows for the evaluation of a
non-harmonic function given by linear combinations of complex exponential functions
at nonequispaced frequencies in nonequispaced spatial nodes. Let now N be large and
a lot of Fourier coefficients be zero, neither the FFT nor its nonequispaced variants
do take any advantage of this sparse setting. One idea to overcome this issue is the
pruned FFT [19] which reduces the complexity for S nonzero Fourier coefficients to
O(N log S) floating point operations instead of O(NS) operations. A straightforward
discretization to higher dimensions leads to a serious growth in computational costs.
In this chapter, we present a fast Fourier transform for certain sparse discretizations.
To be more precise, let the bandwidth N := 2, L € N, and a dimension d € N be
given. Furthermore, we define the spatial and frequency domain X := Q := [0, N]¢,
respectively. We call X = {z; € X : j =1,...,M;} sampling nodes in the spatial
domain and € := {€, € Q: k=1,..., My} sampling nodes in the frequency domain,
where My, My € N. The task is the computation of the sums

Mo
fio=flay) = fre?memN =1 M, (4.1)
k=1
for a set of coefficients fk eC, k=1,..., My, which is equivalent the computation of
the matrix vector product
— Bf o (n2mizsEg, /N M1 M2
f=Ff, F:=(mms/N) 70" (4.2)

where f = (f;);=1,. m, and f = (fk)k:l,...,Mga respectively. We use a so-called butterfly
scheme to approximate nonharmonic exponential sums. This scheme relies on a low
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rank approximation of the kernel function under some admissibility condition. The
butterfly scheme is a multilevel approximation scheme and can be traced back at least
to [42] and has found a series of recent applications in [60, {8, |43} |54} [10]. Moreover, it
is well known that certain blocks of the discrete Fourier transform are approximately
of low rank [38, 57|, [13]. Low rank approximation of high frequency exponential sums
has led to the butterfly sparse fast Fourier transforms |2, |58].

We follow the ideas of [58] and introduce the so called butterfly sparse fast Fourier
transform in the univariate case and afterwards for the multivariate case of the trigono-
metric sum (4.1]). This chapter is based on the authors diploma thesis [41] which treats
a preliminary version of the butterfly fast Fourier transform, and on our paper [35].
Here, we present a local error analysis in Theorem which relies directly on a Taylor
expansion in the complex plane, given in Lemma [4.7] A full error analysis is neither
contained in [58] nor in [42]. Note that a full error analysis is published in [10] for a
butterfly algorithm for the synthetic aperture radar imaging which leads to a general-
ized Fourier sum in the two-dimensional case. The here presented full error analysis,
cf. Theorem {4.22] is more specific and given for all dimensions. Moreover, we present
two different approaches for the computation of local interpolating functions. On the
one hand, we consider the original approach [58], the monomial type representation,
and on the other hand a new variant, the Lagrange type representation. For both
variants, we came up with stability results, cf. Theorems and based on |41}
Satz 43] and [41, Folgerung 58], respectively. In Section we consider the time and
space complexity for all variants.

4.1 The univariate case

First, we consider a local approximation of the kernel via interpolation in Chebyshev
nodes under some admissibility condition. The main idea is to pre-factor out the oscilla-
tory component, interpolate the remaining nonoscillatory part, and finally remodulate
the outcome.

4.1.1 Low rank approximation via interpolation

We introduce function spaces of complex exponential functions. Furthermore, we define
a trigonometric interpolation operator for such complex exponential functions.

Definition 4.1. For bores A, B C R we define the linear space of all finite expansions
of exponential functions

K
Ep(A) = {g: A= Cigla) =) ge®™"/N KeN, g €C, § € B} :
j=1
the equispaced nodes

1
§JB::cB+BjdiamB, where 5j::§_— j=0,....,p—1, (4.3)
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and the subspace with p € N equispaced frequencies

E%(A) {g A—C: g ZgAB 27r1§B:r/N AAB e (C}

Moreover, we define for p € N, p > 2, the trzgonometm'c interpolation operator

L7pAB: C(A) N E%(A), g jABg _ Z ~AB 27r1x§s /N (44)

s=0

such that in the Chebyshev nodes € € RP the interpolation condition

jAB (z) = g(z?) for r=0,....p—1
holds true. Moreover, we call two intervals A, B C R admissible if

diam Adiam B < N (4.5)
holds true.

By the next definition, we introduce an interpolation on an arc in the complex plane
and show later an essential connection between Definition [4.1] and E.2l

Definition 4.2. Let bores A,B C R and p € N, p > 2, be given. Moreover, let the
mapping z: A — C,

;.. diam B

2(z) == e N (4.6)

and the Chebyshev nodes 2" := z(x')mapped on the arc TP := 2(A) be given. Under
the admissible condition in the sense of Inquality (4.5) . the nodes are distinct and we

define the Lagrange polynomials LAB FAB — C as well as the interpolation operator
IAB C’(FAB) — 11, 4(C),

N p—1 5 — zAB
L8 =] =25 (4.7)
J#k
p—1
P = gz LiP. (4.8)
=0

Before we come up with an existence, uniqueness and boundedness theorem of the
trigonometric interpolation, we need the following estimates.

Lemma 4.3. Forpe N, p>3, andz € R, [z| < 75 21 we have
2

cos —~ < cosz, (4.9)

p—1

2
1— 5 < cosx, (4.10)

2 1-—
1 — cos —= (= ) < 2 cosx)7 (4.11)
p—1 272 x?

4 < (2(1—005:&:))1 =0 | (4.12)
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Proof. The first estimate follows since the cosine is decreasing in [0, ]%} C [0, 7] and
even. Integrating cosx < 1 twice yields the second claim. The relations z < tan x for

z €[0,%) and cosz < 0, sinz > 0, x > 0 for x € [F, 7], yield zcosz —sinz < 0 and

by integration
zsinz —2(1 — cosz) <0, z € [0,
Dividing by x3/2, x # 0, together with limx_m f (x) = 0 this yields f'(z) <0 for the

even function f(z) = M and thus f(x = 21 > |z| < .75, which is the third

assertion. Considering = € [—m,0), we have 0 < f(:z: <1, Wthh 1mphes (f(x))z >1
for x € [-m,0) and with L’'Hospitals rule

glogf(x) — 0, for z — 0.

Setting g(z) = £log % and h(z) = log f(z) yields g(0) = h(0), g(r) = h(r), and

1 2
W(z)= ————+ =<0, zel0,7]

1 —cosx a2

Hence, the function h is concave and we obtain h(z) > g(z). Since g is decreasing, this
yields Zh(z) > log % and finally the assertion (f(z)): > % for z € [—m,7]. O

Lemma 4.4. Let p € N, p > 3, two boxes A, B C R be admissible, and the Lagrange
functions I48: A — C,

125(2) = LB (2(x)), r=0,...,p—1, (4.13)
be given. Then, the interpolation (4.4) is unique, has the representation

TP g(w) = 2T HEER)IN N g gy (TR NAB (), (4.14)
r=0

and its operator norm is bounded by

AB | T8 gl cea 2
172 = —r <0, Cpi=K, |14 =logp |, (4.15)

sectanior gl ™

where
p—1
272 ’ 2
K, = , 1<K, <—, lmK,=1. (4.16)
4 p—r00

(1 — CoS p2ﬂ1> (p—1)2

Proof. We set the function values g(z2%) = g(z(z2)) := efQ”i(cBeria;nB)I?/Ng(xf) for
r=20,...,p— 1. The polynomial, which interpolates the points

(A8, 3(z2P) eCxC, r=0,...,p—1,
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is unique and given by

p—1
AB AB 727r1 c By diamB ), A4 /N, AB
g VL. g g(x ) 127 ().
r=0

r=0
Using the monomial basis representation ¢(z)

cients 4P € C yields the assertion since

e27ri(cB+diaTmB)a:/N jAB (z)

p—
E :AAB 2mieBe /N __

s=0

lies in E%(A). Furthermore, we have

max\jAB (z)| = max (2mi(cP e ) I/NZg
z€EA T€EA

p—1

< AB
< llgllea Ia?gj(z: 127 ()

= Z’; (1)924 B 25 with appropriate coeffi-

—27‘(1 B+dlde> A/NZAB( )

Without loss of generality, let now the box B be such that diamAdiamB = N. We

have 77! = ¢4 +  diam A. We define the mapping y: A — [—% 3 2] by
1 4, diam B A
y(o) = (o= o) = TR (g o)
Using
Az(y)) = o (G B Ute ) IR — o 25 o2 BB and
.ty . iam
2 = 2(w(ty/2) = T PG,

we obtain the normalized Lagrange functions [,
are defined by

:[ 202

For a,b € R follows |e* — e7|> = 2 — 2cos(a — b). This yields the relation

P11—COS< - (2y — ))
=0 1—cos< 1(tT—tj)).

JFr

25 (@) = 1l (y))* =

-C,r=0,...,p—

(4.17)

1, which

(4.18)



38 4 Butterfly sparse fast Fourier transform

Since 2y — t; € [—2,2] and t, — t; € [—2,2], we apply Lemma , estimates (4.11)

and (4.10)), to obtain

p o2 (2y — t,)?

<
];0 <1 — cos 2T7T1> (p—1)2 (t, —t;)?
JFT
= 2 —t;\°
=K§H(t —t?) = K (L (2y))".
joo Nr Tl
o

The assertion follows by Lemma m estimate , in

maXZUAB )| <K, max Z|L )| < K, 1+—10gp)

z€A lﬂ

Setting x = ])T7T1 in Lemma H (4.12) finally yields lim,,., K, = 1 and K, < “ . Since

us

(W) - < 1 for z € (0, 7], see also the proof of Lemma , it follows K, > 1. O

We present an error estimate for the interpolation ijB g of a function g € Ep(A) under
the admissibility condition (4.5). Its main ingredient is the following Taylor expansion
of the power function on the unit circle.

Lemma 4.5. Let f, € C(R), pe N, f,(a) := p!|(;“)| = ?;3 lae — j|. 1t follows
(Z) fp—i—l(g + Oz) = fp—&-l(g - a) and

(“) i MaXaefop-1) fp(a) < %p forp>5.
Proof. (i) For p even, it follows

Jp+1 (g + 04)

IIE"@

—|—Oé—j’ H]l+a] H\owl—l\H\owH\
|=— g l_——
£ 5 —1
=la|[Tlae=tla+t=lal [[le=1 ] la—1
=1 =1 =-2

p
= frni (5-0)-
For p odd, we have
» P+l
p p+1 1 . -
o (5+2) =] T‘ﬁ*aﬂ’: II |-+«
J=0 I=—2tl 4
1 -l 1 I
_ p
= |0 — = II l—-§+—a §‘¥Of II l—»§%—a
I=—2tl 41 =1
p=1
1| p 2 1 1
== CY—’§ ‘§'+(l‘ll’l—’§—¥af —l—'E—FQ
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and finally
- 11 T 1
p p— .
fp+1<——04): —+——Oé—j': H [+ - -«
2 ez T2 il 2
-1 pgl
1 1
= H l+§—C¥HZ—|—§—Oé
|=—Pt1 =0
2
D 1 - 1 T
:———a‘-‘——a H [+ - -« Hl—i———a
2 2 i 2 iy 2
p—1
+af Ui I
=lz+a|l-|la—= ——a|l|—l+=-—«
2] 2 2
p—1
D 1] 1 1
:—+a‘-a—— —l—=4al|ll -+«
2 2121 2 2
:fp+1<§+04>-

(ii) We prove by induction. Since the function 4 f5 takes its maximum in

1
a =1 (20 +4/10(15 — \/145)> ~ 0.355567 € [0,p — 1],

it follows

! £.(a) ~ 00302619 < —— 5
— m ~ 0. —— forp=>5.
p! aE[O%X P\ =or.5 P

Furthermore, we have f,11(5 4+ a) = fpr1(5 — ) and [0, 5] C [0,p — 1] for p > 2.
It follows for p + 1,

1 1
— p— a_
(p+1)a€[0p]fp+1( ) p+1 Up p| p|H| j|
pl
< max H! —je 2t L
p—i—lae[of’p' p+127p 27r(p+1)

O
Definition 4.6. We define the principal value of the complex logarithm

Log: C\ (—o0,0] — C,
such that
Log(z) := log|z| +ip, with z = |z]e**, ¢ € (—m, )
and for a € C, the principal value of complex power f: C\ (—o0,0] — C by

f(Z) — Za — eaLogz‘
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Lemma 4.7. Letpe N, p>5 T, :={2 € C:z= e~ 2miz/(p=1) _
a € [0,p — 1], then we have for z € ', the estimate

p—1

(e
=0

with the constant

1 p
cp = — ( t ) . (4.19)
mp \p—1

Proof. The function g : C\ (—o00,0] — C, g(z) := 2%, is holomorphic and can be
represented by its Taylor series at z = 1 in I', for p > 5. Using the estimate (4.10)),

yields
9 9 2 2
212 =2 (1—008 ”1) < ( ml) < (Ll) <1 (4.20)
p— p— p—

and we finally follow the ideas in the proof of [52, Theorem 1]. We set ay, := (—1)*(%).

<z <1} and

1
2 = 2

< ¢

Due to a1 = ’ZH ay, the coefficients a;, have the same sign and this yields |ayy1] < |ag|
for « < p < k. Due to |z — 1| < 1, the series Y ;- (2 — 1)* is absolutely convergent.
Since the binomial series (1 + z)* = >/, ( )a: converges absolutely and uniformly

for « > 0 and = € [—1,1], it follows that the series > ;7 (%) is absolutely convergent
too. Now, we can use Abel summation and obtain

Z;()z—l :;;(k)(z—l) :;pak(l—z)
00 k
= Z(ak — jt1) Z(l - Z)l
k=p l=p
B e
- kzp(k k—l—l) 1_(1_2)
<l 1PS fap — a2 ;f)k“_p‘ (121)

Due to z € I', we finally have

<2z =117 ) |sign(ar)(lax| — lagsa])]

k=p
()l

The assertion follows by applying the estimate (4.20)) and the previous Lemma .
O

= 2|z — 1P|a,| = 2|z — 1}°
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Theorem 4.8. Let p, N € N, p > 5, two bozes A, B C R be admissible in the sense
diam Adiam B < N,

and g € Eg(A), g(x) = 224:21 Gre? /N g e C, k= 1,..., M,, then we have the
error estimate

lg — ijBgHC(A) < (1+ Cp) “Cp - gl

where the constants are given by (4.15) and (4.19), respectively.

Proof. Without loss of generality, let the box B be such that diam Adiam B = N. We
shift and dilate A — [—3,1] and £ : B — [—5, 5] via the map in (4.17) and

202 2
Em E(6) = — (€~ c®) = diam A(¢ — ) (4.22)
' diam B ’ '
respectively. Inserting the maps for z and £ in g yields with g: [-3, 3] — C,
Mo _ _
g(y) — ZngQWiﬁkcA/(NdiamA)e27ri§ky/N’ (423)
k=1

the representation

Mo
(ZL‘) — e?wich/N § gkeZﬂ'ika/(NdiamA) _ eZﬂich/N’V(

g q(y).

k=1

Moreover, the interpolation operator fulfills a similar shift property

%ABQ($) _ e27ricBa:/N\7p§(y)’ jp — \7])7272

Now, we set z: [—1,1] = T, 2 1= z(y) = e #%/("=1)_ Applying = to the interpolation

operator yields

1
2

Tyily) = =" Y G(t/2)(=(t,/2) LR

k=1
and setting h : I') — C,

Mo _ _
h(z) =27 Sy CIEN = Gpe2mEre? /(N diam A) (4.24)
k=1

leads to
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Both mappings leave the error unchanged, i.e.,

max|g(z) — J,'7g()] = max [g(y) — Fg(y)| = max|h(z) — Z,h(=)| .
z€A ye[,%,%] z€lp

We rewrite h(z) = Y202, hy2™ with 1y, == (p — 1)(5 —
h by its truncated Taylor series h, € II,_;(C) at z =

hy(2) = ihkz (Zk) (z — 1) (4.25)

We conclude from the reproduction of polynomials, Z,h, = h,, the boundedness of the
operator norm, cf. proof of Lemma [4.4]

%) € [0,p — 1], and approximate
1,

I1Z, | = sup LA, = 1771 < Gy, (4.26)
Il =1

and Lemma [£.7) the assertion by

max |h(2) = Zyh(2)] < max [h(=) = hy(2)| + max|hy(=) = T,h(z)
zely zelyp

z€l'p
< (L +[|Z[1) max [h(z) — hy(2)]

Mo

<(1+ Cp)cpz |Gk |-

k=1
[l

Remark 4.9. Via the mapping A — [—1,1] — T, see Figure we rewrite the
trigonometric interpolation operator ijB as an polynomial interpolation operator 1L,
i the complex plane by

ricBx —pt
TP g(x) = m N Th(z),

with z and h defined in the proof of the previous theorem. This result gives us a
connection between the trigonometric interpolation in Definition and the complex
polynomial interpolation in Definition [{.9 with an appropriate function h.

Remark 4.10. Let B := [—danB dlanBY pe g centrally located box around the origin

and g € Eg(A). If a Bernstein inequality holds true on a bounded domain of the form

diam B
4.27
N ||9||C(A) ( )

l9'lcw < €
with some constant C > 0, the estimate in Theorem[{.§ can be reduced to

lg — T gllcwy < Dollgllca
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Figure 4.1: The map A — [—

2CP

= =i on See /41, Satz 26]. Moreover, the operatornorm can be

with a constant D, :
bounded by

17,21 < (Dy +1),

see [41, Folgerung 27]. Here, the error can be estimated against the maximum norm
of the function g, whereas the error in Theorem [{.§ is estimated against the 1-norm
of the coefficients of the function g. The estimate against the mazrimum norm is a
stronger statement. But note that for g € Ez(A) a Bernstein inequality (61, p. 104]
has only been proven for A = R. This proof does not allow a restriction on a bounded
domain. The main consequence of Theorem [{.8 is an increase of the operator norm
from a constant to logp depending on the approzimation rank p, which also has to be
expected in the context of interpolation in Chebyshev nodes.

Remark 4.11. In (58], the extremal points t7%*, j = 0,...,p — 1, of the Chebyshev
polynomials T,y were used in space and frequency domain.

In contrast, we use the Chebyshev nodes t;, 7 =0,...,p—1, in the spatial domain and
equispaced nodes By, s = 0,...,p — 1, in the frequency domain. This choice of nodes
assures an explicit representation of the interpolating function ijB g by the trigono-
metric Lagrange functions 22 and finally a local error analysis for two admissible
boxes A, B as in the previous Theorem. An explicit representation for the interpola-
tion in both variables is given in Definition [{.13 From the error estimate given in
the previous Theorem [4.8, we deduce a local error estimate for interpolating in both
variables in Chebyshev nodes, see Corollary[4.13. An estimate for the original variant,
interpolating in both variables in the extremal points can be proven analogously.

We define the interpolation in both variables of the Fourier kernel.

Definition 4.12. Let A,B C [0,00), k: A x B — C, k(z,€) := ¥ /N gnd p € N,
p > 2. We denote by I the identity, then we define the interpolations in one variable
v1a
p—1
(\7pAB ®I)I€(I,£) = eQﬂ‘i(CBJ’»W)x/N Z Ii(l‘f, )ef2wi(53+%)x;4/Nl?B(x>’
r=0

diam A

i A P—l . A A
(T® TP k(x,€) = (T HFDIN N o B)o2mi(+ B2V BA (),

s=0
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and in two variables via

p—1 ¢g—1
(7,7 @ TP k(y, €) = d*P(x,€) [ a)dP (—a, €0V ()! €012 (€),
r=0 s=0
where
dAB((L’ 5) 27r1(<cB+d‘amB)x+( +dia§1A)€)/N‘
We have

(TP @INI® Ty )6(x,€) = (T © T, k(y,€).

Corollary 4.13. Under the conditions and definitions in Theorem[{.§ and for p € N,
p > 5, we have

961 ™\’
|k = (7" © TNk ||CAxB)§9OO (p—l) '

Proof. Applying Theorem [.§] yields
|5 = (77 1) “Hc (AxB) = < (G + 1)
Factorizing the interpolation operator and applying Theorem [4.8] yields

5= (75" © TN coanm < 6= (5P @ L) 6l o p)
+ |5 @ Il [|s — (T @ T,) 6l canpy
< (1T+Cypep + Cp(1+Cp)e, = (1 + Cp)

Let fi, fo: [5,00) = R, fi(p) =1+ %2 + Zlogp and fo(p) := 25./7p, be given. First
of all, we prove

1+ C, < filp) < fa(p). (4.28)

The first inequality follows from the definition of (), see Equation (4.15) and from
K, < ’TIQ, see Equation (4.16). Moreover, we have fi(5) < f2(5). Due to p > 5>, it
1 1
follows 5 < N and finally
i < T VT
2./7p 2\/_

Since f; and f, are continuously differentiable, Inequality (4.28]) follows and this implies

s () ()

filp) =

< fa(p)-




4.1 The univariate case 45

Summarizing, the interpolation in two variables by Chebyshev nodes has nearly the
same convergence behavior as interpolation in the first variable and using equispaced
frequencies.

Regarding the optimality of these error estimates, the following is known.

Remark 4.14. The frequency and time limited Fourier transform

Fo: LP[—=, -] —>L2[—%,%], Fog@) = | fe)e 2™ da,

1
2

fulfills
FoFof(z) = /

2 sinmw(z — y)
r—y

and thus the singular values of Fy are

m\P 1 , (1.06\”
e () = ()

see (57, Lemma 1]. In particular, this best possible approzimation rate would be guaran-
teed when approximating by prolate spheroidal wave functions, cf. [(38], or adaptive cross
approximation with total pivoting, cf. [55]. Corollary implies 0, < (7 /(p — 1))P
and this slower rate cannot be improved by the current proof technique in Lemma [].7
However, note that the numerical observed rate of the interpolatory approximation

matches the optimal one, see Figure .

f(y)dy

1
2

4.1.2 Butterfly algorithm

We present the whole approximation scheme and the corresponding algorithm to com-

pute the sums (4.1).

4.1.2.1 Dyadic decomposition and approximation scheme

For two admissible boxes, see Definition [4.1, Theorem ensures a low rank approxi-
mation of the Fourier kernel x(x, &) = e>™%¢/N via interpolation. We declare admissible
pairs (A, B) C X x € for a convenient decomposition of the domains X and 2. Since
X = Q= 10,2%] a simple way is to decompose the domains dyadically, see Figure .

0 N
° o Jevel / =0.
Xoo
0 N/2 N
° ® o Jevel/=1.
X10 X
0 N/4 N/2 3N/4 N
° ° ° . ® [evel ¢/ =2.
X Xo1 Xoo Xog
0 N/8 N/4 3N/8 N/2 5N/8 3N/4 TN/8 N
Level ¢ = 3.

 ———0 — 06— 00— 00— 06— 00— 00— 0
X3O X31 X32 X33 X34 X35 X36 X37

Figure 4.2: Dyadic decomposition of the spatial domain X.
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The dyadic decomposition is given by

Xom = [N/2m, N/2"(m + 1)) form =0,...,2° 1,

Qpp = [N/2'n,N/2"(n + 1)) forn=0,...,2° -1, (4.29)
for £ = 0,...,L, where the level of the butterfly scheme is denoted by ¢ and the
locations of the boxes by m and n, respectively. Moreover, note that we always in-
clude the point N in the rightmost sets X,y and €5y, £ = 0,..., L. The pairs
(X Qp_p) for m = 0,...,2 =1 and n = 0,...,257% — 1 are admissible, which
is due to diam Xy, diam Q;_,, = 2—]\22L—]\£Z = N. All admissible pairs in the sense of
Inequality of the dyadic decomposition are illustrated for X = ) = [0, 8] in Fig-
ure [£.3] The result of the dyadic decomposition of X and Q is the formation of two

Q Q Q Q

(a) Level £ =0. (b) Level £ = 1. (c) Level £ = 2. (d) Level ¢ = 3.

Figure 4.3: Admissible pairs of X = Q = [0, §].

trees Tx and Tq, where Xoo = X is the root node of Tx and 2yy = €2 is the root node
of the tree To. Let X, N X # 0, m € {0,...,2° — 1}, be a node of the tree Tx.
Then X119y, is connected by an edge to Xy, if Xoi10m N X # (), analogously for
Xot+12m+1. The tree Tq is build up analogously. The complete trees are illustrated in
Figure , , where the tree 7q is represented reverted from the major level
L (the leaf nodes) to the least level 0 (the root node). We define the butterfly graph
as the product of the two trees Tx and 7T, in which all admissible pairs (Xym, Qr—rn)
are nodes in the butterfly graph. The nodes in the butterfly graph are given as combi-
nations of nodes in the ¢-th level of the tree Tx and the (L — ¢)-th level in the tree 7.
An edge {(X&m, Qr_vn), (Xg_i_l’m/,QL,(ngl)’n/)} is set, if and only if (Xy,,, X¢m) and
(Qp—tn, QL—r) are edges in the trees Tx and Tg, respectively. The complete butterfly
graph has L + 1 levels and 2¥ = N nodes in each level, see Figure Note that
neither the trees nor the butterfly graph have to be complete. This depends on the
position of the sampling nodes X and €2. The trees were realized as a recursive data
structure, see Algorithm [2] The data structure includes the level ¢ and the parameter
m of the box Xj,, as well as the set of sons 9, if they exist, as a set of trees. If X, is
a leaf node in the tree, then the index set I of nodes z;, such that x; € X,,,, is stored.
To generate the tree Tx for our setting, we have to call the constructor via

Tx := TREE(X, (1,..., M;),0,0).
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’XOO: QQOHXOO; 921HX00: 922HX00: Q23‘
¢ h— e
’XloiQmHXIO?Qll"XII:QIO")(ll:Qll‘
’XZO: QOOHXH: QOOHXQ%l QOOHXQB,; Q00‘

(b) Q-tree. (c) Butterfly graph.

Figure 4.4: Trees and butterfly graph for N = 4.

Algorithm 2 Constructor tree in 1D

Input:
N=2¢LeN > bandwidth
M, eN > number of sampling nodes
X =A{xy,...,opq} C X > sampling nodes
Ic{1,...,M} > index set
¢e{0,1,...,L} > level
m e {0,1,...,2° -1} > position parameter
function TREE()?, I,N,{,m)
TA:=1(
T.m:=m
if 27/ = N or I = () then
T1:=1
else
for r=0,1do

L:={jel:z; € Xoi19mir}
if [, # ) then

s:=TREE(X, [, 0+ 1,2m +r) > son of data type TREE
T.S:={T.S,s} > set of sons
end if
end for

end if

end function

Output:
T > tree
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Algorithm 3 Butterfly sparse fast Fourier transform in dimension one (BSFFT)

Input:
L ,M,,My,pe N, p>2 N =2
ikE(C,k:L...,MZ,
Q:{ngXik:L...,MQ},
X={z;€eQ:j=1,...,M}.

1. Decompose the space and frequency domain X and €2 dyadically, see Equa-

tion (4.29)).
2. Define the functions f%t»: X — C and the corresponding interpolants
on,OQL,n by
forn=0,...,28 —1do
fore) = Y ferner, (430

53' EQL’nﬁﬁ
X0,090,m . 7X0,00Ln £9r1,
f noe— % nf n.

end for

3. Compute for the levels ¢ = 1,..., L the recursively defined interpolating
functions fXem@r-tn: X, —— C.
for/=1,...,L do
form=0,...,2 —landn=0,...,2"* - 1do

fXZ,mQL—Z,n — pr»mQL*K" |:fX[—1,|_m/2JQL—4+1,2n + fX[—l,Lm/QJQL—l+1,2n+1:|
end for
end for

4. The final approximation fof f € Eq(X) is a composed function of approx-
imating functions from the L-th level and given by

for j=1,...,M; do

end for

Output: N
Approximate function values f(z;), j =1,..., M.
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4.1.2.2 Algorithm

We quote Algorithm , which computes the function values f(x]) as an approximation
to the function values f(z;) for j =1,..., M, f € Eq(X), by traversing the butterfly
scheme, see Figure . We denote Algorithm |3| as butterfly sparse fast Fourier
transform, short BSFF'T, even though the one-dimensional set of nodes has not to be
sparse. Note that the approximate function f: X — C is defined as a decomposed
function by f|x,, = [Xrm®00 € Eq(Xpm) for m = 0,...,2F — 1, see Algorithm
Step [3

4.1.3 Realization

In this section, we discuss how to compute the approximate function fin Algorithm .
The local approximation by means of the interpolation operator needs to be realized
using a basis for the ansatz space E%(A). Subsequently, we discuss a variant of the
original approach [58] which uses a monomial type basis and a new variant which
relies on a Lagrange type basis. While both approaches take approximately the same
amount of computation, the latter is much more stable. Moreover, note that the boxes
of the dyadic decomposition of X and 2 fulfill the relations X,,, C X, |m/2] and
QL_g,n = QL_£+1’2nUQL_[+LQn+1. To shorten notation let A := Xg’m and B = QL—Z,n
for 0 € {1,...,L}, m€{0,...,2° 1}, and n € {0,...,25* —1}. In Step we have
to compute the approximation f42 € Eg(A),

FAB = FA Z FPS (4.31)
SeSp
where
diam B diam B
Sp = {|:CB - T,CB] , |:CB,CB+T:| },

denotes the set of sons, at most two, of the set of frequencies

B_ {cB _ diam B 5 diamB]

,C
2 2

and the interpolation error is small in each of the spatial sets, again at most two,

yE diamA’CA N diam A ’
2 2
which are subsets of their father
diam P, n diam P
R —— i
2 7 2

P .= |:CP

Subsequently, we rely on the admissibility condition diam Adiam B = N and on the
dyadic decomposition which results in diam P diam B = 2N, see Figure for an
illustration of the sets.
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{ glett gright }= Sp

* B
s R SN G

)

P _ wP
2

!

C

o

[ ] |
[ ]

A B

Figure 4.5: Illustration of the spatial set A C P and frequency set B D Sp.

4.1.3.1 Monomial type basis

Let g € Eg(A). The interpolating function ijB gin Deﬁnitionhas a unique solution
in E%(A) and can be represented in a monomial type basis,

—

bS]

ijBg(w _ Q?Be%rigfoc/N
k=0
where the coefficient vector 4% = (QfB )f;(l) € CP is the solution of the interpolation
problem
gl = MABgB  where gt .= (g(x;f‘))f:é, (4.32)

with the interpolation matrix

MAE (emsfzf/N)p_l 7 (4.33)
r,s=0

equally spaced nodes ¢8 € B, and Chebyshev nodes 24 € A, cf. Equation (4.3) and

Equation (2.5). We have

A
eQnigSB /N _ ezm(cB +8s diam B)(cA+% diam A)/N __ eZTricB zd /N oTiBstr eZTricA Bs diam B/N

and using the two diagonal matrices

-1
AB . 1 27icA B, diam B/N \

, Dj .:dlag<e Bs /> .
s=

. . A_B p—1
DfB = diag (e%“’“ ¢ /N>
r=0

the matrix M4Z € CP*P can be factorized as

M*P =D{PGD{P, G = (emr%)" ! (4.34)

r,s=0"

where the matrix G € CP*? is independent of A and B. Applied to Equation (4.31),
this yields

77 = (Dy%) G (D) T, (4.35)
where f48 = (ZSGSB fPS(x;f‘))r;;. Given the coefficients 75 = (fPS)PZ} e C? in
f3(x) = Zi’;é fSPS(327“583‘”/]\77 we compute

£AB _ Z NASFPS  NAS .— (ezmgfm;‘/N>p_1

) =0
SeSp e
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diam B

5 and

Since diam S =

ezmg;f A /N _ e27ri(cs +8s diam 5) (¢ 44 diam A) /N _ 627rics zA /N e5iBstr ezch Bs diam S/N

we have with the two diagonal matrices

. p—1 . . p—1
E1145 — dlag (e%nxch/N) ’ E1245 — dlag <e27rlc’455 dlamS/N> ’
r=0 s=0
the factorization
AS AS AS e (ATt 85\ P
N4 = E{HEZ®, H:= (e )ns:o, (4.36)

where the matrix H € CP*? is independent of A and B. Moreover, note that

&’ —c” = 2

diamS g js the right son of B,

s 5 {—M S is the left son of B,
2

3 cA tr p_l
and we set C4% := (D{8)~1E{¥ = diag (e:Fm(diamAJ”)/Q) . Altogether, this gives
r=0

47 = (D}F)'G Y CHESE, (4.37)
SeSp

where the minus sign is used for the left son and the plus sign for the right son.

4.1.3.2 Lagrange type basis

Our new approach relies more directly on the representation in Equation (4.14]) of
the interpolating function ijB g for a function g € Ep(A). In contrast to the variant
above using the monomial representation, we apply Equation in Equation ([4.31)).
Hence, the functions fF5 € Eg(P), S € Sg, are given by their function values fF%(zF),
r =0,...,p— 1, at the Chebyshev nodes in P and we compute the function values
fAB(x), r=0,...,p— 1, at Chebyshev nodes in A. More detailed, we have

FAP () = 37 (S N G Py (T N S () (4.35)
SeSp s=0

The Lagrange polynomials are given via the mapping (4.6 by

p—1 Ay _ P
1PS (1) = Z(x;) Z(‘”;;) . (4.39)
L @r) @)
J#s
Inserting
A_ oA, b P_ Pt
x, =c +§d1amA and z; =c —i—EdlamP
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and using diam P diam S = N in Equation (4.39)) yields the representation

p=l —2mi(ch—cl 4+ diam A) FERE e*’”%
1 () =
s T/ . ts -t
—mi i

§=0 e "p1 —e TpI
J#s

Furthermore, we have

A4 p {—w A is the left son of P,

2

¢ 7C 7 dima A is the right fP
5 ght son of P,
and finally
((p—1 -zl tr:ll 7W1le
¢ ————— Ais the left son of P,
j:O efﬁlpfl e Trlp T
PS¢, A '
ls ("L‘r) = ;);fi Mkl oy tjl (440)
[ ~————+— Ais the right son of P.
]:O e Tp2T 0771'11771
\ j#s
With the vectors
PS PS(,.P\\P~1 AB AB(, A\\P~1
£ = (f (xr ))r:O , 7= (f (ajr ))r:() )
the diagonal matrices
RS .= diag (e27ﬁ(cs+““‘“§“S)rfc?/fv>p1 SPS .= diag <e2”i(65+““%“)w5/fv>“
r=0 ’ . s=0 ’

and the Lagrange matrix, which depends only on the relation between A and P, whether
A is the left or the right son of P,

L= (IP5Eh)" L, (4.41)

we finally obtain
£47 = ) " RASLASTIES (4.42)

SeSp

Note, that we compute the coefficients f42 of the monomial type basis functions and

the function values f42 for the Lagrange type basis.

4.1.4 Stability

While implementing the original scheme [58], we found that the final accuracy of the
BSFFT is limited far above machine accuracy as numerically shown in Section [£.5] Of
course, the error of the local approximation and thus of the butterfly scheme decreases
rapidly with increasing local expansion degree p - at least in precise arithmetic. On
the other hand, we show subsequently that the condition number of the interpolation
matrix MAZ strongly increases and thus rounding errors take over for larger p. In the
following, we prove a weaker increase of the condition number of the Lagrange matrix
L4 which seems to suffice for a stable BSFFT. Based on Lemmata and [2.14] we
are prepared to prove the following bound on the stability of the local approximation
scheme when the monomial type basis is used.
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Theorem 4.15. Letp € N, p > 3, and boves A := Xy,,, and B := Qp_,,, be given as in
Section[{.1.9 The spectral condition number of the interpolation matriz MAP € CP*»

given in Equation (4.33)) fulfills

P (]%)p_l p>3, (4.43)

T L2 =D\ o
\/;3< - > p >3 and odd. (4.44)

Proof. We use the factorizations M4Z = D{BGD2'B, see Equation (4.34)), and

H(MAB)

t

G =DV, D =diag((e?")’}), V=(5P",, z :=e ™51

r,s=0"

Noting that the norm of all the diagonal matrices and their inverses is equal to one, it
suffices to analyze the Vandermonde matrix V. We have

Vx Ve
Voo sup VX Vel
xeCP\{0} x|l leol2

for the zeroth unit vector ey = (1,0,...,0)" € C? and bound the norm |[V~!||, by a
similar technique. Solving the linear system Vf = e; is equivalent to the polynomial
interpolation problem

p—1
q:C—C, q(2)= Z fsz%, such that ¢(z,) = 0,0 for r=0,...,p—1. (4.45)
s=0

In terms of the Lagrange polynomials to the nodes {z, f;(l), its solution is given by

p_lz Z r 1
_T _ e p—1
q<z)_L0(2>_||z0—zT_<||z0—2T>Z + ...

r=1 r=1

and we consider the leading coefficient f,_; = Hf;} L_ in the monomial expan-

sion (4.45)). Applying Lemma , estimates (4.9) and 1) yields

o+ 1

0— 2" =2 —2cos T Cosl—cos d ™
2 2=-9-29 +
p—1 2p 2p

2 o\ 2
< 2—2cos W1<< 7T).

p—1"\p-1

Hence, we obtain

IV > ||V—1eo||2>|f_1|—ﬁ;> P\
- - Slro—2 T\ 27

and thus the assertion (4.43)).
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For p = 2n + 1, n € N, we consider the linear system Vf = e, with the n-th unit
vector, which is equivalent to the interpolation problem

p—1
q:C—C, q(z) = Zfszs, such that ¢(z,) =0,, forr=0,...,p— 1.
s=0

Noting 2, = 1 and analogously to the above consideration, we have

p—1 p—1
~ Z— 2k _1 1
= Lo(2) = = foa? L o = .
02) = L&) = [[ 772 = e = [[ 5
k=0 k=0
k#n k#n

Using Lemma (4.10) yields

2
s s

1—2>=2—2cos te < {2

| | p—1""(p—12"

and together with Lemma (2.9) in
—1p-1 -1 p—1
-1 p—1\" 2P p—1
V=2 > |fp—1| > (T) | | [t = 7 -

k=0
k#n

the assertion (4.44)). O]

N

The condition number of the matrix N4< in Section can be analyzed in the same
way to yield k(IN4¥) ~ 2P~ 1x(MAP). In contrast to the lower bound on the conditioning
of the original method, we obtain an upper bound for the local approximation scheme
when the Lagrange type basis, cf. Section is used.

Theorem 4.16. Under the assumptions of Theorem[4.15, the spectral condition num-
ber of the Lagrange interpolation matriz L € CP*P given in Equation (4.41) fulfills

. p
R(LA) < K2Y 2p4 4 \2279 Niass (4.46)

Proof. The Lagrange functions (4.40)) are independent of the box A, up to its relation
to the father box P. Setting z, = % F § in Equation (4.40) yields

p—1 1 — cos (ﬁ(tj - xr)>

;;2 1 — cos (z%(tj - ts))

1 @) =

Since x, € [—1,1] and thus t; — z, € [—2,2], we can follow the ideas in the proof of
Lemma [1.4] to obtain the relation

. Kgfﬁ <m - tj>2 = K2 (L))’

T\t —t;
J#s
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Due to Inequality (2.12) in Lemma [2.14} this yields

p—1 p—1 p—1 p—1
LA = 32 3 5P < K337 max 3 (L)) < 20K, (447)
r=0 s=0 r=0 " s=0

In view of the related polynomial interpolation problem on the complex unit circle and
by changing the basis of the Lagrange polynomials /7% to 2% the entries of the inverse
Lagrange matrix can be written as

( t
P=l ri(tp4d)/o-1)  —wigo i
Il ¢ ( ) 35 —— @~ Ais the left son of P,
j:O 677”2(1)71) 7677”72(1771)
(@h™) =seh=37
r,5 p— e—ﬂ'i(tr—j)/(p—l)_e—wim ) '
I1 P T A is the right son of P.
Jj=0 e ™20p-1) —e ™ap-1)

Analogously to the first part of the proof, we set z, = t, + % C [ g, 2] and use
1/4t; — x,/2 € [—1,1] to use again the ideas in proof of Lemma [£.4] Together with
2z, € [—3,3], Inequality (2.14) in Lemma yields
=11 — cos (—”(t—J - x—T)) 347 K2
AS(, P\[2 _ 42 2 2 P

4

iig 1 — cos (pT”l(
Combining Equation (4.47)) and the slightly simpler estimate
—lp 2
oy - S w2508
r=0 s

the assertlon follows by boundmg the spectral norm by the Frobenius norm. Setting
r =% in Lemma E 2) finally yields K2\/ 4 < 6. [l

~+

=~ |m“

4.2 The multivariate case

We develop the method of the multi-dimensional butterfly fast Fourier transform from
the one-dimensional case. We will define the interpolation in the multivariate case via
tensor products and consider the realizations in the monomial and Lagrange type basis.

4.2.1 Interpolation via tensor products

Let the spatial dimension d € N, d > 2, be given. Moreover, let the spatial domain X
and the frequency domain €2 be given with some node sets X and 2 as introduced at
the beginning of this chapter. Let two intervals Dy, Do C R be given. We define the
tensor product of two functions v € C(Dy), v € C(D3) by

(u®v)(z,y) = u(z)o(y).
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For d-dimensional boxes A = Ay X Ay X -+ X Ay, B=B1 X By x---x By, and p € N,
p > 2, we introduce an equispaced multi grid by

g8 = (B, P s, sa€ {0, p—1}, (4.48)

where €8 s, = 0,...,p — 1, are the equispaced nodes in the box B,. Moreover, we

Sy )

define the tensor product spaces

Ep(A) = Ep, (A1) ® -+ @ Ep,(Aq)

= {h:ﬂmEN,u% € Ep,(Ay),...,ul € Eg,(Ag) Withh:Zu}@)---@uf}

1=0

= {h A Cihm) =) he™ N neN, by €C, ¢, € B},
k=0

E5(A) = B (A) © - @ B, (AJ)

- {h:HmEN,u} € B (A1), ... .uf € B}, (Ag) Withhzzu}@)...@ug}
i=0

:{h:A—MC:h(a:)z S by N by sdGQ}-

We extend the definition of the trigonometric interpolation, see Definition |4.1] to higher
dimensions.

Definition 4.17 (Multi-dimensional trigonometric interpolation). Let p € N, p > 2,
be given. Furthermore, let A C X and B C 2 two d-dimensional bozes.

(i) The Chebyshev tensor grid in A is defined by

xd = (x

fll,...,xgd)T, T,y rqa €40,...,p— 1},

where x;f‘y” are the Chebyshev nodes in the box A, .

(ii) To shorten notation we define the shift function d®: A — C by
() oo e

where wP = (diam By, ...,diam Bd)T. Moreover, the interpolation operator
ijB: C(A) — E%(A) for complex valued functions is defined as tensor prod-
uct of the one-dimensional interpolation operators by

(7'79) (x) := <® %A“B”g> () (4.49)

v=1

where & = (x1,...,14) " .
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(iii) We set @1, = (v, 29,...,1q), A := Ay x -+ X Ag, B := By x --- X By,

Y= (22,...,xq) and yg := (22, ..., x04). We denote the identity in one direc-

tion by T and T, := QL. Moreover, we define the trigonometric interpolation
k=1
in one direction

(TP @ Taa) g(@) = AP (21) Y glr,)d™ (—af ISP ()

r=0

and the trigonometric interpolation in the last d — 1 directions by

(Z05)g@) =d"(w) Y glaryd® () []H ).

72,...,rq=0

The interpolation can be written as the composition of the interpolation in the first
coordinate and the interpolation in the last d — 1 coordinates. The operator norm of
the interpolation in the first coordinate is bounded by the Lebesgue constant which
increases logarithmically for increasing approximation rank.

Lemma 4.18. Let p € N, p > 3, and two d-dimensional boxes A C X, B C Q be
given. Forg: A — C, g € C(A), it follows

(L7pA1B1 ®Id—1) (Z@ ijB) g= \ZpABg.
and

TAB @ T,
||ijlBl ®Zy || ;== max I( p d 1>g||C(A) <c,
geC(AMB l9llca)

with C,, giwen by Equation (4.15)).

Proof. Applying the definitions yields the first assertion

p

(TP @ Ty) (dé(y) Z 9($1,yr)d3(_yr)HZQVB%%))

p d

=dP(y) Y (TP @ Ta) 9) (er,ye)d® (—ye) [T 125 (2)

79,...,7g=0 v=2

=d®(y) Y (dBl (x1) Y g(@d)d™ (—afn)i™ (ml)) A% (—y;) [ 1" (20)

r1=0 v=2

Let now g € Ep(A), g(x) = gpe?™&®/N where £, € B and n € N. We set
k=0

x = (z,y)" and vy: Ay = C, vy(z) := g(z,y). The function (F'#* ® I,)g is contin-
uous and has an absolute maximum in A. We choose z* := (z*,y*)" € A such that
(TP @ I,)g has its absolute maximum in *. Hence, it follows

max | (7, © Lo)g(e)| = (7" © Tgle")| = max |70y (@)
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We set &, = (&, m,) " and obtain

n
Uy (l’) _ Z fke27ri£k:c/NeQ7ri'r]ky*/N‘
k=0

Since we have vy« € Ep,, we can apply Equation (4.15) and obtain the assertion

A1By _
max |71 oy (2)] < Gy max vy (2)] = G max g(w).

[]

Theorem 4.19. Let d,p,N € N, p > 5, two bores A, B C R? be admissible in the
sense

diam Adiam B < N,

and g € Ep(A), glx) == > p_ owe®™ /N g, € C, k = 1,..., My, then we have the
error estimate

(14 Cp)(Cd —1)

lg = F Pdllecy < ——g—— - l4lls
p

where the constants are given by Equation (4.15) and Equation (4.19), respectively.

Proof. The assertion follows from Theorem for d = 1. We assume, that the
assertion holds true for a d € N. Inductively, we consider two (d+ 1)-dimensional boxes
A=A X xAgxAgyyand B= By x -+ X By x Bgy1. Weset A= Ay x -+ x Agiq
and B = By X --- x Bgy1. Applying the triangle inequality and extracting the norm of
the interpolation operator yields

lg =T %l = |lo- (G @) (T 77)
= Hg - (*7pAlBl ®Id) ch(A) +

g ez o - (2057)

gHC(A)

gHC(A)'

Choosing the maximal points of ||g — (T 5 ® Z,) g||C(A) and ||g — (Z ® JF) gHC(A)’
respectively, we just have to consider the one- and accordingly the d-dimensional in-
terpolation. By applying Theorem [4.8] it follows

lg = (Z" 7 @ Za) | o0y < L+ Gepllgiln
and due to the induction hypothesis

o~ (ze 2)a, < T
Altogether, the assertion follows with Lemma
(14+Cp)(C—1)

C,—1

- gl

lg = T glloy < O+ Colepllglh + Gy ¢y gl
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4.2.2 Butterfly algorithm

We expand Algorithm [3] to higher dimensions. The dyadic decompositions of the do-
mains X = [0, N]? and Q = [0, N]? are given by

Xg,m = Xg’ml X e X Xg,md, (45())
Qg}n = ngl X e X Q&nd,
where m := (my,...,mg) € Nd with |m|, < 2° and n := (ny,...,ng) € N¢ with
In|j < 2° are the index vectors, which declare the position of the boxes X, and
Yy n, respectively. Each level ¢ has N4 admissible pairs (Xems Qp—rn). Similar to
the one-dimensional case, the result of the dyadic decomposition of X and 2 is the
formation of the trees Tx and 7q, where the root nodes are X and 2. If the box X;m
with ||ml|. < 2¢is a node in the tree Ty, then the child box X, 1 omir, r € {0, 1}, is
a node in the tree Tx if and only if X114 omir NX # (), and it is connected consequently
by an edge to the parent node X;,,. Each node of the tree in level ¢ =1,...,L — 1
has at most 2¢ sons. The tree Ty, is built up analogously. The product of the trees
Tx and T is a butterfly graph, which is built up as in the one-dimensional case, see
the previous Section for more details. The complete butterfly graph has L + 1
levels and N¢ nodes in each level. It must be pointed out that the number of nodes
in the trees and accordingly in the butterfly graph is deendent on the position of the
sampling nodes X and 2. We will see later in Section 4.4} that the computational and
space complexity depends on the position of the samphng nodes. To be more precise
the complexity of the algorithm depends on the number of nonempty boxes. We write
A € Tx, if Ais a node in the tree Tx, analogously for B € 7. The trees are realized as
a recursive data structure, see Algorithm [ which is a generalization of Algorithm [2|
The tree Ty can be generated via the constructor
Tx = TREE()?, (1,...,M),0,0).
We denote the floor function for a vector v € R? by [v] := (lv1],...,|va]). Algo-
rithm [5| is a generalization of Algorithm 3| to higher dimensions. For simplicity of
notation, Algorithm [5| traverses the full butterfly graph. We describe in Section {4.4] the

details of the conditions on the nodes X and €2, that we call the algorithm sparse. We
denote Algorithm [5] short as BSFFT.

4.2.3 Realization

According to the realization in the one-dimensional case, see Section [£.1.3] we consider
the realization in the d-dimensional case in Algorithm [5] Step [3] The boxes in X
and € have the relations Xg’m C Xg_17|_m/2J and QL_g’n = Uke{O,l}d = QL_é’Qn_i_k.
Again, to shorten notation let A := Ay x -+ x Ag = Xym with A; = X;,,, and
B:=Byx---xByj=Qp_4n with B; :=Q_4,, fori=1,...,dand for £ € {1,..., L},
m € N¢ with [[ml, < 2 and n € N¢ with ||n|l. < 257 In Step [3, we have to
compute the approximation f4% € Ep(A) of (4.31)), where now Sp, denotes the set of
sons of the box B; fori=1,...,d and

SBZ:{S:.SlX---XSd2<Sl><'~~XSd)ﬂ§7é@, SlESBl,...,SdESBd}
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Algorithm 4 Constructor tree

Input:

deN > dimension
N=2¢ LeN > bandwidth
M, e N > number of sampling nodes
X =A{xy,....,xp,} C X > sampling nodes
Ic{1,...,M} > index set
te{0,1,...,L} > level
me {0,1,...,2°—1}¢ > position parameter
function TREE()~(, I,N,¢,m)

TA:=1

T.m:=m

if 27 = N or I = () then

TI:=1
else

forr € {0,1}% do
[I‘ = {j € I . X] < X[+172m+r}

if 1., ,, # 0 then
s = TREE()?, I,/ +1,2m +r) > son of data type TREE
T.S:={T.S,s} > set of sons
end if
end for
end if

end function

Output:
T > tree
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Algorithm 5 Butterfly sparse fast Fourier transform in higher dimensions (BSFFT)

Input:
d,L,M;,Ms,p €N, p>2, N =2L
freCik=1,..., My,

Q={& c[0,N]": k=1,..., M},
X={z; €[0,N]?:5=1,..., M}

1. Decompose the space and frequency domain X and €2 dyadically, see Equa-
tion (4.50)).

2. Define the functions f%»: X — C and the corresponding interpolating
functions fX00%L.a by

forn,...,ng=0,...,2F —1do
[y = Y femeN, (4.51)
£j€QL7nﬂﬁ

on,oQL,n — jXO,OQL,anL,n
: s .

end for

3. Compute for the levels ¢ = 1,..., L the recursively defined interpolating
functions fXem@r-en: X, . — C.

for/=1,....L do

for my,...,mg=0,...,2 =1land ny,...,ng=0,...,2"* -1 do
XomQL_tn
fXvaQLffvn =Ty £Lm3cL—t, E fxffl,tm/QjQLfﬁi»l,ZrH»r’ (4'52)
re{0,1}4
end for
end for

4. The final approximation fof f € Eq(X) is a composed function of approx-
imating functions from the L-th level and given by

for j=1,...,M; do

| m= |z;]
f(@;) = fromoo(a)). (4.53)

end for

Output: B
Approximate function values f(x;), j =1,..., M.
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denotes the set of sons, at most 2¢, of the d-dimensional box B and the interpolation
error is small in each of the spatial sets A, again at most 2¢. We denote the father box
of A by P again. We rely on the same admissible condition as in the one-dimensional
case, diam Adiam B = N, and on the result of the dyadic decomposition which results
in diam P diam B = 2N. In this section, we present the calculation rules for computing
the function values of f42. We consider the complexity of these formulas in Section .

4.2.3.1 Monomial type basis

Let g € Ep(A). The interpolation in Definition :4.17 has a unique solution in E%(A).
The interpolation representations (4.54]) and (4.49) are equivalent.

Theorem 4.20 (Monomial representation.). Let p € N, p > 2, and two d-dimensional
boxes A C X, B C () be given. The interpolation ijBg for a function g € C(A) has
the representation

jAB Z gSh y 27ri£st/N’ (454)

815-++,84=0

with €2 given by Equation [@A48)) and with coefficients gAB s, gven by
5AB . AB AB-15AB
g (9817 ,Sd)sh, ,8¢=0,...,p—1 (M ) € (Cp (455)

with the interpolation matrix

d
-1
= ®MA”B“ = <ez’ri§§mf/N>p € (deXpd, and

715y Td;81 500+, 8q=0

d
gAB = (g<mrA)>r1,...,7’d:0,..,,p—1 € cr.
Proof. The assertion follows from Lemma[4.4] for d = 1. We assume that the assertion
holds true for d € N. Inductlvely, let A=Ay x - x Agy1, B= By X -+ X Bygyq,
A Ag X X Ad+1, B = BQ X X Bd+1, and Yy = (ZL’Q, R ,l’d_H). Let g c C(A), we
define for z; € Ay, v, A — C, vxl(y) = g(z1,y). For z; fixed, we have

TP (@) = (TP 0 L) (To TP glany) = (TP © Th) J P, ().

We set the index vectors § = (sg,...,8411), T = (r2,...,7at1), and we declare yf as
the Chebyshev grid in A. Due to the induction hypothesis, the matrix M#Z is regular.
We define the vector of coefficients by

- AB ~AB A A

g (1) = (38 (a0)) = (MAF) Lo,

527"'7Sd+1:07"'7p 1

where vflé = (vm (yf))r2 a0, p1” Applying the induction hypothesis yields
p—1 _
AB ~AB gl
Ty P on (y) = A C

52;--,8d+1=0

= (MAF))gieuy, (yg)e?m e v/ (4.56)

82,--,84+1=0712,....,r1441=0
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Using the interpolation in the first coordinate direction for fixed s,, ..., sqr1 implies

p—1 /p—1 L ..By
jAlBl AAB($1) _ Z (Z((MAlBl)_1)51,r1§sAB(xf11)> e27r1651 z1 /N (4.57)

s1=0 \r1=0

Combining Equation (4.56|) and (4.57) gives the new coefficients

-1
GAB E AlBl ~AB(, A
9817 58d41 M 517?“195 (xrl)
r1=0

p—1

= > (M) (M) s ()

T1yeesTd+1=0
for the interpolating function

AB Z ~AB st 2rieBae/N
‘7 9817 75d+1 7’1 )e ° :

815.++,84=0

We have M5 @ MA? = M4 and (v (y) = g(x). Hence, the assertion follows
1

with Lemma O

We use the same notation as in Theorem and obtain the monomial representation

AB GAB 2mi Ba/N
j § gas. &/ ’

S15.-,84=0

where g48 = (MA8)~1g48  Since M4? = ®i:1 MAB and due to Equation (4.34)
and Lemma we obtain with the matrices D5 D G e CP*? for the
one-dimensional boxes A,, see Section [4.1.3.1, the decomposition

M = (@), D7) (@), G)(®;-, Dy ™).

Combining the previous equation with Equation (4.31]) in the multi-dimensional case,
it follows

P = (6L D )G DL (459
where f48 = D sesy FrE (@)

e d
fPS (fPS)S1, 8q=0,...,p—1 S Cp 5

. Given the coefficients

we compute

~ . p—1
B _ Z NASfPS) NAS .— (e2m§§m;.4/N) _ ®g:1NA,,BL,’

Sesy T1yeesTd;8150++,8q=0
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where N4»Bv € CP*P is the matrix of the one-dimensional case for the one-dimensional
boxes A, and B,, see Section [4.1.3.1,. We set S =51 x --- x Sy for S € S and due to
factorization (4.36)) we finally obtain

P18 = 37 (i B ) (@ H) (i, B S )RS,
SeSp

Using the definition of C4*% for the one-dimensional boxes A, and S, in Section[4.1.3.1
the following relation holds true with CA% := ®@4_, CA»5

4P = (@)1 (D" ) (@51 GT) Y (97, C ) (@) H) (@) Ey*)E™. (4.59)
SeSp

We denote by dQA”B v cAvBr e‘24”5” € CP? the vectors along the diagonal of the diagonal
matrices (D‘;”B”)_l, CAvB . Ef”s” € CP*P_ respectively. Furthermore, we declare the
d-tensors Dy'B, CA5 &85 FPS € CP**P such that

vec Dy = @1_ dy+ P

vecCY = @1_ M5,

vec £ = @4_ edS,

vec FPS = 95
Since ®?_ G = (G, 1)1, ® G ®1I;5)...I;-; ® G™1), we can apply
Lemma and to obtain

FAB — ((Z((E{‘S@ﬁps) x H-- de)QCAS)

SeSp
x1G7Hxg G @ DyP, (4.60)

where we set f48 := vec FAB,

Remark 4.21. (i) We apply Lemmata and in the two-dimensional
case to Equation (4.60) and it reads with 'S = FPS € CP*P gs

FA7 o= 3 (e (e o (H ((es7(e ) ") @ B75) H)

SeSp
4B — vec ((dg‘QBQ(d‘Q“lBl)T) © (G—IFABG—T)) . (4.61)
(ii) Equation (4.58) can be written with tensors as
A8 = vec(((DP @ FAP) x1 G- x4y G™Y) @ DAP), (4.62)

where d‘f‘“B” € C? denote the vector along the diagonal of the diagonal matrix
(Df”B”)_l and the d-tensor DB € CP**? s defined such that

AB __ od Ay By
vec Dy = ®j_,dyv .
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4.2.3.2 Lagrange type basis
Let g € Ep(A). The interpolating function is given by Definition [£.17}

p—1

(7,P9) (@) =d®() D g(= HlA (@

T1y...,72=0

Combining the last equation with Equation (4.31)) we obtain

AB S PS fLSu
P = SRl S e [T

SESB 81,..+,8¢=0

We define the matrices for higher dimensions with the matrices of the one-dimensional
case as defined in Section [4.1.3.2]

R4S = @l RAS, SPS.—@d S§PS  LA.= gl LA

r

fAB — Z RASLAsASfPS — Z (®521RA1/SV)(®§:1LAVSU>(®g:1SPlISU)fPS’
SeSp SeSp

where f48 .= (fAB( ))m, ra=0,...,p—1

S = (f79(x! ))51,...,sd:0,...,p—1 are the function values of the previous level. We de-
AS
r v

with LA .= (15 (.CEA”))f;iO. Altogether, we obtain

are the function values of the current level and

note by s’ v, € CP the vectors along the diagonal of the diagonal matrices
SPS RAS respectively. Moreover, we define the d-tensors S5, RAS, FPS ¢ Crx-xd
by
vec ST = @1_ 5,
vec RS = @d_ rov,
vec FI'% = £S5,
Applying Lemma leads to the representation
=vec( > RO ("0 FM) s LA x, L)) (4.63)
SeSp

The computation in the two-dimensional case reads as follows

fAB = vec (Z (rAgsg(rA1$1>T) O (LAQ ((SP252 (SPlsl)T) 0 FPS> (LAl)T>) _

SeSp

4.3 Error analysis

In contrast to other analysis-based fast algorithms, the butterfly scheme uses a sequence
of approximations and the local expansion degree depends not only on the target
accuracy € > 0 but also mildly on the nonharmonic bandwidth N. This behavior is
illustrated also numerically in Section [4.5.2]
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Theorem 4.22. Let L € N, N =21 X, Q C [0,N]4, and p € N, p > 5, then the
approzimation (4.53|) to the function (4.1) obeys the error estimate

(G + DG — 1)
C,—1
where C,, is given by Equation (4.15)) and ¢, by Equation (4.19)).

Proof. Define for all levels £ = 0, ..., L and the frequency indices n € N, ||n|o < 217,
the local sums

fQLfé,n = Z fke%riﬁkm/N

€,EQL_rnNQ

If = Fllex) < cpll £l

and for the spatial indices m € N¢, ||m||« < 2¢, the error term

Ef,m — Z ||fQL—£,n _ fXE’mQL_e’nHC(Xe,m)?

neNg;|n|loo<2E-¢

which by definition fulfills || f — ﬂ|o(x) = MaXyeNd mo <22 £r,m. Using Theorem i4.19
and the triangle inequality, this quantity can be bounded for the zeroth level by

EO,O — Z ||fQL,n _ ‘%XO,OTL,anL,nHC(XO,O)

neNg; Inl|o <2

C)(C? — .
§(1+OI;)(—T 1)cp Z Z | fi]

neNG;[Injloc <2% €,€Q1 0N

_ (1+ Op)(cg —1)
- C,—1

cpl[£ll-

For ¢ > 0, adding and subtracting the term pXe*mQL*f’“fQH,n yields
Ef,m - Z ||fQL—Z,n — %Xe’mQLfg’anLfé,n_i_

nENg
Injoc<257¢

XemQL—tm
+ jp ¢, L—¢, fQLfl,n _ fXZ,mQLfl,nHC(XLm).
Using the triangle inequality, the first norm can be bounded as for the zeroth level,
and we proceed by applying Equation (4.52)), factoring out the interpolation opera-

tor, using the dyadic decomposition 27_;, = Uk€{071}dQL_g+1’2n+k, and the relation
Xo¢m C Xy—1,|m/2) to obtain

XomQL_tn
Z ||\7p £m3iL -2, fQL—e,n _ fXZ,mQL—Z,nHC(Xé’m)

nENg
oo <25¢
d d C(Xy_q, m))
neNj ke{0,1} 2
l[me]joc <2E7¢

d
< CpEg_le%J.
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Hence, we inductively find for m € N¢, ||m||,, < 2L, the relation

(1+Cp)(Cd—1)

Erm < eollflls + CeEp 1 m)

C,—1
1+C)(Ce—1) . 1+C)(Ce—1) .
< —a 1 —olflh+ G | il + By,

L+ =1 o S
<< o el - Cpe
p n=0

UGG D G -1,
= C,—1 PoCd—1 b

p

which proves the assertion. O

Corollary 4.23. Under the assumptions of Theorem let for given € € (0, 1] the
expansion degree p € N fulfill

p > max{10,2

2
log =€ ,2d(L + 1)} :

then ||f — fllowo < ellE]-

Proof. Direct calculation shows for p > 10 the relation

p> 1+ my/eC,.
Together with p > 2d(L + 1) this yields

p—1_d(L+1)10gC 1
p =

log

\)

™

and multiplication by p > 2|log 2¢| finally gives the bound
cd@+) (T ! < 28
P p—1) =5
Since 1 < K, see Equation .16 we have

2 2
1+ —-logp<C,=K, <1—|——logp)
T ™

and with p > 10 finally

C'p—|—1:1+ 2 <14 T
C,—1 C,—1 log p

5
< -.
— 2

from which the assertion follows by Theorem 4.22] O]
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4.4 Complexity analysis

We consider the complexity of Algorithm (3] and [5[in due consideration of the computa-
tional realizations of Section4.1.3land 4.2.3|to compute the sum (4.1)). The organization
of the sampling nodes X, () is done in a precomputation step, where the trees Tx and
Tq, are computed. Furthermore, we precompute the matrices G=!, H, and L#, since
L4 depends only on the relative position to the parent box P of A, cf. Equation (4.40)).

4.4.1 The univariate case

We start with the univariate Algorithm [3] For the zeroth level in Step [2 the local
sums % in are evaluated at Chebyshev nodes zX, r = 0,...,p — 1, which
takes O(pMs) floating point operations in total. In the monomial type basis approach,
the coefficients £X?¢» for n = 0,...,2" — 1 are computed by Equation ({.35), where
£X2Ln s the vector of function values in the Chebyshev nodes. For St we have
to compute the sums in . We have to apply the interpolation operator for each
level ¢ = 0,...,L and for at most N pairs in each level. A single application via
the monomial type realization or via the Lagrange type realization takes
O(p?) floating point operations. Finally, we evaluate in Step [4| the function f at all
sampling nodes z; € X , which takes O(pM;) floating point operations for the monomial
type representation and for the Lagrange type representation with precomputation of
the Lagrange functions 155 at the evaluation nodes zj € Xpm for s=0,...,p—1.
Without such precomputations, a straightforward evaluation of the Lagrange functions
leads to O(p?M,) floating point operations for this step. Since L = log, N, this sums
up to the total computational costs

o O(p(M;+ M) +p*N log N) with precomputed Lagrange functions or monomials,
o O(pM, + p*(M; + Nlog N)) with directly evaluated Lagrange functions.

Assuming My, My = O(N), a target accuracy € > 0, and setting p = C'log &, cf. Corol-
lary [4.23] finally leads to the total computational costs

O((|loge| +log N)*Nlog N). (4.64)

Compared to [41], we use here the fact that the Lagrange matrices (4.41)) are indepen-
dent of the box A itself but depend only on the position to its father box P. This fact
improves the time complexity by a factor p? for the Lagrange ansatz in the computation

of the sums (4.42]).

4.4.2 The multivariate case

Generalizing to d > 2, we assume that the sets X ,§~2 C [0, N]¢ and their dyadic
subdivisions are sparse in the sense

{meNl:my, ... omg<2'—1, XN Xy # 0} < 02060
{neNling, ... ong<2"C—1, QN QO pm # 0} < €2 DE0D
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for some absolute constant C' > 0. In particular, we set M; = |X| = O(N*!) and
M, = |Q] = O(N4™). The condition above is satisfied if the sets lie on some smooth
(d — 1)-dimensional manifold in [0, N]¢, see also Figure or [58, Fig. 5].  Under

TS
[

(a) £ =0, (b) £=1, (c) £ =2, (d) £=3, (e) £ =4,
1 box. 4 boxes. 8 boxes. 14 boxes. 16 boxes.

Figure 4.6: Example for d = 2. Nonempty boxes of samples on an ellipse.

this sparsity assumption, the number of admissible pairs for which we have to do
computations is O(N?1) in each level of the butterfly scheme. For the zeroth level
in Algorithm |5 Step [2| the local sums f%£» in Equation are evaluated in the
Chebyshev nodes X for r € {0,...,p — 1}4, which takes O(p?M,) floating point oper-
ations. If we use the monomial type basis, we have to compute the coefficients fXn
by Equation . Due to Lemma a single k-mode product of G™! € CP*?
and a d-tensor F € CP**P where the mode k-foldings of F are F,) € Cr <P for
k=1,...,d, takes O(p?*?!) floating point operations. In Step , the sums have
to be computed. Again, we have to apply the interpolation operator for each level
¢=0,...,L and for O(N%1) pairs in each level. A single application via the mono-
mial type realization (4.60) or via the Lagrange type realization takes O(pdt!)
operations. Finally in Step , the evaluation of the function f at all sampling nodes
x; € X takes O(p?M,) floating point operations in all approaches, in case of on-the-fly
evaluations of the Lagrange functions in tensor product form the costs for the evalua-
tion of the Lagrange functions are amortized. In total, this sums up to computational
costs

O(p* (M, + My) + N4 'p™ttiog N). (4.65)

Applying My, My = O(N® 1) and p = Clog g , cf. Corollary , leads to the total
computational costs

O(N%tlog N(|loge| + log N)*™) (4.66)

in Equation . The exponent d+ 1 of the last term can be decreased to d by using
log ¢, < —Cplog p and the techniques in [16]. A similar improvement might be possible
by reducing the p?-dimensional ansatz to one which lives on the (d — 1)-dimensional
manifold. The butterfly algorithm can be parallelized, which reduces the complexity
further, see [44].

4.4.3 Space complexity

Under the same assumptions as in the time complexity analysis, we discuss the space
complexity of the BSFFT, see Algorithms [3] and [5] except the pre-computations in
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Step 1. In each level ¢ € {0,...,L} of the butterfly scheme are N nodes (pairs of
boxes (A, B)) in the univariate case and N9! in the multivariate case. The coefficient
vectors f48 € C?" in the monomial representation or the vectors of function values
f4B ¢ C*" in the Lagrange type realization, see Section [4.1.3 and [4.2.3] are stored.
For all levels the space complexity is given by O(Np) for d = 1 and O(N%!p?) for
d > 2. Furthermore, the function values or coefficients of level £ € {1,... L} are
computed from the coefficients or function values from the previous level ¢ — 1, see
Equations , , for d = 1 and Equations , , for d > 2. Moreover,
the matrices G™', H € CP*P, see Equation (4.34) and Equation (4.36]), are stored in
the monomial type realization. In the Lagrange type realization, the matrices L*, see
Equation are stored for all dimensions. The precomputation of the Lagrange
polynomials evaluated in the samples X needs |)? p| storage. Summing all over, the
space complexity takes O(Np) in the univariate case and O(N¢~!p?) in the multivariate
case.

4.5 Numerical experiments

We use the same hard- and software as described in Section |3.4. The implementation
of the BSFF'T is realized for the dimensions d = 1,2, 3, 4.

4.5.1 Local accuracy and stability

The first three experiments are dedicated to the approximation in one pair of admissible
boxes. Let the nonharmonic bandwidth N = 2%, L = 10, 14, the level [ = 5, and the
boxes A = [0,2!], B = [0,257!] be given. Draw nodes z; € A, j =1,...,M;, M; = N,
and & € B, k=1,..., My, My = N, at random from the uniform distribution and
define the Fourier matrix

: M, M:
L 2mi&g-x; /N 1,42
F .= (e )j:Lk:l .

This matrix is approximately of low rank and we consider the Lagrange and monomial
type expansions from Section [4.1.3]

F:= FA(M*%)"'F? or F:=L*F”

with the auxiliary matrices

. My,p—1 . p—1,M>
A . o2rieBx /N B . omitxd /N
F .z(e & J/) , F .z(e 5’“T/) )
7j=1,5=0 r=0,k=1
My,p—1
B B 1,P
TA. 27mi(cB+%—)x;/N;AB —2ri(cB+e )zA/N
L.—(e (52 ) 127 (xj)e (5427 )t :
Jj=1,r=0

respectively. Due to Lemma 2.1 and Theorem [£.8] we obtain the local error

max
fecM
I£[l1=1

o _ (1+GCy) (7 \’
Ff FfHOO |F = Fllise < (14 Cp)ep - p—1



4.5 Numerical experiments 71

We compare the quantity ||F — F||i_. for both realizations and for the original ap-
proach [58] in Figure The original scheme differs from the variant of the monomial
type basis approach in Section in the choice of interpolation nodes in z! € A,
where we use zeros of Chebyshev polynomials instead of extrema, and in the choice
of the ‘equivalent sources’ £# € B, where we use equidistant points instead of Cheby-
shev extrema. Note, that an explicit representation for the interpolation in Chebyshev
nodes in A and B is given in a Lagrange type basis in Definition and an error esti-
mate is given in Corollary £.13] The original approach, the interpolation in Chebyshev
extremal points in A and B, has the same convergence rate, cf. [53, Chapter 7 and 8|.
In all cases, the error decays exponentially with increasing expansion degree p, as pre-
dicted by Theoremfor the equidistant points £Z € B, see Figure[4.7l However, note
that both monomial type approaches achieve only an accuracy ||F — Fli 0 ~ 1078
and suffer from severe instabilities for values p > 9 which is well predicted by the quan-
tity x(MAB)u, where p ~ 2 - 107'6 denotes the machine precision and x the spectral
condition number bounds, cf. Theorems and The second experiment, cf. Fig-
ure , illustrates the local error |F — F||;_+ of the BSFFT in comparison to the
singular value decomposition of the Fourier matrix F and Ying’s variant, where we use
now a Lagrange type realization for the interpolation in time and frequency domain
in Chebyshev nodes, cf. Definition The third experiment analyzes the stability
of the monomial and the Lagrange type approaches as theoretically discussed in Sec-
tion m Figure shows the growth of the condition numbers of the matrices
MAB LA € CP*P, and their lower and upper bound, see Equations and ,

respectively.

+ 1

I I I 1 I I I I I I I I I I I 1 I I I I I I I I
3 4 5 6 7 8 9 10 11 12 13 14 15 16 3 4 5 6 7 8 9 10 11 12 13 14 15 16
p p

(a) N =219 and ¢ = 5. (b) N =2 and ¢ = 5.

Figure 4.7: Relative error ||F — F||1_ with respect to the local expansion degree p
for the realization via Lagrange functions (plus), via monomials with equi-
spaced frequencies (diamonds), and via monomials with Chebyshev extrema
(circle). The theoretical estimate of Theorem [4.8| (solid line) and the quan-
tity k(M4P)p (dash-dot line) are illustrated, where p ~ 2 - 1071¢ denotes
the machine precision.
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4 5 6 7 8 9 10 11 12 13 14 15 16
P

(a) Local approximation errors. (b) Condition numbers x(MAB) and x(L4)
with their bounds.

Figure 4.8: Figure illustrates the £2.-approximation error (daggers) of the trigono-
metric interpolation, see Definition[4.1] the /2-approximation error of Ying’s
variant |58] (circle) using interpolation in both variables in Chebyshev nodes
via representation of Definition together with its normalized theoret-
ical upper bound (solid line) given in Corollary for My = My = N,
and the singular values (triangles), representing the best approximation
in this case, together with the lower bound of Remark (dashed line).
Figure illustrates the condition number of the Vandermonde ma-
trix M48 € CP*? (diamonds) with their lower bounds (dotted line)
and (4.44) (dashed line), and the Lagrange matrix L4 € CP*? (plus) with
their upper bound (4.46]) (solid line) with respect to the local expansion
degree p.

4.5.2 Accuracy

Regarding the accuracy of the whole algorithm, we draw coefficients
A 11 1 1.
E _— —_— =
fk [ 272]X[ 272]17
at random from the uniform distribution and consider the relative error as defined in
Equation ({3.9)),
=l _ (G DG 1)
[Raira— Cp—1 8

kzl,...,MQ,

where f € CM denotes the function values f(x;) to evaluate the sums (4.1) and its
approximation f = (f(=x;))j=1,..m, cf. Equation (4.53). For d = 1,2,3 we choose

random sampling nodes X and © from the uniform distribution. We set M, =1 for
d =1 and M; = N9 ! otherwise. In particular we choose the nodes on ellipses for
d = 2 and on ellipsoids for d = 3. For d = 4, we choose equispaced nodes on a

three-dimensional hyperplane.
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We compare the quantity £, and the upper bound from Theorem [4.22] for the monomial
and the Lagrange type realization in Figure (top). In these two tests for different
parameters N as well as further experiments for d = 2, d = 3, and d = 4, the total
error decays exponentially with p but is again limited for the monomial type realization,
cf. Figures 1.9 and [4.10] In all cases, a least squares fit reveals a numerical error decay
g1~ C'-167P, where the constant C' seems to depend neither on d nor L.
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Figure 4.9: Relative error €; with respect to the local expansion degree p for the re-
alization via Lagrange functions (diamonds) with a least squares fit of the
Lagrange type data (dotted line), via the monomials (plus) and the upper
bound of Theorem (solid line) for d = 1, 2.

Our second experiment touches the question whether the error really increases for
increasing nonharmonic bandwidth as predicted by Corollary 4.23} i.e., e; = C,q/N.

While randomly drawn coefficients fik € C, as in the previous test, do not show this
increase, using constant coefficients f, = 1 support a weak increase

deL = de 10g2 N,
cf. Figure [{.11]

g1 =
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Figure 4.10: Relative error £; with respect to the local expansion degree p for the

realization via Lagrange functions (diamonds) with a least squares fit of
the Lagrange type data (dotted line), via the monomials (plus) and the
upper bound of Theorem m (solid line) for d = 3, 4.
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Figure 4.11: The relative error ;1 for p =5,6,7,8,9 (plus, circle, asterisk, cross, right-
pointing triangle) with respect to the nonharmonic bandwidth L and the
constant % - 107% (dashed line).

4.5.3 Computational times

Finally, we compare the computational times, measured by the MATLAB functions tic
and toc, of the naive evaluation (4.1)) and Algorithm [3|or [5| for fixed spatial dimensions
d = 1,2,3,4, fixed local expansion degrees p = 4,8, and with respect to increasing
nonharmonic bandwidth N. We draw coefficients f; € [—3,3] x [—3,3]i and source
and target nodes &, x; € [0,N]4, k=1,..., My, j =1,..., M, at random from the
uniform distribution (on the submanifold). As discussed in Section [4.1.3{and {4.2.3] we
consider three realizations of the interpolation operator, the monomial type basis and
the Lagrange type basis with and without pre-computations of the Lagrange functions
at the final evaluation nodes. We compare these approximate variants with the naive

computation of sums (4.1]) given by Algorithm []

Figure [4.12] shows the measured times for d = 1,2 and M; = M, = N sampling
nodes &, x; € [0, N], where the nodes lie on ellipses for d = 2 as described in the
previous section. The break even with the naive method occurs at N = 32 for d = 1,
and N = 1024 for d = 2. For d = 1, we see some increase for a larger local expansion
degree p = 8 when no precomputation is done. Figure [4.13| gives the results for d = 3,4
with M; = M, = N% ! sampling nodes on spheres and hyperplanes, respectively. As
already mentioned in Section [£.4] the precomputation of the Lagrange functions in the
last step of the algorithm does not gain any improvement here, cf. Figure[d.12] Finally,
note that the break even with the naive algorithm occurs at a suitable problem size
but a further reduction in absolute computing time is necessary for real applications.

In the next experiment, we compare the NNFFT (nonequispaced fast Fourier transform
in time and frequency domain), see [15, 48] with the BSFFT. After some shifts, the
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Algorithm 6 Naive Algorithm for Fourier transforms.

Input:
d,L,M;,My,p €N, p>2 N=2L
ikEC,k:L...,MQ,

Q:{éke 0,N]¢:k=1,..., My},
X={x; €[0,N]?:j=1,...,My}.

fj:(],j:l,...,Ml
for j=1,...,M; do
for k=1,...,M, do
= £ + etV f,
end for
end for

Output:
Function values f; :== f(z;), j =1,..., M.

NNFFT computes approximate sums of the form

Mo
'U,($]) :Z,&kQQﬂ'igkmj/N fOrj = 17__,7M1,
k=1

where N € N denotes the bandwidth and x;, &, € |0, N]%. This is for d = 1 the same
as computing a butterfly transform ([£.I). Computing a NNFFT takes O(N%log N)
floating point operations. The NNFFT does not account the sparsity of the sampling
nodes like the BSFFT. We compare the running times of both algorithms for d = 1, 2,
which are illustrated in Figure £.14] Both algorithms, the NNFFT and BSFFT are of
order O(N log N) for d = 1 but the constant of the NNFFT is much smaller than the
constant of the BSFFT. The BSFFT takes O(N log N) floating point operations in the
two-dimensional case for sampling nodes on a smooth curve whereas the NNFFT takes
O(N?log N) floating point operations. Figure illustrates the computational
times for d = 2 and sampling nodes on ellipses. Since the constant of the BSFFT
is large we obtain a break even for N = 2!3. Note that during the NNFFT an FFT
for d = 2 of size N x N is performed. Hence, the NNFFT requires a high amount
of memory, which makes the NNFF'T not applicable in comparison to the BSFFT for
large sparse data sets X and ).
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L L L L L L L L L L
2122 23 24 25 26 27 28 29 210 211 212

Figure 4.12: Computational time of the butterfly (nonsparse) FFT with respect to the
nonharmonic bandwidth and problem size N = M; = M, via Lagrange
type without pre-computations (plus), with pre-computations (circle), via
Monomial type (diamonds) representation and the exact naive variant
(asterisk) for d =1, 2.



78 4 Butterfly sparse fast Fourier transform

(a) d=3,p=4. (b)d=3,p=38.

Figure 4.13: Computational time of the BSFF'T with respect to the nonharmonic band-
width N and problem sizes M; = M, = N%! via Lagrange type without
pre-computations (plus), with pre-computations (circle), via Monomial
type representation (diamonds) and the exact naive variant (asterisk) for
d=3,4.
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L L L L L L L L L L L L L L L L L L L L L L L
22 23 24 25 26 27 28 29 210 211 212 213 214 22 23 24 25 26 27 28 29 210 211 212 213 214
N N

(a)d=1 (b) d =2

Figure 4.14: Computational times of the BSFFT for approximation rank p = 8 (right-
pointing triangle), the NNFFT (circle) and the naive computation (as-
terisk) for the dimensions d = 1,2 with respect to the problem sizes
My = Ms; = N.

4.5.4 Vibrating string problem as a simple application

There are several applications in modern imaging, where Fast Fourier transforms play
an important role. For example in photo acoustic tomography, where spherical means
are a suitable model for the solution of the three-dimensional wave equatiom. For
example, in [24] 23] the authors use a four-dimensional BSFFT to compute spherical
means of three-dimensional objects, see [24, Algorithm 2]. An application is also given
in [58] by a scatterd solution of the Helmholtz-Equation. For simplicity, we treat a
one-dimensional example, the one-dimensional wave equation. The solution of the one-
dimensional wave equation can be computed by applying a two-dimensional BSFFT.
We are looking for a function u : [0,1] x [0, 7] — R, u € C?([0, 1] x [0, T]), which fulfills

the wave equation with initial values
Otu(z,t) = 20%u(x,t) (4.67)
u(z,0) = f(z), dyu(x,0) =0, for x € [0,1],

where ¢ > 0 denotes a density constant and f € C([0, 1]). This problem is also known as
vibrating string problem. For this simple one-dimensional situation, it can be proven,
that the solution is given explicitly by

1
u(z,t) = 3 (flx+ect)+ f(x—ct)).
Moreover, the solution can be expressed as a series.

Lemma 4.24. Let f: [0,1] — R, f € C*([0,1]), a 1-periodic function with Fourier
coefficients

ce(f) ::/0 f(z)e? kg ke Z.
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The solution of (4.67)) is unique and given by
1 2ri(z+ct)k 2ri(xz—ct)k
u(x,t)zﬁgck(n (e2miletelk 4 g2mile—ctik) (4.68)

The series is absolutely and uniformly convergent.
Proof. See |7, section 7.1.3] for a proof. ]

We truncate the series (4.68)) after N summands. Moreover, we approximate the Fourier
coefficients cx(f) by the discrete Fourier coefficients fy,

N—

1
Ck(f) _ %/f(x)e%rikxdx ~ % Z (%) efZﬂikn/N —. fk;
0

i.e. we compute approximatively the integral with the trapezoidal rule. Let ¢ = 1, an
approximation of the series (4.68]) is given by

N/2 1

Z f Q2K(r+) o 2mikE—0)) (g 1), (4.69)

k— N/2

The function g: [0,1]* — C can be reformulated as

N/2—1
Z f ( 2mi(k,k) (z,t) T _i_eQﬂi(k,fk)(x,t)T)
k_ N/2
21
— le—wi(awf)(NﬁN)T Z fk <627Ti(x,t)~(k+N/2,k+N/2) + eQwi(m,t)-(k—i—N/Q,—k-i—N/Q)).
2 N
2
Let
x:= N(x,t) € [O,N]Q,
e . N . N ) N N
= {£ = (&,&) € [O,N]Z:&:j—l—?, 52::|:j—|—5 for j :—5,...,5—1},

¢ N
A {Zf(gj)l—];a for (§;)1 = 3,
95 =

f(gj)l N otherwise

and finally we obtain a two-dimensional BSFFT

1 . .
g(a;) — §e*7”w‘(N:N)/N Z gje%nw-ﬁj/N.
£,€Q

For an example, we choose a function f: R — R,

f(x) = (1_4($_%)> for x € 10,1)

0 otherwise.
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We consider the 1-periodic continuation f of f ,

= Z f (x +7r) with Fourier coefficients
reZ

8 for k=0
Ck(f)={15 o .

— 57 Otherwise.

o
Since Y 1%4 = &5, the Fourier coefficients obey ¢ (f) € ¢',

k=1
1 00
81 8 16
kezzlck(f)!—k;m 4k4 Z 4/<;4 —;;y+ﬁ—1—5'

Hence, the Fourier series of f converges absolutely and uniformly to f. Let N = 2%,
L € N, and M = 1024 be fixed. We want to compute the solution of the one-
dimensional wave equation for a fixed spatial point z; = % at different times t; = ﬁ
fori=20,...,M — 1. We have to compute the discrete Fourier coefficients fecCh of
f:=(f(j/N))j=o...n-1. Due to the periodicity of the coefficients fk = fHTN, r € 7,

we have

g = (fN/27 <o 7fAN717fA07 .- '7fN/2—1)T-

The spatial and frequency nodes, the test function, the exact solution and the approx-
imate solution by applying the BSFFT are illustrated in Figure 4.15 The absolute
error _max |u(z, t;) — g(x4, ;)| is listed in Table [4.1| for different bandwidths N and

approﬁrﬁétion ranks p. On one hand, the error depends on the parameter N in the
truncation, cf. Equation (4.69)), and on the other hand on the approximation rank p in
the BSFFT. Table and Figure [4.16| illustrate this dependence of the absolute error
on N and p.
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Figure 4.15: Sampling nodes, test function and an approximate solution for the wave
equation for N = 32, M = 50, and p = 4.
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_ max 1|u(xl

b)) = g, t5)]

32

9.1611 -
8.0644 -
3.3804 -
3.3623 -

1072
1074
107
107

256

1.2123 -
1.4154 -
8.1478 -
7.9908 -

1071
1073
1076

4096

O J T W O JUtlw [© ot w i)

1.1892 -
1.5176 -
9.0309 -
3.4970 -

Table 4.1: Absolute errors of the approximate solution computed with the two-
dimensional BSFF'T of the wave equation for different pairs N, p, and a
fixed number M = 1024 of spatial nodes.
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Figure 4.16: Absolute error of the approximate solution computed with the two-
dimensional BSFFT of the wave equation for a fixed number M = 1024
of spatial nodes for the bandwidths N = 32 (solid), N = 256 (dotted),

N = 4096 (dashed) in dependence of the approximation rank p.






Chapter

Fast Fourier transform for
nonequispaced complex nodes

The BSFFT neither allows for an evaluation in complex nodes nor for complex fre-
quencies. This issue has been already studied in [1] which allows for the computation
of exponential sums where the complex evaluation nodes lie in a small strip around the
real line. Here, we present two methods for the computation of sums

Mo
Jy = Flwy) = 3 fue?mrs (5.1)
k=1

for j =1,..., My with & € [0, N] and w; € C. One method is a generalization of the
BSFFT which also allows for complex evaluation nodes in a strip around the real line.
The second method is based on a combination of the Laplace transform, see Section [3.2]
with fast Fourier transforms, i.e., the NFFT, NNFFT, or BSFFT. The first question is,
which restrictions on the complex spatial nodes w; € C are needed, to obtain a good
low rank approximation of the kernel function x(w,§) := e2miwe/N

5.1 Generalization of the butterfly scheme to complex
nodes in a strip

A first idea for the computation of the sum is to expand the Definition
for boxes D C C instead of A C R, where D is a small strip around the real line,
which depends on the approximation rank. The following results were obtained in the
supervised Bachelor-Thesis [20]. At first, we generalize Lemma for complex values
in a sector of an annulus to obtain a low rank approximation of the kernel x on a small
strip around the real line.

Lemma 5.1. Letp > 5, pe N, a € [0,p — 1],

i 11] p-1 1 1
D, = {—5, 5} X 1 o {log(l — ]—)),log(l - 5) , (5.2)
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and fp = Z(Dp), z(y) = e_%i%, where the map z assigns the complex strip Dp to a
sector on an annulus, see Figure[5.1. It follows

1

L /a
<k> (z — 1)’“
k=0
where

e (G5) () 5)

Proof. Let y € D, and z = z(y) € T, then we have

o -
A < G,

27i

‘Z J— 1 ‘2 — ‘epfl (1 Im(y)+Re(y))| S ’e;%ll maxyeé Im(y)e;%ll maxyeé Re(y) ’

1\ _ .= 2 1\? 1 T
=|{1+—-Jert -1 =|14+-] =214 —)cos +1
p p D p—1
T 1 1
= 2(1 — cos 1+—)+—.
( p—1)< p) P

The value, which maximizes max, . |z — 1| is denoted by 2 in Figure . Applying
Equation (4.10]) yields

)  \’ 1 1
lz -1 < | — I+- )+ .
p—1 P P

The rest of the proof is similar to the one of Lemma Using |z| > 1 — 117 in
Equation (4.21)) and applying Lemma yields the assertion. O]

ie

|
N|— @

o
N[ —

Figure 5.1: The map l~)p — fp.

We extend Definition .1 and [£.2] to a complex strip D. For simplicity of notation, we
use the same symbols for the extended operators.
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Definition 5.2. For bozes D C C, D = A xiC, A, B,C C R, we define the linear
space of all finite expansions of exponential functions

Eg(D) = {g D—C:yg(x Zg e?m&T/N [ e N, g; € C, §J€B}

7=1

and the subspace with p € N equispaced frequencies

Ey(D) = {g Do Cigle ZAAB oy Qj‘BeC}.

Moreover, we define for p € N, p > 2, the trigonometric interpolation operator

p—1
TP CD) > BHD), g TP = g (5.4)
such that in the Chebyshev nodes x{* the interpolation condition JPPg(xft) = g(x')

forr=20,...,p—1 holds true.

Definition 5.3. Let boxes D = A xiC, A,B,C C R, and p € N, p > 2, be given.
Moreover, let the mapping z: D — C,

diam B

= (5.5)

—2miz

z(z):=e

and the Chebyshev nodes ZDB = z(:EA) mapped on the arc FDB = z(D) be given. Under
the admissibility condztzon in the sense of Inequality . for A and B, the nodes are
distinct and we extend the Lagrange polynomials in Equation to EkDB: D — C
and the interpolation operator to ZPP: C(IPP) — 11,1 (C),

- Pl o —2PB
DB(_DB
LYP(PP) =] DB _JzDB7 (5.6)
j=0 "k J
#k
IPPG = Z g(zPP)LP". (5.7)

Theorem 5.4. Let p, N € N, p > 5, A, B C R admissible be given. Moreover, let

-1 1 1
D, :=Ax idiamAp— {log (1 — —) , log <1 + —)] ,
2m p P

g € Eg(D,), g(x) :== 224221 gpe?™i&ka/N g e C, k=1,..., M, be given. Then we have
the error estimate

||9 - «%DPBQHC(DP) S (1 + ||Ip||)ép||g||1v

where the constant ¢, is given by Equation (5.3) and ip = Ié)p[fN/zN/Q} with

1Zll = sup N Zphlle,) = 1Tl = 1.
heC(l)
||h||c(fp):1
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Proof. The proof is analogue to the proof of Theorem 1.8 We dilate and shift the
interval D), — D, and B + [~N/2, N/2| via the maps (4.17) and (4.22)), respectively.
Let g: D, — C defined as in (4.23). We have

jprBg(x) _ eZwicBm/N%’g*(y)’ T, = ‘Z)Dp[—N/Q,N/ﬂ'
With the same arguments and the function A : fp — C, as defined in (4.24)), we obtain
~ _p-lz
Tpg(y) =z 7 Lh(z).

Moreover, the interpolation obeys

max |g(z) — T P g(x)| = max [g(y) — T,9(y)| = max
z€Dyp y€Dp z€ly

Since z € f‘p implies 1 — % <|zl <1+ ;lw we conclude ﬁ <1- 2 <1 and finally

1
p

max |g(x) = FP P g(w)| < max|h(z) - Lh(:)] .

z€Dp z€lp

Using the truncated Taylor expansion h, : fp — C of h, cf. (4.25), and applying
Lemma [5.1} we conclude the assertion

max |h(z) — Z,h(2)] < max|h(z) — hy(2)] + max

zelp zelp z€lp

< (L+ L) max |h(z) = ()]

hy(2) = Loh(2)|

< (L+ IZ Dz lglls-
The inequality

sup | Lhllor,) 2 1|
heC(Tp)
Hth(fp):l

follows from Equation (4.26)) by an appropriate constant continuation of the function A
to I',. Moreover, Z,, is a polynomial interpolation operator and reproduces polynomials
up to a degree p — 1. Let h: ') = C, ||h||cr,) = 1, the assertion follows since

1Zoll = 1 Zphll e,y = lIBller,) = 1.
0

Remark 5.5. One aspect, why we do not pursue that idea is that we can only compute
the sum (B.1) forw; € X, where X = [0, N] x iNE2-1 [log(l — %), log(1 + %)} is a small

strip around the real line depending on the approximation rank p. Let the nonharmonic
bandwidth N = 2, L = 10, the level ¢ = 5 and bozes

o 1 1
D = 10,29 x i2'—— |log(1 — =), log(1 + = B=102°
[0,2°] x i - og( p), og( +p>1 and 0,2,
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be given. Draw nodes a; € [0,2] and §; € B, k=1,...,1024, at random from the uni-
form distribution. Moreover, we choose equispaced points by, € [log(l — —) log(1 + )]
k=1,...,20, and set the spatial nodes

- 2
X = {aj+iQZ z

The relative error ||F — F|1o0 is illustrated in Figure |5.2(a), where F denotes the
ezact matriz and F the approximate matriz as described in Section |_4_| This figure
Wllustrates that the error decreases up to an approrimation rank p = 15, where the
relative error is 107°. This slowly decreasing behavior for p < 15 and increasing effect
forp > 16 might be due to the behavior of the interpolation operator norm ||fp|| Let g €
C(T,) with g(z0) = 1 and g(z;) =0 forj=1,...,p—1 and l9lle,) =1, then the norm

of the interpolation operator obeys ||Z,|| > prch(fp) = max,cp ]j)OD”[_N/Q’N/Q}(z)L
This maximal value is illustrated in Figure in dependence on p, where the line
represents the maximal value and the dashed line represents the increasing behavior
C' - 1.13977 with some constant C > 0. Note, that Theorem[5.4] does not give an upper
bound on the interpolation operator norm and thus we have no guarantee for a small
local error.

Sbetj=1,...,1024, k;:1,...,20}.

p 10°
10°
3 102
_1
', *
* 1
10"
*
10°
*
*
*
- 100
107 .
*
- *
- 101
107 . .
. L
B S S S S RS 1072 —_—
3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 0 10 20 30 40 50 60 70 80
P p
i F ; e . ~D,[~N/2,N/2
(a) Relative error |F — F||1 00 in an admissi- (b) Maximal value of |L} p[-N/2,N/ ](Z)|
ble box.

[-N/2,N/2] (2)

Figure 5.2: Relative Error and maximal value of \EODP | for increasing ap-

proximation rank p.
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5.2 Combining Laplace and Fourier transforms

Another idea to compute the sum is a pointwise combination of Fourier trans-
forms, i.e. the FFT, NFFT, NNFFT, or the BSFFT, and the Laplace transform from
Chapterl Let the nonharmonic bandwidth N = 2% L € N, the domains X, Q = [0, N]
and sampling sets X Q as in the butterfly setting, see the beginning of Chapter , be
given. Furthermore, let Y := ={y; eR:j=1,...,M;, 0<ynm <---<uy1}. We
denote the complex spatial nodes by 7 = {w; € (C twj =T+ i%yj cg=1,...,M}.
We present a method to compute for & € 52, k=1,...,M,, and w; € Z,
jg=1,..., M;. We write

e27Ti”LUj/N — e2ﬂi$j/Ne—yj

and note that the summation (5.1]) is a matrix vector multiplication with the matrix
C=F0oK,

where F denotes the Fourier matrix given by (4.2) and K the Laplace matrix (3.2
with s (y, ) = e ¥¢. We have the following result when approximating the factors as in
the previous sections.

Lemma 5.6. Let ¢ € (0,1) and the Fourier and the Laplace matrixz be approximated
by

IF—Flliooe < =, K =K|150 <

Wl ™
OJI(T)

then
IFOK —F O K| <.

Proof. The estimate simply follows from
Flhooe =1, [1K[hseo = 1K = Koo + Kl < 1+ g

and
FOK-FOK=Fo(K-K)+(F-F) oK
Applying the norm || - ||1— 0, the triangle inequality and the rule

A © Bl = max | A Byy| < max| Ay max [Bi| = A1 Bl

for matrices A, B € CM*M2 tyice yields the assertion.
]

Note that F in Lemma [5.6| could be any Fourier matrix, for example the Fourier matrix
of the FFT, NFFT or NNFFT approach.

We use the hierarchical decomposition of the discrete Laplace transform and realize
matrix vector products with matrix blocks by the following technique.
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Lemma 5.7. By slight abuse of notation, let K = (ki ;)21 = LYK (LQ)T denote

a single matriz block of the Laplace matriz, where LY € R™>4 KY® ¢ R4 and

L® e R™*, and F = (fi ;)72 the associated block of the Fourier matriz, then
FOK)f= (LY © (F diag(F)L® (KY’Q)T)> 1,

where 1 := (1,...,1)T € RY,

..........

K=1"-1-(1%)". Hence (F O K)ij = fiki; = I} fi,;§ implies

i=1 i=1

and finally
(FoK)E = (1Y © (A diag(F)1? (KKQ)U) 1

This implies the result since

K =L'K" (19 = Eq: 1 (i}m)T,

r=1
where 1Y and 12 denote the columns of LY and L (KKQ)T, respectively. O

Theorem 5.8. Let N, My, M, € N with My, My = O(N), ¢ > 0, w; € Z for
j=1,...,M;, f € CY¥, and f := Cf with

_ (A 2miwi& /N\M1, M2 ¢ 2miz i€ /N —y;&\M1,M2
C = (em™ )j,kﬂ = (eTHItk TV )j,k:l

be given. Algorithm[7 takes
N 1 N N 1
@) (Nlog N log 0 log —> or QO (N log N log? — log i log —>
£ 5 5 £ 5

floating point operations using the NNFFT or the BSFFT, respectively. Its output
f € CM: fulfills the error estimate

If = Flloo < el|E]l1-

Proof. We write all nodes w in the form w = z + i%y € Z for the whole proof. We use
the decomposition of the frequency nodes and the spatial nodes in dyadic intervals €2y,
Y, tbm=1,..., M, ctf. Definition of the Laplace transform. The decomposition
of Y induces a decomposition of the nodes {z; : j=1,...,N} = Upm=1,..mXm, where
Xy = {x; 1 y; € Y, }. Accordingly, we denote restrictions of the Fourier matrix, the
Fourier coefficients, and the result vector by superscripts with these sets. Due to

Lemma , we set

P .= P00,
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Let y € Yy, m=1,...,M —1and ¥ C Q. We denote by f¥: C — C the function
f¥(w) = nge\l, fre?™we /N Note that for y € Y,, the function f can be split in the
sums

flw) = ¥ (w) + f72(w) + [ (w),

where ¥, := Ug<ngg, U, = Uf;neng, and Y3 = Ug>Lng. Since & € Yy,
implies | 1 (w)| < ¢||f||, by applying Lemma, i.e., f¥(w;) can be approximated
by zero. Regarding the most interesting part of the approximation, the computation
of f¥2(w;). The decomposition of K in yields

- M—-1,Ln,
F oK = (FY% o L (1))

m=1,0=Cm,

For notational simplicity, we apply Lemma [5.7] to one block row m and two (artificial)
block columns £ = 0,1, Uy := y U2y, in

(FXm,Qg ® LY KYm S (LQO)T FXmh ® LYK Ym.{h (LQl)T) f“l’2
= (L @ B (diag %) L% (K %) ") 1
+ <LYm ® FXm 2 (dlag fQI) LQl KYm Q1 >

diag £% ) L% (KYm %

LYm @ FX'nu\IjQ
diag £ ) Lo (KYn

)
)T

Now, the error estimate is a straightforward consequence of Lemma [5.6l The com-
plexity estimate follows when considering the dominant computation in the second
last line H = ... in Algorithm . We have M = O(log ¥ =2) steps in the outer
loop and ¢ = O(log %) right hand sides for the multiphcatlon with the approximate

Fourier matrix F, whose computational needs are given below (4.64) for the BSFFT
and O(N log N) for the NNFFT, see [15]. O

For abbreviation, we denote Algorithm [7]as XFLT (fast Fourier transform for complex
evaluation nodes).

5.2.1 Evaluation of polynomials in the unit disk

An application for the computation of sums of the form (5.1)) is the evaluation of
generalized polynomials f : C — C,

Mo .
2) = fir® (5.8)
k=1

at nodes z; € Z :=={z € C: |z| <1}, 7 =1,..., M, and for exponents ¢, € [1, N],
N € N, where we exclude the nonpositive real axis Re (z;) < 0 for noninteger exponents
&x. We write

z=eYe?e/N 4 c0,00), z €[0,N). (5.9)
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Algorithm 7 Fast Fourier transform for complex evaluation nodes (XFLT).

Input:
€ (0,1) > target accuracy
NeN > number of sampling nodes
Q > nodes in frequency domain
Z > nodes in spatial domain
f e > Fourier coefficients
Output:
feCM f~Cf
M = [log NyMlW > number of decompositions
q= f +log, 1/¢] > approximation rank, Laplace transform
f:=0

fYM — FYIVI ,Qf

for/=1,...,M —1do
e = <diagfm> L% g Clulxq

end for
form=1,...,.M —1do
U= U, S

fYm — FXm V§V

U= Uﬁ:zng

H = FXm? (Fm (KYm,m)T> € ClXmlxa
b=l ... L,

frm =+ (L 0 H) 1
end for

Due to & > 1 the condition |z;| < e implies immediately |f(z;)| < ¢ and y; < log®
for all j = 1,..., M;. We collect the associated nodes Z° := {z; € C : |z;| < £} and
set the result £ € CV, restricted to these nodes, to zero. Now write all nodes in polar
form (5.9), where we can assume 0 < yy < ... <y < log % Furthermore, we denote
by VY and X° the associated nodes of the polar form of z; € Z° The only parts

which change in Algorithm are the parameter M = {log2 Nlo%gl/ﬂ + 1 and that the

appropriate nodes x; and y; of z; € Z° have to be excluded in the sets Y,, and X, in
the algorithm. In other words, we have to replace Y,, by ¥;, \ Y? and X,,, by X,,, \ X°
forallm=1,... , M.

Remark 5.9. Note that [1] suggests a fast algorithm for the multiplication with C
when the nodes z; are close to the unit circle. Regarding generalizations, we get a fast
algorithm for the multiplication with the adjoint matriz C* simply using the adjoint
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algorithms for the matrices K and A. In particular, this allows to evaluate g : C — C,

N
9(&) =Y 4%
j=1

at nodes &, € [I,N], k = 1,...,N, and for given z; € Z = {z € C : |z| < 1}
and coefficients g; € C efficiently. Possible applications include the fast evaluation of
certain special functions when approximated as in [6] on the real line. The most general
case with kernel

olEHin(@+y) _ o o—byi(ne+Ey)

allows for efficient treatment when (&,m) as well as (x,y) sample a smooth contour in
C and are in appropriate ranges. Then the last term leads to a 2d sparse FFT [58, |35]
and we might apply the pointwise product idea twice.

5.3 Numerical experiments

We use the same hard- and software as described in Section[3.4l Again, we draw random
uniformly distributed coefficients f;, € [—3, 3]x[—2, 3]i, and sampling nodes z; € [0, N]
for k=1,..., N, and we draw random nodes 0 < yy < yy_1 < --- <y < (2¢—1)log2
which ensures y; € [0,logl/e] and M = [log, Nlo%‘l/ﬂ + 1. Figure compares
the relative error €1 of Algorithm [7| for uniformly distributed frequencies & € [0, N|,
k=1,...,N, and for equispaced frequencies { = 1,..., N, see Section [5.2.1]

The error of the NFFT is given by
- 4m —V2mm
IF — Fllise < gpze” ™ (Vim +m),

where m = [q/3] denotes the approximation rank of the NFFT, see [33, page 11].
We use the default settings of the NFFT toolbox, where the Kaiser-Bessel functions
are used as ansatz functions. The error of the NNFFT can also be bounded for this
ansatz, cf. the error estimate [14, Satz 3.3] for the ansatz with Gauflkernels. For the
combination of the Laplace transform with the BSFFT, we choose the approximation
rank of the butterfly approach p = [£] + 3.

Since ||F|lio0o = 1 and due to Lemmata [5.6) and [3.8] we obtain an error bound for an

arbitrary Fourier transform
IFOK —FOK| 10 <2720+ (14 272)|F — F|| 100 (5.10)

The computational times of Algorithm [7] are shown in Figure 5.4} It illustrates the
combination of the Laplace transform with the BSFFT and with the NFFT or NNFFT.
In both cases all approximate algorithms have a complexity O(N log V). But still, the
constant of the BSFF'T is very large.
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Figure 5.4: Behavior of the computational times for fixed approximation rank ¢ = 4
with respect to the bandwidth N, the BSFFT (plus) with a least squares fit
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squares fit CN? (line) and the NFFT (asterisk) with a least squares fit
CNlog N (dotted line), respectively.
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In our last experiments we compare [1, Algorithm 2], stated here as Algorithm 8] with
Algorithm [7| for the NFFT case. Note that the presented algorithms in [1] allows for
complex spatial and frequency nodes. These algorithms are based on a combination of
convolutions and computing FFTs. Algorithm [8 computes for a bandwidth N € 2N,
a fixed real parameter A > 1, the complex nodes z; = e%e ™% j =1,..., M;, with
|a;| < 4 b, € [~1/2,1/2], approximations u; to the sums

uj = Z 2", forj=1,..., M. (5.11)

The error of this algorithm is bounded by [[u — Ul < |[[u—1lj; < ||4]j1(2¢ + o(¢))
for the target accuracy ¢, cf. [1, Theorem 2]. Note that the restriction on the nodes a;
implies a restriction to the absolute values of the complex nodes A~V/N < |z;| < AV,
This allows for the computation of the sums via Algorithm only in a concentric
band with inner radius A~Y/Y and outer radius A¥". In other words, the sum ([5.11))
is equivalent to compute with

a; 1. logA logA
w]:bj—liE[—l/Z,l/z]X%[_ N ) N ]7

(5.12)

which describes only a small strip in the complex plane around the real line.
Defining g := fre™* and applying some shifts to (5.1]) in the settings of Algorithm
leads to

N _ N/2-1 N
kae—yjke%ixjk/zv _ e—yj(N/2+1)e—27ri(%—%])(%+1) Z §k+%+1e—yjke—2ﬂ'i(%—ﬁj)k.
k=1 k=—N/2

Since z; € [0, N] yields (5 — %) € [~1/2,1/2] and a; := —y; with the previous restric-
tion and positive values 0 < y; < ngVA, the last sum can be computed by Algorithm .

This restriction on the real part of the transform allows for the evaluation of sums
Dok sz]k for z; € C in a small strip above the real line.

We use the oversampling parameter v = 2 in Algorithm [§| for all numerical experi-
ments. In a first experiment, we compare the theoretical accuracy € of the algorithms
against the numerical error ; for fixed bandwidth N = 1024 and a fixed parameter
y1 = log A/N. We draw coefficients f), € [—1, 3] x[—3, 3]i and source nodes &; € [0, N],
y; €0, IOJ%A], j=1,...,N, at random from the uniform distribution. Figure [5.5(shows
€ & €1 up to machine precision.

In a second experiment, we choose N = 1024 and ¢ = 1078, We compare the com-
putational times of the naive evaluation , which should be constant for fixed NNV,
and Algorithm [7] and Algorithm [§] with respect to the increasing width A = 10™ and
m e {10k : k= 1,...,20} of the real part. We draw coefficients f), € [—3, 3] x [—3,3]i
and source nodes &; € [0, N], y; € [0, %}, j=1,...,N, at random from the uniform
distribution. Furthermore, the unequally Spaced Fast Laplace Transform (USFLT) is
getting unstable, in the sense that we obtain an accuracy £; > 1078 of Algorithm [§] for

values A > 107 which implies y; > 0.1574, see Figure [5.5(b)|
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Algorithm 8 Unequally Spaced Fast Laplace Transform (USFLT) (|1, Algorithm 2]).

Input:
€ (0,1) > target accuracy
veNwv>2 > oversampling parameter
A>1 > maximal exponential growth
N € 2N > bandwidth parameter
{bj:j=1,..., M} € [-1/2,1/2]* > complex part of spatial nodes
{aj:j=1,..., M} € [-184 LeAl, > real part of spatial nodes
i€ C* > Fourier coefficients
Output:
~ - - . s k—2miz ko M1,N/2—1
u:= (7))L, € CV, i~ Ci with C = (e%F2 Jk)jzll,k:—N/Q
o= —21,]\2115@1—1) log A + log(l/e)—VN2 oy
2 - a
a(t) = \/gefr(tfzg)a
Pa(v) = e Ho*tav > modulated Gaussian
= %\/ plog T 4 £ Zivg + (12%\;2)2 ~ %long}v/e) > threshold parameter
J1), it < T :
@5 = 2a(t), 7] . > thresholded modulated Gaussian
0, otherwise.
M = [vNT,]
N N
forﬁz—g,...,g—l do
9= 50
end for
fork:—”év,...”év—ldo
kl
Gy = VN l]\i/QNl/Q gie~ N > computed via FFT of length v N
end for
fork——T—M,...,%—i—M—ldo
Grpon ik <=2
Hy =< Gpoyy if k>4
Gy otherwise
end for
for j=1,...,M; do
~ vNb; |+M
= S High, (s~ by)

end for
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Figure 5.5: The relative error ¢, is illustrated for the NFFT variant (diamond) and the
USFLT (circle) for A = 1000, y; = log A/N, with respect to the target
accuracy parameter ¢ (solid line) in Figure and for the fixed target
accuracy ¢ = 1078 with respect to y; := ‘%22 in Figure both for a
fixed bandwidth N = 1024.
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(a) Computational times with respect to y;. (b) Computational times with respect to N.

Figure 5.6: The behaviour ot the computational times for the NFFT variant (diamond),
the USFLT (circle) and the naive computation (asterisk) is illustrated for
a fixed bandwidth N = 1024 and ¢ = 10~® with respect to y; := lova.
Figure m and for a fixed parameter A = 1000, y; := IOJgVA with respect
to the problem size N in Figure .

Due to the dependence of the summation parameter M on A, cf. Algorithm [§, the
computational times of the USFLT increases for increasing values A whereas the NFFT
variant is nearly constant as the naive exact computation, see Figure[5.6(a)l For a fixed
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parameter A = 1000 and thus for a shrinking interval Y = [0, y1], y1 = lojg\,A, the USFLT
and the NFFT approach have the same complexity rate N log N, whereat the NFFT

approach has a larger preconstant, see. Figure [5.6(b)|






Chapter

Software library

The implementation of the algorithms presented in the previous chapters was an es-
sential part of this thesis. All algorithms were implemented as a MATLAB toolbox
called XFFT (eXtended fast Fourier transform). The toolbox consists of the butterfly
transforms (Algorithm[3} [5), the Laplace transform (Algorithm I]), and the Fast Fourier
transform for nonequispaced complex nodes (Algorithm @ We give a short overview,
how to use this toolbox. For readers who are not familiar with the class concept it
is recommended to study the corresponding section of the MATLAB help, labeled as
Object-Oriented Programming. The current release version XFFT 1.0 of the toolbox
is available at http://sines.de.

under the GNU General Public License version 3 as published by the Free Software
Foundation [18].

6.1 Butterfly sparse fast Fourier transform

The butterfly sparse Fourier transform is implemented for the dimensions d = 1, 2, 3, 4.
The XFFT class consists of the main classes @sparse FFT1D for d = 1, @sparse FFT2D
for d = 2, @sparse FFT3D for d = 3, and @sparse FFT4D for d = 4. To shorten
notation, we write sparse _FFT#D, where the * can be chosen as 1,2,3,4. There are some
classes called @treelD, @tree2D, @tree3D, and @treedD, which generate the trees of
the dyadic decompositions of the domains X and 2, see Algorithms[2and[dl Note that
the user must not call the tree-classes by oneself. The @sparse FFT*D generates the
tree automatically in a pre-computation step. The user has to set the properties N, MX,
MOmega, p, and option given in Table [6.1] Here MX and MOmega are the spatial and
frequency nodes X and 2, respectively. Moreover, the user has to ensure that the input
data fulfill the range conditions listed in Table because there is no check for wrong
input data implemented. If we want to choose a higher approximation rank p > 6 we
should use for option the property ’Ltb’ or ’Ltb*’, because these variants are more
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stable, see Section for details. Then we create an object of class @sparse _FFT*D,
plan = sparse FFT % D(MX, MOmega, p, N, option).

Afterwards we have to set the coefficient vector fhat = ( fk)kzl w, € CM2X1 and can

compute the sums f := (f (:1:]))?4:11 in (4.1) approximatively by Algorithm (3| and ,

respectively, by applying

f = mtimes(plan, fhat).

All available properties and methods of an object can be listed with the MATLAB
functions properties and methods,

properties(obj) or methods(obj),
and documentation is provided by the MATLAB help and doc commands, for example

help sparse FFT1D or doc sparse FFT1D.

Property | Range Description

N N =2 L € N | domain parameter

MX 0, N]Mixd sampling nodes X
MOmega [0, N]Maxd sampling nodes €2

p peN local expansion degree
option see Table

Table 6.1: Properties of the class sparse FFT+D for each dimension d = 1,2, 3,4 and
their default values.

option | Description

’Mtb’ | monomial-type basis, see Sections [4.1.3.1)and 4.2.3.1
’Ltb’> | Lagrange-type basis, see Sections (4.1.3.2] and [4.2.3.2|
’Ltbx’ | Lagrange-type basis with pre-computation of the polynomials in MX.

Table 6.2: Possible types for the property option of the class sparse FFT.

Remark 6.1. In the implementation of the algorithms for d = 2,3,4 all matrices,
which are defined as Kronecker products in Section were defined as Kronecker
products in reversed order. In this thesis we used for simplicity of notation for example
MAB — ®g:1 MABr - see Sectionfor more details. We have with two appro-
priate permutation matrices Q,P € {0, 1}depd the relation for the reversed ordering
PMA5Q = ®§:1 MAd-vi1Ba—vir see [17 page 26].



6.2 Fast Fourier transform for complex evaluation nodes 103

6.2 Fast Fourier transform for complex evaluation
nodes

The XFFT class consists of the main class @XFLT, which includes the fast Laplace
transform, Algorithm [I} to compute

Mo
=) S =1, M. (LT)
k=1

Furthermore, it includes Algorithm [7 the Fast Fourier transform for nonequispaced
complex nodes, to compute sums of the form

N-1

fi=> fre?RiNemwih =0, N -1, (FFLT)
k=0
N

fj = Z kaQﬂ-ikIj/Neiyjk? ] = 17 ce 7M17 (NFLT)
k=1
Mo

fi= ) fretmmNemute =1 M, ((BSFLT) or (NNFLT))
k=1

For more details, we refer the reader to the previous chapters. The first input parameter
will set the form of the transform, (FLT), (NFLT), (BSFLT) or (NNFLT). The possible
transforms are listed in Table [6.3

transform, Ftype | Description

LT Laplace transform

’FFLT’ fast Fourier Laplace transform

’NFLT’ nonequispaced fast Fourier Laplace transform

’BSFLT’ butterfly sparse fast Fourier Laplace transform

’NNFLT’ nonequispaced fast Fourier Laplace transform in spatial

and frequency domain

Table 6.3: Possible transforms.

For each transform, the following values have to be set. First, the user has to set
sampling nodes MY= (yi,...,ya,) € [0,00)™ in ascending order. Furthermore, the
user can choose between the target accuracy e or the approximation rank ¢ of the
Laplace transform. Finally the sampling nodes MOmega= (&1, ..., &) € [0,00)*2 has
to be set in ascending order, too. For the Laplace transform, you can initialize the
plan for fixed target accuracy epsilon by

plan=XFLT(’LT’,MY, ’accuracy’,epsilon, ’MOmega’ ,MOmega)
or for a fixed approximation rank gq by

plan=XFLT(’LT’,MY, ’rank’,q, ’MOmega’ ,MOmega).
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The computation of f = (f;);=1,. a, is done by the function call
f=mtimes(plan,fhat),

where fhat = (fk)kzl,m,MQ. For the NFLT and NNFLT the NFFT software library is
needed, see [33] and

http://www-user.tu-chemnitz.de/~potts/nfft/.

For an arbitrary plan, the ’Ftype’ have to been choosen by possible values listed
in Table [6.3] Moreover, the optional input arguments varargin are listed for each
transformation in Table [6.4] The plan can be initialized by

plan=XFLT (Ftype,MY,option,value,varargin),

where option has to be set as >rank’ or ’accuracy’ with the appropriate value q € N
or epsilon € (0, 1), respectively.

Ftype Ftype | Property Range Description
LT ’MOmega’ (&1, )" € [0, NJM2 | frequency nodes
51 < e < €M2
FFLT everything is automati-
cally set
NFLT N NeN length of the NFFT
MX? (zo,...,xn_1)" €[0, N]V | spatial nodes
’1ibdir’ path NFFT library directory
BSFLT N’ N=2LLeN domain parameter
MX? (z1,...,2a)" € [0, N]* | spatial nodes
’MOmega’ (&1,...,&,)" €10, N]M2 | sampling nodes in fre-
quency domain
§1 < <&,
’BSFFTrank’ | pe N local expansion degree
NFFLT N’ N=2LeN domain parameter
‘MX° (z1,...,2a,)" €10, N]M | spatial nodes
’MOmega’ (&1, &) " € [0, N]M2 | frequency nodes
§1 < <&y
’1ibdir’ path NFFT library directory

Table 6.4: Properties of the class XFLT and their default values.
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Chapter

Conclusion

In this thesis, we treated the computation of transforms with asymptotically smooth
and oscillatory kernels. Recently, the butterfly approximation scheme and hierarchical
approximations have been proposed for the efficient computation of integral transforms
with oscillatory and with asymptotically smooth kernels.

In the first part of this thesis, we summarized and slightly improved the fast discrete
Laplace transform [46] in a modern form including a generalization to asymptotically
smooth kernels.

The second part of this thesis concerns the butterfly approximation scheme, which has
been used for the development of a fast Fourier transform for sparse data |2, |58] which
takes O(N?!log Np?tl) floating point operations for d > 2, M; = M, = O(N41),
well distributed sampling sets Q, X on smooth (d — 1)-dimensional manifolds, and a
local expansion degree p € N. We presented a rigorous error analysis of this algorithm,
showing that the local expansion degree grows at most as p ~ |loge| + log N and
thus gave a complexity estimate for the scheme. Moreover, we showed theoretically
as well as numerically that the original approach becomes numerically unstable if a
large local expansion degree is used. We developed a stable variant by representing all
approximations in a Lagrange type basis. One drawback of the butterfly sparse fast
Fourier transform is a very huge pre-constant in the complexity. A further reduction in
absolute computing time is necessary for real applications. A possible solution might
be the parallelization of the butterfly scheme as done in [44].

Finally, we combined the Laplace transform with the Fourier transform in a purely
algebraic fashion where we used the decomposition of the Laplace transform explicitly
and a small number of generalized fast Fourier transforms as black box. This allows
for a fast Fourier transform with nonequispaced nodes in the upper half plane. In this
situation, the butterfly Fourier transform could be replaced by the nonequispaced fast
Fourier transform which is both asymptotically as well as with respect to actual com-
putation times faster. The Laplace transform as well as the fast Fourier transform for
complex spatial nodes are presented in the univariate case but they can be generalized
in a straightforward manner with tensor decompositions. The here presented algorithm
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is applicable for the evaluation of polynomials at many complex nodes in the unit disc,
whereas the algorithm presented in [1] allows only the evaluation of complex nodes
z in a small annulus A~YY < |z| < AYN, where N describes the polynomial degree
and A > 1. Furthermore, our idea will also lead to a Fourier transform for samples
X and €2, both on a smooth contour in C with appropriate ranges for the spatial and
frequency domain, see Remark [5.9] This issue is not treated in detail in this thesis and
remains subject to future work.
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Nomenclature

Abbreviations

BSFFT Butterfly sparse fast Fourier transform

FFT Fast Fourier transform

NFFT Nonequispaced fast Fourier transform

NNFFT Nonequispaced fast Fourier transform in space and frequency domain
USFLT Unequally spaced fast Laplace transform

XFFT Extended Fast Fourier transform

XFLT Fast Fourier transform for complex spatial nodes

Symbols

AT Transposed Matrix, page 8

A,  k-mode matricization of a tensor A, page 11
C Complex numbers, page 7

C(D) Space of continuous functions on D, page 7
c*  center of the box (interval) A, page 8

C™)(D) Space of m-times continuously differentiable functions, page 7

C, C, =K, (1 + %logp), page 36

1 s P
Cp Cp = 7p (ﬁ) , page 40
0r,;  Kronecker delta, page 8
diag v Diagonal matrix with diagonal v, page 8

diam Diameter, page 8



112 Nomenclature

dist  Distance, page 8
on Partial derivative, page 7
€1 Relative error of the approximation vector, page 30

Eg(A) Space of all finite expansions of exponential functions g: A — C with frequen-
cies in B for dimension d = 1, page 34

E%(A) Space of all finite expansions of exponential functions g: A — C with p equis-
paced frequencies in B for dimension d = 1, page 35

Eg(A) Space of all finite expansions of exponential functions g: A — C with frequen-
cies in B for all dimensions, page 56

E%(A) Space of all finite expansions of exponential functions g: A — C with p equis-
paced frequencies in B for all dimensions d, page 56

fr, £ k-th coefficient, coefficient vector

f, f Function values f and the corresponding approximation f by the Laplace- or
butterfly sparse Fourier transform

f, f Function f and the approximation fby the Laplace- or butterfly sparse Fourier
transform

f™ m-th derivative of f, page 8
I, Sector of complex arc, page 40
F]’;‘B Sector of complex arc, page 35

(T2 @ D)k(y, €), (T®IP)k(y,&) Interpolation polynomial of degree p—1 in one vari-
able of kK : A x B — R in Chebyshev nodes in A or B respectively, page 22

I;‘ f Interpolation polynomial of f in the Chebyshev nodes in A of degree p — 1,
page 15

745 Interpolation operator ZF : C(T'2#) — II,_(C), page 35

I(;‘XB k(y,&) Interpolation polynomial of degree p — 1 in two variables K : A x B — R
in Chebyshev nodes in A and B, page 22

I, Identity matrix of dimension k X k, page 12
11 N N

-1 -8

Tp Interpolation operator 7, , page 41
.7pAB Trigonometric interpolation operator, page 35
k(A) Condition number in the spectral norm of the matrix A

k(z,€) Kernel function k: X x Q@ — R
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KY»% Matrix with entries of the evaluated kernel function in nodes Y,, and ,, page 23
p—1
2

_ o2 B
Kp Kp - ((100552)@1)2) , page 36

l Level of the dyadic decomposition, page 46

r Sequence space, page 8
Uy, L, Lower and upper summation indices in the Laplace transform, page 23
LYn L% Lagrange matrices, page 23

Z;jB Lagrange polynomials to the nodes z]AB, page 35

4B Trigonometric Lagrange function, page 36

Ls, L? s-th Lagrange polynomial to the Chebyshev nodes in [—1,1] or A, page 15

Lo k-th Lagrange polynomial to the nodes x, page 13

N Natural numbers, page 7

Ny Natural numbers with 0, page 7

N Bandwidth, page 33

O, o Landau notation, page 9

Q Sampling nodes in the frequency domain, page 33

%, n-th box in the /-th dyadic decomposition of €2, page 46

Q Domain or Frequency domain

Q,,  Geometrical decompositions of 2 in the Laplace transform, page 23

IT,(K;, Ks) Space of all polynomials mapping from K; to K, of degree at most p, page 7
Real numbers, page 7

R*  Positive real numbers with 0, page 7

rank Rank of a matrix, page 8

a conjugate transpose vector, page 8

a transpose vector, page 8

Tx  Tree of the dyadic decomposition of X, page 46

t j-th Chebyshev nodes or Chebyshev nodes as vector, page 14

@ Local extrema nodes of Chebyshev polynomial, page 14



Nomenclature

vec

vec

p-th Chebyshev polynomial, page 14

Chebyshev polynomial of the second kind, page 14
Vectorization of a matrix, page 9

Vectorization of a tensor, page 11

Nodal polynomial to the nodes @, page 13

Sampling nodes in spatial domain, page 33
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