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1 Introduction

1.1 Problem definition

This thesis deals with unimodular covers and triangulations of lattice poly-
topes. It centers around the following problem definition: Provide a good
bound ¢, such that for all d-dimensional lattice polytopes and ¢ > ¢,
all multiples cP admit a unimodular cover.

In [8] Knudsen and Mumford showed that for every lattice polytope P
there exists a number cp such that cp P admits a unimodular triangulation.
One might ask if this result can be generalized. Is there a number c; only
depending on the dimension of the lattice polytope P such that the multiples
c¢P admit a unimodular triangulation for all d-dimensional lattice polytopes
P and all ¢ > ¢;?

In [5] Bruns, Gubeladze and Trung showed in a very elegant and sim-
ple way that — if we restrict ourselves to unimodular covers — there exists a
number ¢ for every lattice polytope P C R? such that P admits a uni-
modular cover for all ¢ > /. In [3] Bruns and Gubeladze even proved that
this number only depends on the dimension d. More precisely, they deduced
that there exists a number cZOl such that for all lattice polytopes P C R the
multiples ¢P admit a unimodular cover for all ¢ > cZOl. Furthermore, they
even provided an upper bound for CZOZ. But this bound is superexponential.

In the second chapter we will improve the bound by modifying a crucial
step (with respect to the numerical result) in the proof of the above state-
ment. This crucial step is based on a simple procedure for covering simplicial
cones by unimodular cones. We will provide a new procedure for covering
simplicial cones, which is better than the original one in a sense that the
new procedure gives us a cover with unimodular cones whose generators are
relatively short.

In the third chapter we will provide a similar procedure for the unimodular
triangulation of simplicial cones which has no consequences on the bounds
e and &, but might be of interest itself.

In the fourth chapter we turn away from multiples of polytopes and focus
on stellar subdivisions of lattice polytopes. This turn is motivated by the
fact that all procedures and results in the previous chapters are, roughly
speaking, due to the successive application of stellar subdivision. Therefore,
we speculate about the importance of this tool for the triangulation of lattice
polytopes.

Before we go into detail, we will now introduce the basic definitions.



1.2 Basic lemmas and definitions

In this section we will provide the basic notation and, additionally, some
lemmas which are implicitly used throughout this work.

Let G be a subset of R%. Then the cone C' C R? generated by the set G is
defined as the set of finite, non-negative and real linear combinations of the
vectors v € GG. Furthermore, a cone C' is called polyhedral if it is generated
by a finite set G = {vy,..., v} of vectors. This means that

C=Ryv + - +Riv CR%

We call a cone pointed if it does not contain any linear subspace except of
{0}. Moreover, we shall call a cone rational if G is a subset of Q¢. From
now on, when we use the term cone, we always mean a polyhedral, pointed
and rational cone. Because such cones are generated by a finite set of vectors
V1, ..., € Z%, the formula

C=Ryv + -+ Ry, CRY

will mean that v; € Z4(i = 1,...,k). An f-cone is a cone of dimension f.
Moreover, we define — according to Sebd [11]— the set

par(vlv"'vvn):{Z1U1+"'+lnvn: 0§l3<1}mzd

for vi,...,v, € R% A further class of cones which will be mentioned is the
class of simplicial cones. These are the cones that are generated by a set of
linearly independent vectors.

Let us now have a closer look at the set CNZ®. Therefore, we will describe
C NZ% in algebraic terms. A monoid M is defined as a set M together with
an operation M x M —— M that is associative and has a neutral element.
Furthermore, let an affine monoid be a finitely generated monoid which is
isomorphic to a submonoid of a free abelian group Z? for some d > 0. Very
often an affine monoid is also called an affine semigroup, especially in the
commutative algebra literature (see e.g. [2, 5, 6]). Moreover, if M is an affine
monoid, then we define gp(M) as the subgroup of Z? generated by M. We
call

M = {x € gp(M) : nxz € M for some n}

the normalization of M. And we say that M is normal if M = M. Then
Gordan’s Lemma tells us that C' N Z< is an affine monoid.

Lemma 1.2.1. (Gordan’s Lemma) Let C' C R? be a cone. Then S(C) :=
CNZ% s an affine monoid.



FIGURE 1.1 The set par(vy,vs)

Proof. Let C' C RY be a cone. By definition, C is generated by finitely
many vectors vq,...,v,. Furthermore, let w € S(C). This implies that
w=>"_, av; with a; € Ry for all i. We can rewrite this formula as follows:

w = ZL%J%‘ + Z biv;,
i=1 i=1

where b; == a; — |@;]. But z := Y. |a;|v; € S(C). On the other hand,
y:=> ., b; is an element of the bounded and finite set

par(vy,...,v.) = {Zlivi: 0<; < 1} aVAS

i=1

Hence S(C) is finitely generated. More precisely, S(C') is generated by the
set G := par(vy,...,v.) U{vy,...,v.}. Therefore, S(C) is an affine monoid.
]

Now let us call an element x € M of a monoid M a unit if z has an
inverse in M. Moreover, we say that x is irreducible if in every decomposition
x =y + z one of the summands y € M or z € M must be a unit.

Then we have the following results for affine monoids.

Lemma 1.2.2. Let M be an affine monoid. Then every element x € M has
a presentation T = u+ yi + - - - + Ym 0 which u is a unit and yy, ..., Yy, are
wrreducible. Furthermore, up to differences by units, there exist only finitely
many 1rreducible elements in M.



Proof. See Proposition 2.12(b) and (c) in [4], p. 53. O

In analogy to the positivity of cones a monoid is called positive if 0 is
its only unit. Then Lemma 1.2.2 immediately implies that a positive affine
monoid M has only finitely many irreducible elements and that these ir-
reducible elements constitute a generating set of M. But, of course, the
irreducible elements must also be contained in any other generating set of
M. Therefore, it is justified to define the Hilbert basis Hilb(M) of a positive
affine monoid M as the unique minimal set of generators of M.

Consequently, we have the following result if the positive affine monoid
M is given as the set S(C) = C NZ%.

Lemma 1.2.3. Let C = Ryv; + - + Ryv, C RY be a cone and let the

Hilbert basis Hilb(C') of the cone C be defined as the Hilbert basis of the
positive affine monoid C NZ%. Then we have

Hilb(C') C par(vy,...,v,) U{vy, ..., 0.}

Proof. As we have seen in the proof of Gordan’s Lemma, the set G :=
par(vy,...,v.)U{vy,..., v} is a generating set of S(C). Because the Hilbert
basis Hilb(C') is a subset of every generating set of the positive monoid S(C'),
the statement of Lemma 1.2.3 is true. O

A polytope P is defined as the convex hull of a finite set of points of
R?. The dimension of a polytope P C RY is given as the dimension of the
affine hull of P, the smallest affine subspace containing P. Furthermore, a
polytope is called an e-polytope if it has dimension e. And a lattice polytope
is a polytope whose vertices belong to Z¢. Moreover, a simpler is defined as
a polytope whose vertices are affinely independent. A simplex that is also a
lattice polytope will be called a lattice simplex. We say that a lattice simplex
is empty if it contains no elements from Z¢ other than its vertices.

The multiplicity p(A) of a lattice simplex A with the vertices vy, ..., v, is
given as the index of the subgroup U generated by the vectors v; —vy, ..., vy —
vo in the smallest direct summand of Z? containing U. For the multiplicity
1(A) we have the following identity.

Lemma 1.2.4. If A C R? is a lattice simplex with the vertices vy, .. .,vq,
then we have

w(A) = |par(vy — vy, ..., vq — )| = |det(vy — vo, ..., vq — Vo).

Proof. Obviously, the set par(v; — vy, ...,vq — vp) contains exactly one
representative from each residue class of Z? modulo U := Z(v; — vg) + ... +
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Z(vg — vp). This implies the first equality. Due to the elementary divisor

theorem there exists a basis e, ..., eq of Z¢ and natural numbers nq, ..., ng
such that niey,...,ngeq is a basis of U. But if nieq, ..., ngeq is a basis of
U, then u(A) = ny---ng. On the other hand, | det(vy — vg,...,vg — vo)| =
| det(nyeq, ..., ngeq)] =ny---ng if nyeq, ..., ngeq is a basis of U. O

A subclass of the lattice simplices is the class of unimodular simplices
A. These are specified by the property pu(A) = 1. Furthermore, we define
for a d-polytope P the set UC(P) as the union of all unimodular d-simplices
contained in P. A wunimodular cover of a polytope P is defined as a finite
system of unimodular lattice simplices, contained in P, which covers the
polytope P. And a unimodular triangulation of a polytope P is defined as
a unimodular cover of P which additionally is a triangulation of P. This
means that any pair of simplices A’, A” from the cover of P intersects in a
common face (possibly empty).

Now we can provide one of the central definitions of this thesis. Let ¢
denote the infimum of the natural numbers ¢ such that

¢ P =UC(dP)

for all lattice d-polytopes and all natural numbers ¢ > c.

Moreover, if P C Z¢ is a lattice d-polytope, we can associate with such a
polytope P the submonoid Sp of Z4*! generated by the elements (z,1), z €
PNZ2. Then we say that P is a normal polytope if the monoid Sp is normal.
(Sp is obviously an affine monoid, because the set P N Z? is finite and,
hence, Sp is finitely generated.) A normal polytope P for which, additionally,
gp(Sp) = Z4*! will be called integrally closed.

Let us now come back to the field of cones. The extreme (integral) gen-
erators of a cone C' C R? are defined as the generators of the monoids [ N Z4
where [ runs through the edges of C'. Then we define Ag as the convex hull
of these extreme generators and 0. Consequently, a cone is simplicial if and
only if Ac is a simplex. And a simplicial cone C' for which the simplex Ax
is empty is called an empty simplicial cone. Additionally, we define the mul-
tiplicity u(C) of a simplicial cone as the multiplicity pu(A¢) of the simplex
Ac.

Analogously to the unimodularity of simplices, we will now define uni-
modular cones and unimodular covers of cones. A unimodular cone C C R?
is defined as a simplicial cone for which A¢ is a unimodular simplex, and
a unimodular cover of a cone C'is defined as a finite system of unimodular
cones whose union is equal to C. A wunimodular triangulation of a cone C'



is given as a unimodular cover which, additionally, is a triangulation, i.e.
the covering cones just coincide along faces. Now we can provide the second
central definition of this thesis.

We define ¢ to be the infimum of all natural numbers ¢ such that every
d-dimensional cone C' C R% admits a unimodular cover C' = C; U...UC}, for
which

Hllb(Cj) CcAe, JE€ {1,,]{7}

To construct covers and triangulations of cones, we will often apply stellar
subdivision by a vector x € C to a cone C' = Ryv; + -+ Ryivy C RY. Let
r = aqv1+- - -+agqvg. Then this simply means that the cone C' is triangulated
by the subcones

D;=Rivi+- + Ry + Ryw + Rovipg + -+ Ryvg CR?

for which «;; # 0 (1 <4 < d). In the same manner we can apply stellar subdi-
vision with respect to a point x € A to a lattice simplex A = conv(vy, ..., v;)
(see Figure 1.2).

Va2

Vo Vi

FIGURE 1.2 Stellar subdivision with respect to x

Remark 1.2.5. Lemma 1.2.4 will always be implicitly used if we apply stellar
subdivision to a simplex A = conv(0, vy, ...,v4) or a cone C' =Ry v + -+
R vy C R? by o € A respectively x € C. Then the lemma provides us with
the multiplicities of the cones respectively simplices that triangulate the cone
C respectively the simplex A. Let me illustrate this in the case of a cone
C=Ryv+ - +Rivg CR%and a vector z € C. Let x = ajv; + - - + agvg
such that «; > 0 for all . If we apply stellar subdivision by x to the cone C,
then we end up with a triangulation C'= Dy, U...U D;,, where a;; # 0 for
all 7. Consequently, it follows by Lemma 1.2.4 that

w(D;;) = H(ADZ-J.) = |det(vy, ..., vi;—1,%,Vi;41, - - -, Va)|.

But we also have |det(vy,...,vi;—1,%, 5,41, ...,vq)| = a;| det(vy, ..., vq)| =
i, 1(C). Therefore, u(D;;) = o, u(C).
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Remark 1.2.6. As we have mentioned before, the set par(vy,...,vq) con-
tains exactly one representative from each residue class of Z? modulo U =
Zvi + ...+ Zvg. Consequently, for x € par(vy,...,vq), the term (z) shall
simply denote the subgroup of Z?/U generated by the element z.

Moreover, we will implicitly use the following lemma in Chapters 2 and 3.
It shows that for every simplicial d-cone C' =R v; + --- + R vy C R there
always exist vectors x € par(vy, ..., vq) of a very special form. In the further
chapters it will become clear that the existence of such vectors is essential to
the new procedures for the unimodular cover and triangulation of simplicial
cones.

Lemma 1.2.7. Let C =R vy +---+Rivg C R? be a simplicial d-cone with
w(C) =112, pi, pi prime and a; # 0 for alli. Then for every i there exists
a vector x # 0 such that

d
L
r=Y Zo,ez’, 0<lj<p, LeN (+)

“~ pi

Proof. By the theorems of Sylow we know that every abelian group G
with |G| = [[%, p{* (p; prime and a; # 0 for all 7) contains an element of
order p; for all i = 1,...,m. Let U := Zv; + -+ + Zvg. Then Z%/U is an
abelian group with p(C) = |Z4/U| = par(vy,...,v4) due to Lemma 1.2.4.

Because a representative of an element of Z¢/U in the set par(vi,...,vq),
which has order p;, is of the form (x), it follows that we find the desired
vector for every i . O

. I
1.3 Former results concerning ¢ and ¢’

Now that we have developed the necessary notation let us come back to the
very beginning of this introduction and review in detail and in the words of
our new notation the most important results, which we have outlined in the
problem definition. Furthermore, we will also give some additional results
concerning the values ¢ and .

We already mentioned in the problem definition that Bruns and Gube-
ladze showed in [3] that ¢5”"¢ and ¢ are bounded by superexponential func-
tions. In [4] they provide even better bounds. More precisely, they proved

that (d+1)d (2In2)d+1
i < 5 (|Va=T|-n)



for all d > 2 and that

(d—l—li - dt q

(2In2)d+1
CZOZ S )

d—ﬂ (d—1)

for all d > 2.
The obvious similarity between these two upper bounds is owed to the
following inequality, which was also proven by Bruns and Gubeladze in [3].

Cflone S CZOZ S \/a(d—i— 1)620716’ d e N.

cone

In fact, they first established the upper bound for ¢;”*¢ and then derived the
upper bound for cZOl from the last inequality.

Before the work of Bruns and Gubeladze no other general results about
cm¢ and cZOl were known. Only in dimensions d = 1,2,3 we have concrete
results.

For ¢ we have the trivial result that ¢{°"¢ = 1. Furthermore, we know
that ¢5°"¢ = 1, because the empty simplicial cones in dimension d = 2 are
unimodular (as we will prove later on). In dimension d = 3 we have ¢§”"¢ = 2.
This result is due to Seb6, who showed in [11] that every cone C' in dimension
d = 3 admits a unimodular triangulation by cones which are generated by
vectors from the Hilbert basis Hilb(C') of C. Together with the fact that
Hilb(C') C (d — 1)A¢ for all d, this gives us the desired result.

Sebo also conjectured in [11] that in all dimensions d every cone C' C
R? admits a unimodular cover by cones which are exclusively generated by
elements of the Hilbert basis Hilb(C') of C'. The correctness of this conjecture
would have implied that ¢;*¢ < d—1 for all d. Taking into account the result
of Ewald and Wessels [7], who showed that there exist cones in all dimensions
d > 3 such that Hilb(C') is not contained in (d—2)A¢, it would have followed
that ¢ = d — 1 for all d > 3. But in [1] Bruns and Gubeladze provided a
counterexample to the conjecture of Sebo. Apart from the above, no other
general or concrete results concerning c7”"¢ were known before the work of
Bruns and Gubeladze.

For ¢?” we have ¢¢” = 1. Tt is obvious that in dimension d = 1 every
lattice polytope admits a unique unimodular triangulation and, hence, a uni-
modular cover. In dimension d = 2 we can triangulate every lattice polytope
into lattice simplices. Furthermore, one can (by the successive application
of stellar subdivision) triangulate these lattice simplices into empty lattice
simplices. Then we are done, because every empty lattice simplex is unimod-
ular in dimension d = 2 (thus every empty simplicial cone is unimodular in
dimension d = 2).

To illustrate this, let A = conv(0, vy, vy) with vy, vy € Z? be an arbitrary
empty lattice simplex shifted to the origin. Furthermore, let x € par(vy,vs).
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This means that + = ayv; + ayve such that 0 < «o; < 1. It follows that
either ay + a9 < 1 or B + B2 < 1 with §; := 1 — ;. This implies that either
x € Aory:= v + [ovg € A Since A is empty, it follows that either
=0 (o =0fori=1,2)ory=0(pF =0fori=12). But the latter
case can be excluded, since otherwise x = v; + vy ¢ par(vy, v2), which is a
contradiction. Therefore, x = 0, which implies that par(vy,ve) = {0}. Hence
A is unimodular.

That every polygon admits a unimodular triangulation leads to the equa-
tion & = 1. Moreover, due to Kantor and Sakaria [9] we know that & = 2.

Coming back to the work of Bruns and Gubeladze in which they estab-

lished the upper bounds for ¢*¢ and CZOZ, we have to mention that one of
the most critical and important theorems in the proof is the following one.

Theorem 1.3.1. Every simplicial d-cone C' C R, d > 3, admits a unimod-
ular cover C' = Dy U ...U D such that

d /3 w(Ac)—2
Hilb(D;) C 5 <§> Ae, te[l,T].

This theorem is derived from a quite simple procedure to cover simpli-
cial cones by unimodular cones using successive stellar subdivisions. Any
improvement of this theorem directly affects the quality of the upper bound
for ¢ and, hence, also the one for CZOZ. Most of this thesis is about provid-
ing a better procedure to cover simplicial cones, where “better” means that
the unimodular cones that are derived by the new procedure should have

generators as short as possible with respect to Ac.
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2 A new covering procedure

In Chapter 2 we will provide a new procedure for covering simplicial cones.
Furthermore, we will prove that the inclusion of this procedure into the proof

of Bruns and Gubeladze in [3] results into polynomial upper bounds for ¢

and cZOZ.

2.1 The procedure

Right at the very beginning of this chapter, we will present the algorithm
which provides us for every simplicial d-cone with a good unimodular cover
of cones in a sense that the generating vectors of the covering cones are short
with respect to Ag. So let C := Ryv; + -+ + Ryvy C RY be an arbitrary
simplicial d-cone. Then the call UC((vy,...,v4),0) will return a unimodular
cover of C' given as the set C'O of covering cones.

Procedure 1 Unimodular Cover — UC

1ZC::R+U1+"'+R+UdCRd
2: if p(C) =1 then
3:  return COU{C}

4: else
5. p:=min{qg € P: ¢lu(C)} l
6:  Determine a vector x = %vl + -+ g € par(vy, ..., vg) \ {0}
7. foralli=1,...,ddo
8: if [; # 0 then
. i _ g
9: Determine the veptor vt = I’TIUZ» + Z#i Lu; € (z)
10: ri=ged(p— L0, .. 0y, 1)
11: Y=z
12: Dz = R+U1 + s + R+Ui_1 —+ R_,_yl + R+UZ‘+1 + s + R+Ud
13: CO :=UC((v1, -+, 0i—1,Y", Vit1, - - -, Vg), CO)
14: end if

15:  end for
16: return CO
17: end if

So what does this procedure do? First of all, it checks if the given cone C'is
unimodular. If this is the case, then it just returns {C'}. Otherwise Procedure
1 covers C' by certain cones D; with smaller multiplicities pu(D;) < ’%IM(C)

12



(as we will prove in the following) and recursively calls itself on the cones D;.
Finally, this will provide us with the desired unimodular cover. Furthermore,
we have to mention that line 12 of Procedure 1 is only included, because this
will help us to address the covering cones D; in the following.

Before we go on, we will give a short example to illustrate how Procedure
1 works.

Example 2.1.1. Let C := R v; + Ryv, C R? with v; := 6e; + e; and
Vg := €1 + 5. Then u(C) =5 € P and par(vy, v3) = () for x := %vl + %1)2 =
2e1 + e5. Therefore, Procedure 1 comes up with the vectors

y' = ilvl + 11)2 = 5e1 + ey
5 5
and
Y’ = lvl + ilvg = 2e; + es.
5 5

As a result, D; = Ryy' + Rovy and Dy = R,v; + Ry y? (see Figure 2.1).
Furthermore, pu(D;) = u(Dsy) = 4.

Now let us see how the cone D, is covered by Procedure 1. Because
1(Dy) = 2% and par(y', v2) = (z) with z = $y* 4 3v,, Procedure 1 comes up
with the vectors

Zl—1 l—i—lv =3e; +e
—29 22— 1 2
and . )
z2z§y1+§U2:z1.

So, Procedure 1 covers cone D; by the cones £ = Ry z! + R v, and Ey =
R,y' + R,z This means that the cone D; is not only covered but also
triangulated by the cones E; and FE,. Finally, Procedure 1 triangulates the
cones F; and F, by stellar subdivision by the vectors

u:261+62:y2

respectively
w = 4e; + ey

into unimodular subcones (see Figure 2.1).

2.2 Results

At first, we prove that the procedure above does really provide us with a
unimodular cover of an arbitrary simplicial d-cone. And second, we will
show that the generating vectors of the covering cones are short.

13
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The cover of cone C' The triangulation of cone D,

FIGURE 2.1 Example 2.1.1

Theorem 2.2.1. For all simplicial d-cones C C R® the algorithm UC pro-
vides us with a unimodular cover of cone C'.

Proof. For the proof of this theorem it is just necessary to show that
in every recursive call the algorithm provides us with a cover of the current
cone C' by cones D;. That this procedure will lead to a unimodular cover of
the initial cone then follows by the fact that the multiplicities of the covering
cones D; are smaller than the multiplicity of the covered cone C' in every
recursive call (here we exclude the trivial case that C'is already unimodular).
We have

(D) = o(©) < (C).

U Dl - C,
i
we have to prove that for every w € C' there exists an ¢ such that w € D;.
So let w € C i.e.
d
w = Z )\j’Uj
j=1

with A\; > 0. Furthermore, let A\; be defined as the infimum of all \; (j =
1,...,d) for which there exists a vector

To show that

d

Z = Z%Uz € par(vy, ..., vq)
=1

with v; # 0. (If there is no such index j, then C' was already unimodular.)

Then
P, I\
S LD (Aj_pj—l v




Therefore, we have w € Dy, because both

prk/\k>0
p—17—

and also )
j— 20
p—1
for all j # k. The first statement is obvious, the second one shall be discussed
in more detail. Here we have to distinguish between two cases.

Case 1. It exists a vector x = 61v; + - -+ + Oqvq € par(vy,...,vg) such
that 6; # 0. By definition A\; < \;. Because z* € par(vy,...,v4), we have
¥ < p— 1. It follows that A\;(p — 1) > I¥A,.

Case 2. For all x = 01v; + -+ + Oqug € par(vy,...,vy) we have 0; = 0.

. . g
Hence 1§ = 0, because z* € par(vy,...,v4). This implies \; — ;T'l‘ =X\ >0.
So the theorem is proven. O

In the next lemmas we will mention the generations of the cones given
by the algorithm UC. So, when we mention the cone of the 0-th generation,
we mean the initial cone C'. Moreover, the cones of the first generation are
defined as the cones D; = Ryv; + -+ Ryv; 1 + Ry +Ryvi g+ +Ryvg
if the initial cone C' is generated by the vectors vy, ..., vs. Consequently, the
cones of the first generation are just those generated by the algorithm in the
first recursive call. Then the cones of the second generation are defined as
the ones which are constructed by the algorithm to cover the cones of the
first generation and so on.

When we mention the vectors of the first generation, we mean the vectors
y* generated in the first recursive call of the algorithm. Furthermore, the
vectors of the second generation are the vectors (except of the ones generating
the cones of the first generation) needed to generate the cones of the second
generation and so on.

From now on the notation y; shall always indicate that we face a vector of
the k-th generation, whereas the vector y* is a vector from the first recursive
call, which has the form

—-1 Ik
'yk = p Uk + E —] 'Uj.
Pr — PT'k
J#k

15



Theorem 2.2.2. All unimodular cones F' which — given by Procedure 1 —
constitute a unimodular cover of the initial cone C are out of generations

gr < 21d(u(C)).

Proof. We will prove this theorem by induction on the multiplicity u(C').
If 4(C) =1, then the cone C' itself constitutes a unimodular cover of C'. Let
now p(C) > 1. Then we distinguish between two cases.

Case 1. pu(C) is even. In this case it follows that p = 2 is the smallest
prime divisor of p(C'). Hence each covering cone D; has multiplicity pu(D;) =
@. By induction the application of Procedure 1 to the cone D; results
into a cover of each cone D; by unimodular cones H’ which are all out of
generations gg: < 21d(u(D;)) < 21d(u(C)) — 2 (regarding the cone D; as
being of the 0-th generation.). This proves that the unimodular cones H*
covering cone C' are out of generations gr: < 21d(u(C')) — 1 with respect to

cone C.

Case 2. u(C) is odd. In this case z° = ’%vi + i %vj where p is an
odd prime number.

Now we again distinguish between two cases. Either the numbers l;- are
coprime, i.e. 7; = 1, or not. In the first case the resulting cone D; has
multiplicity p(D;) = ’%u(D). Hence p(D;) is even. This means we are in
Case 1. We have seen there that all unimodular cones H® resulting from
an application of Procedure 1 to the cone D; are out of generations gg: <
21d(p(D;))—1. Tt follows that the unimodular cones H* are out of generations
gri < 21d(p(C)) with respect to cone C.

If the numbers l; are not coprime, i.e. r; > 1, then the resulting cones
have multiplicities p(D;) = %M(C’) < % Therefore the unimodular
cones H'® resulting from the application of Procedure 1 to the cones D; are
by induction out of generations gp: < 21d(u(D;)) < 21d(u(C)) — 2, which

proves the claim. ]

In the following we will take a closer look at the vectors y* which are
generated by the algorithm UC. When we apply the procedure to a cone
D =R,iw; + -+ + Rywy, then all vectors 3 generated in the first recursive
call are elements of the parallelepiped spanned by the generators w; of D,
i.e. y' € par(wy,...,wy). Therefore, y' € dAp.

The next lemma shows that we can say a bit more about the form of
these vectors. It says that when we do not only restrict ourselves to vectors
of the first generation but have a look at vectors yi, ...,y of the first, ..., f-

16



th generation given by the algorithm UC to construct a unimodular cone F'
of the f-th generation, then at least half of them have a very special form.
More precisely, it states that they are of the form

d
Yi = Z Ajj
j=1

such that \; < 1 if B = Ryuy + -+ + Ryw is the cone of the (i — 1)-th
generation to which we apply stellar subdivision by the vector y;. This also
means that we have a better upper bound for the lengths of these vectors

with respect to Ag. It implies that

d
i € —Ap.
Y 5 oF
This will be important when we provide an upper bound for the lengths of
the vectors which generate the unimodular cones covering the underlying
cone C.

Lemma 2.2.3. Let F' be a unimodular cone which is generated by the algo-
rithm UC. And let y1,ya,...,ys (with f <21d(u(C)) due to Theorem 2.2.2)
be the sequence of vectors of the first, second, ..., f-th generation provided
by the algorithm to construct the cone F'. Then at least % of these vectors yy,

are of the form
d
Yr = Z Ajw;
j=1

where  \; < % for all 3 and G = Rywy + -+ + Rywy is the cone of the
(k — 1)-th generation that contains F.

Proof. We will prove this theorem in the same manner as Theorem 2.2.2
by induction on the multiplicity u(C). If u(C) = 1, then f = 0 and % =0
vectors y; are of the desired form. Now let u(C') > 1. Then we distinguish
between two cases.

Case 1. p(C) is even. Let F' be a unimodular cone which is generated
by the algorithm UC. And let yi,¥s,...,ys be the sequence of vectors of
the first, second, ..., f-th generation provided by the algorithm to construct
the cone F'. Because p = 2 is the smallest prime divisor of u(C), the vector
yp is of the form y; = Z;l:l %vj where C' := R vy + -+ +Rivy C R? and
l; € {0,1}.
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Furthermore, it follows by induction that at least % of the vectors
Y2, ...,y are of the desired form. Hence at least L of the vectors i, . . . L Yg

2
are of the desired form.

Case 2. u(C) is odd. Let F' be a unimodular cone which is generated by
the algorithm UC. And let yi,v2,...,ys be the sequence of vectors of the

first, second, ..., f-th generation provided by the algorithm to construct the
cone F. In this case 2 = p%lvi + D i %vj where p is an odd prime number.

Now we again distinguish between two cases. Either the numbers [} are
coprime, i.e. ; = 1, or not. In the first case the vector y; might not be of
the above form, but the resulting cone D; has multiplicity u(D;) = ’%1 w(D).
Hence u(D;) is even. This means y, is of the desired form. Furthermore,
it follows by induction that at least % of the vectors ys, ...,y are of the
above form. Finally, at least % of the vectors yi,...,yy are of the desired
form.

If the numbers l; are not coprime, i.e. r; > 1, then y; is of the desired
form. Furthermore, we have by induction that at least % of the vectors
f+1

Yo, ..., Ya are of the above form. Finally, it follows that at least 5= of the

vectors 1, ..., 1yq are of the desired form. O

The next lemma will provide us with the essential tool for showing that
that the vectors y; in Procedure 1 are short.

Lemma 2.2.4. Let g € N and v € {1,2}9. Furthermore, let af == |{i: 1 <
i<kandy =1}, a5 :=|{i: 1 <i<kand vy =2}. We define the
increasing sequence hy, k > —d, of numbers as follows:

Then we have

1
hkzy_(hk—1+"'+hk—d)7 1<k<yg.
k

Proof. Let g € N and v € {1,2}9. That the sequence hy, is increasing is
due to the facts that a® > a*~! for i = 1,2 and that a§ > a5~ if 2 = v, >
Vi—1 = 1.
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We will now prove the second statement by induction on k. So let k = 1.
If ;1 = 1, then we have

1
hlzdzy—(ho-f—"'—f—h—dﬂ):d-
k

If ;1 = 2, then we have

d
(ho+ 4+ hogy1) = 5

Therefore, the statement is true for k = 1.
Let now k > 2. In this situation we will distinguish between four cases.

Case 1. v, = v,_1 = 1. Due to the definition, hy = 2h;_;. Furthermore,
by induction it follows that

2hj—1 = hg—1 + b1 > b1 + (b2 + -+ + hi—a).

Therefore, we are done.

Case 2. v, = 1 and v,_1 = 2. Due to the definition, hy = 3h,_1.
Furthermore, by induction it follows that

3hk—1 = hx—1+2hjp—1 > hx—1 + (hg—2 + - + hi—a).

Therefore, we are done.

Case 3. v, = 2 and 1,_; = 1. Due to the definition, h, = hy_;. Further-
more, by induction it follows that

1 1 1 1
hp—1 = §hk71 + §hk71 > éhkfl + §(hk72 + o+ hg_q).

Therefore, we are done.

Case 4. v, = vp_1 = 2. Due to the definition, h;, = %hk_l. Furthermore,
by induction it follows that

3 1 1 1
Ehkq = §hk71 + hy—y > Qhkfl + §(hk72 + o+ hg_q).

Therefore, we are done.

Finally, Lemma 2.2.4 is proven. 0
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Now we are in the position to prove the central theorem of this chapter.

Theorem 2.2.5. For all unimodular cones F' = Ryu; + -+ + Riug C R?
which the algorithm UC returns as elements of the unimodular cover of C' =
R,v; + -+ Ryvg C R we have

d f
u; € (5) W OMPAL, =1, d.

Proof. Let F' be an arbitrary unimodular cone generated by the algorithm
UC and let y1,ys, ...,y (with f < 21d(p(C)) due to Theorem 2.2.2) be the
sequence of vectors of the first, second, ... f-th generation given by the algo-
rithm to construct the cone F'. Furthermore, let Dy = C, Dy, Ds,..., Dy = F
be the corresponding cones of the 0-th, first, second, ..., f-th generation
which are generated by these vectors. This means if D; = Ryw;+-- -+ R wy
for 0 <1< f—1, then D,y is given as the cone

Dl+1 :Rerl+"'+R+wj*1+R+yl+1+R+wj+l+"'+R+wd

for a certain j. Furthermore, let v € {1,2}/ indicate the form of each vector
y;. Thus if D1 =R w; + -+ + Rywy and v, = 2, then we have

Yy = tiwy + -+ -+ tqwg
such that t; < % for all j. Otherwise if v, = 1, then we have

t t
yl:_1w1+.+_dwd

with p e P\ {2} and 0 < t; <p—1.
Now we claim that (for h; defined as in Lemma 2.2.4 by the above given
vector )

u € hAc (*)

for all [ with 1 <[ < f. We simply prove this claim by induction on [. If

[=1and v, =1, then
31 2
Yyr= U1+ + —vg
p p

such that p € P\ {2} and 0 < ¢; < p — 1. Therefore,

d
t.
Y1 € <Z ;j) AC C dAC

=1
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Ifl =1 and v, = 2, then
Y1 =tiwr + - +tqwg
such that ¢; < % So
. d
Y € (; tj) Ac C JAc

It follows that the claim is true for [ = 1. Let now 1 < [ < f and let
D1 =Riw; + -+ Rywy. Then we distinguish between two cases.

Case 1. vy = 1. This implies

t t
yl:_1w1+._|__dwd

such that p € P\ {2} and 0 < ¢; <p — 1. Because the w; ¢ {vq,...,v4} are
all out of different generations and since the sequence (hy) is increasing, we
can assume that wy € hi_1Ac,ws € hy_sAc, ..., wq € hi_4Ac. Therefore, it
follows by induction and by Lemma 2.2.4 that

d d
t.
Y € ( E ;jhl_j> Ac C ( E hl_j> AC - hZAC.

j=1 j=1

Case 2. v; = 2. Then we have
Y =hwy + -+ lqwq
such that ¢; < % Therefore, we have by induction and due to Lemma 2.2.4

d d
1
Y € ( E tjhl_j) Ac C <§ ( E hl_j>> Ac C hAc.
Jj=1

j=1
So the claim is true.

Let now a{ and ag be defined as in Lemma 2.2.4. It follows by Lemma
2.2.3 that
f f

anga a{§§-
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Hence we have

f s
d ;3\ 2 vt d f{3\?2
— —_ -20‘1 — < — .27 —

whereas the inequality is also due to vy > 1. Moreover, by Lemma 2.2.2 it
follows that

J G\ @) g
< (Y quey (3 (A o)
hy < (2) : - o

Finally, by (%) and the inequality above we arrive at

d

(A= (5) (O A

for all {. This, of course, implies for all u; (recall that F' = Ryuy +-- -+ Ryugy
and, hence, u; € {y1,...,yr} U{v1,...,v4}) the desired result that

d
s (5) (YDA

It immediately follows from Theorem 2.2.5:

Corollary 2.2.6. Ewvery simplicial d-cone C = Ryvy + --- + Ryvg C RY,
d > 3, has a unimodular cover C'= Dy U ...U D; such that

Hilb(D;) C (g) S OMBAL, =1,

If we follow the argumentation of Bruns and Gubeladze presented in [3]
and, additionally, take into account Corollary 2.2.6, then we obtain a better
upper bound for the value ¢§"¢. How is this result derived? Let us outline

the proof of Bruns and Gubeladze in [3].

First of all, we provide the following lemma, which allows us to restrict
the argumentation to empty simplicial cones.

Lemma 2.2.7. Every cone C C R? can be triangulated into empty simplicial
cones D such that Ap C Ac

Proof. Every cone C' can be triangulated into simplicial cones £ which
are generated by extreme generators of C. Hence Ar C A¢. Furthermore,
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if we triangulate a nonempty simplicial cone F into simplicial cones F' by
stellar subdivision by a vector v € Ap N Z%, then it follows that Ap C Ag
and |Ap NZ < |Ag NZ%. Hence, by the successive application of stellar
subdivisions, we arrive at a triangulation of C' into empty simplicial cones D
for which Ap C Ac. O

Moreover, let us define

(d) = { d—ﬂ (d—1)

and dd+ 1)
+
w(d) = () - LD

We will prove that ¢5"¢ < k(d) for d > 2 by induction on the dimension
d. The inequality holds for d = 2, since ¢§°"¢ = 1 and x(2) = 3. Furthermore,
because k(d) > k(d—1)+1, we can assume by induction that ¢ < k(d)—1.
Then Bruns and Gubeladze provided the following lemma.

-y(d) 1)

Let C' be a cone and v one of its extreme generators. Then we say that a
system {C; }5_, of subcones C; C C covers the corner of C' at v if v € Hilb(C})

for all 7 and the union U?:l C; contains a neighborhood of v in C.

cone

Lemma 2.2.8. Suppose that ¢ < oo, and let C' be a simplicial d-cone
with extreme generators vy, ..., v,.

(a) Then there is a system of unimodular subcones Ci, ..., Cy C C covering
the corner of C' at v; such that Hilb(C}), ..., Hilb(Cy) C (¢F + 1)Ac.

(b) Moreover, each element w # v; of a Hilbert basis of C}, j € [1,k],
has a representation w = & vy + - - - 4+ gug with & < 1.

Therefore, because we can assume that ¢ < k(d) — 1, Lemma 2.2.8
provides us for every ¢ with a system of unimodular cones Cf, ..., C’,ﬁ: ccC
covering the corner of C' at v; such that

Hilb(C?) C w(d)Ac, j € [1, k).

Of course, the system of cones C’; will in general not provide us with a
unimodular cover of the whole cone C'. This means we have to extend the
corner covers far into C'. But how far do we have to extend the corner covers?
Before we can answer this question, we have to provide some definitions and
results. Let Iy be defined as the facet conv(vy, ..., vg), let

H; = A0, v;+(d—1Dvy, ... ,vi+(d—D)viq, v+ (d—1D)vg, ..., v+ (d—1)vg)
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fori=1,...,d and

Fi = CODV(Ul‘, FO N Hz)
Then H; is the vector subspace of dimension d — 1 through the barycenter of
[y, i.e. (1/d)(v1 + -+ vq), that is parallel to the facet of I'y opposite to v;.

It follows that .
U Fz - Fo.
i=1

Therefore, to prove that ¢ < k(d) it suffices to show

Claim A. For each ¢ = 1...,d there exists a system of unimodular cones
Dy, ..., Dy, C C such that

Hllb(Dw> C Ii(d)AC

for all j, and
k;

r; c | Dy
j=1
This claim answers the above question. It tells us that it suffices to extend
the corner cover at v; beyond H;. We will now restrict ourselves to the case
that ¢ = 1. For simplicity of notation, let C; := C} for all j =1,...,ky, and
k= kl.

Furthermore, let us fix an index j € [1,k]. Then the simplicial d-cone
D c R? shall be defined by the following conditions:

(1) Cj C D,
(ii) the facets of D contain those facets of C; that pass through O and
U1,
(iii) the remaining facet of D is in Hj.

Figure 2.2 describes the situation in the cross-section I'y.
Because the cones C; cover the corner at vy, it follows that to prove Claim
A it is enough to show the following

Claim B. There exists a system of unimodular cones Dy, ..., Dy C C such
that
Hilb(D;) C k(d)A¢, te[1,T],
and
T
Dc|JD.
t=1
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To

FIGURE 2.2

Claim B precisely tells us what it means to extend the corner cover at v;:
We have to find unimodular cones D; C C covering D. Of course, Cj is
a unimodular subcone of D, but in general C; does not, roughly speaking,
reach beyond the subspace H;.

Finally, Bruns and Gubeladze showed in [3] that it is indeed possible to
extend the corner cover far enough into C'. This means they provided, again
roughly speaking, a system of cones Dy, ..., Dy C C such that

Hilb(D,) C v(d)(d+ 1)A¢, te[1,T], (*)

and D C Uthl D,;. But here we loose unimodularity, which means that the
cones D, are in general not unimodular. However, the multiplicities p(D;)
of the cones D; are bounded by ~(d).

And at that point of the proof Corollary 2.2.6 comes into play. It ensures
that each of the cones D, admits a unimodular cover D; = E{ U ... U E},
such that

Hilb(E?) C (g) (@) Ap,, el k. ()

The statements (%) and (#x) together imply the desired result. Hence we
have

Theorem 2.2.9. Let y(d) := [v/d— 1] (d —1). Then

ceone < d(d + 1) . V(d)ld(S)-l-l

d> 2.
d 2 ) -

Bruns and Gubeladze also proved the following theorem, which states a
connection between ¢5”"¢ and ¢’
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Theorem 2.2.10. Let d be a natural number. Then ¢ is finite if and only
if ¢™¢ is finite, and, moreover,

Cslone < CZOl < \/8(d+ 1)0207“3_

Finally, the Theorems 2.2.9 and 2.2.10 directly imply

Theorem 2.2.11. Let y(d) := [v/d— 1| (d — 1). Then

1.5 2
_ A+ 1)?

CZOZ < 5 ’7(d)ld(3)+l d 2 2

Y
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3 A new triangulation procedure

In the second chapter we presented a new algorithm for the unimodular cover
of simplicial cones. In this chapter we will provide a similar algorithm for
the unimodular triangulation of simplicial cones. This algorithm will not
improve the upper bounds for ¢ and cZOI we derived in Chapter 2, but
might be of interest itself.

3.1 The procedure

In Section 1.4 we mentioned Theorem 1.3, which is built on a quite simple
way to triangulate simplicial cones. The next theorem shows that we can do
much better if the underlying cone C' has multiplicity p(C') equal to a power
of two. This result motivates us to come up with a triangulation procedure
which at first triangulates the underlying cone into cones D with u(D) = 2!
(I € N), and subsequently triangulates these cones D.

Theorem 3.1.1. Let d > 3 and let C = Ryv; + -+ Ryvy C R? be a
simplicial d-cone with p(C) = 2! (I € N). Then there exists a unimodular
triangulation C' = Cy U ... U C} such that

. d(3)' .
Hllb(C]) C 5 5 Ac, 1<5< k.

Proof. The proof of this theorem is related to the proof of Theorem 4.1 in
[3]. The following sequence of numbers plays an important part in this proof.
(We already introduced a related sequence of numbers in Lemma 2.2.4.) It
will provide us, roughly speaking, with an upper bound for the lengths of the
vectors of the covering cones.

d 1
hkzl, ]{TSO, hl:é’ hkzi(hkfl‘i‘“'_khkfd), k'22
Because we have ] 1
hi — hi—1 = §hk71 — ihkfdfl

for k > 3 and hy > h; for [ < 0, it follows by induction that this sequence is
increasing. Since for k > 3

3
2

3

1 1 1 1
hy=—=hp 1+=(hp_ot+-+hp_g1)—=hr_g1=—-hpr1—=hp_q_ —hy_
k 2k1+2(k2+ +kd1)2kd1 k12kd1<2k17
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and because h; = g, hy < %d, we arrive at

d k—1
54
2\ 2

for £ > 1. This result will be needed in the following.

Let C = Riv; + - +R,vy C R? be an arbitrary simplicial d-cone with
wu(C) = 2" (I € N). If C is already unimodular (i.e. [ = 0), we are done. If C
is not unimodular (i.e. [ > 1), then by Lemma 1.2.7 there exist i; € {1,...,d}
with 1 < j <m <d and i, # i for j # k such that

1
u= gV 4+ ) € 74\ {0}.
Now we apply stellar subdivision to the cone C' by the vector u, which will
give us the cones

Ci.=Ryuy+-- - +Ryv;, 1 +Ru+Ryv; 1+ +Ryiyy, 1<s<m<d.
For these cones of the first generation (we regard the initial cone C' as the
cone belonging to the 0-th generation) we have

1 _
w(Ci,) = [det(vy, ..., vi—1, 5 (Vs + -4 v3,), Vigg1, .- va)| = u(C) = 2!t

2
If u(C;,) = 1, then the procedure stops. Otherwise it is continued until we
end with a triangulation of the initial cone C' by unimodular cones of the
[-th generation.
For the vectors w; which have been used for the stellar subdivisions of
the cones of the (k — 1)-th generation we get

wg € hkAC

We will prove this statement by induction on k. For k£ = 1 this is obvious,
because %(Uh + - +y,,) € gAc. For k > 1 we have that all generators
Uy, ..., uq of a certain cone C" = Ryuy+- - -+R uy of the (k—1)-th generation
either belong to the initial vectors vy, ...,v4 or are vectors which have been
used for stellar subdivisions of cones of different generations. So by induction
it follows

U; € hmAC, n; S k — 1,

where the n; are pairwise different. The equality
1
wi = Sluy +o ), 1svsd,
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immediately leads us to
1
Wi € §(hk_1 + o+ hp_g) Ao = hiAg,
because the h; are increasing. Hence we are done. 0

The next lemma will be of great importance for the new procedure for
the triangulation of an arbitrary simplicial cone. More precisely, it will be
essential in the process of triangulating the underlying cone C' by cones D
for which p(D) = 2! (I € N). As we have explained before, this will be done
by the successive application of stellar subdivisions. The vectors needed for
these stellar subdivisions have to fulfill some properties to be of use in this
process. And here the next lemma comes into play.

Lemma 3.1.2. Let m and p be two odd integers with & < m < p. Then
there exist natural numbers s <1d(p) and t < § such that

2%t = (2°71 — )p +m.
Proof. Let s be defined as the infimum of all natural + > 0 such that
p—m#0 (mod 2.

Obviously, we have s > 1, since both m and p are odd. Furthermore, there
exist z,y € N and u ¢ 2N such that

m=2z+u, p=2°y+2""4u,
since p—m # 0 (mod 2°), p—m =0 (mod 257!) and p > m. It follows that
m+ (27 = Dp=2"(x+ (27" = Dy) + (27 =12 +u) +u

is divisible by 2%, because (2°71 — 1)(2*" ' +u) +u = 2" (u — 1+ 2°7!) and
u— 1421 is even due to u being odd and s > 1. Therefore,

2 ' =Dp+m

t:=
23

is a natural number.
It remains to show that s <ld(p) and ¢t < §. The first statement follows
easily from the fact that

p—m#0 (mod 24Py,
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because 0 <p—m < £ < 2Ud®)] " From this we can conclude that
s < [1d(p)].

The second statement simply follows from m < p, because this implies that

2" —1p+m  2'p+ (m—p) _ 25~ 1p
25 25 2s

O

Remark 3.1.3. Lemma 3.1.2 is perhaps the most critical step in my proof.
Improving this result (in a sense that we could find natural numbers s <
ld(p), t < £ and x such that 2°¢ = zp + m for given odd numbers m and p
with £ < m < p), would critically effect the main results.

Before we provide the triangulation procedure, we will at first describe
this procedure in prose. The aim of this procedure is to triangulate the
original cone C' by cones D in a way that the multiplicities of all the cones
D are powers of two and that the generators of the cones D are relatively
short with respect to the simplex Ac.

What is the motivation for this? As Theorem 3.1.1 shows, cones whose
multiplicities are a power of two admit a unimodular triangulation by cones
whose generators are very short with respect to Ag. Therefore, it might be
a good idea to triangulate a cone first by cones whose multiplicity is a power
of two and then take advantage of this good property.

So how do we reach a triangulation of an arbitrary cone C' by cones D
with u(D) = 27 (f € N) and short generators? We successively apply stellar
subdivisions with special vectors z € C to the cones C' = R vy +---+R vy C
R?. Due to Lemma 1.2.7 we know that there exists a vector

d

T = Z%Uj € par(vy,...,vg) \ {0}

J=1

for all prime divisors p of u(C). As we will see later on, it makes things
easier (in a way that we end up faster with a triangulation of C' by cones
D with p(D) = 27) if z; is either a composite number or small (here this
means z; < £). Because in general not all z; fulfill these properties, we add
certain multiples kv; (k € N) of v; to the vector z if z; is a prime number
and z; > &. This results in a vector 2’ € C' with

03

Jj=1

~

N

S

Uj
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such that all 2} are of the form 2z} = 2/it; with natural numbers f; < 1d(p)
and t; < p. Additionally (due to Lemma 3.1.2), the numbers ¢; do fulfill the
desired restrictions, i.e. t; < £ or t; is a composite number.

Of course, we wish the vectors x’ to be as short as possible. Therefore,
we want to avoid the situation that both 2} is big and v; is a long vector,
because this would also mean that ' would be long. And there a set M¢
comes into play. M is given as a certain subset of all generators of the
cone C' which have been used for a stellar subdivision beforehand. So it tells
us which vectors of C' are possibly long, because vectors used for a stellar
subdivision can be much longer than the other generators of a cone C.

Furthermore, we have in general that 2} is much bigger than z;. As a
result, to keep the vector 2’ as short as possible, we need to have that z; is
either composite or z; < & for all j with v; € Mc. This is because then we
would not have to add multiples of v; to the vector = to arrive at «'.

After these statements ,we will now present the procedure which provides
us for a simplicial d-cone C' = R v, + - -+ + R vy C R? with a triangulation
of C' by cones D with u(D) =2/ (f € N).

Procedure 2 Power two triangulation — PTT

1: CO := {C}
2: Mg = 0
3: while C'O contains a cone D such that p(D) is not a power of two do
4:  if C'O contains a cone D = R, w; + - -+ + R, wy such that
I) u(D) # 2! (I € N) and such that there exists
II) z = Z?Zl %wj € par(wy,...,wg) \ {0} with
ITa) p = max{p; € P: p; | (D)} and
ITb) for all v; € Mp we have that
ITbl) z; is a composite number or
I1b2) z; < % or
ITb3) z; = 2 and p = 3 then

5: forall j=1,...,ddo
6: if zj ¢ Por z; <% orz =2then
7: zi = 2
8: else
9: z; = zj+kp with k € N such that z; +kp = 2°t where s < 1d(p)
and ¢t < & (due to Lemma 3.1.2)
10: end if
11: end for )
d 7
12: o= W
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13: for all £ € CO with 2/ € E do

14: Apply stellar subdivision to E by «’ (let E; (j =1,...,m) be the
resulting cones)

15: CO:=(CO\{E}))U{E;: j=1,...,m}

16: for all j do

17: MEj = MgU {SL’I}

18: end for

19: end for

20: else

21: for all D € CO do

22: Mp =10

23: end for

24:  end if

25: end while

3.2 Results

The triangulation of the initial cone C' resulting from this procedure has some
good properties. We will provide them in the following.

First of all, we will gather some properties which all the cones, vectors
and sets M¢ fulfill. And in the end we will show that these properties ensure
that both the multiplicities of the cones D € C'O are relatively small and
that the vectors generating the cones D € C'O are short.

Definition 3.2.1. We say that a cone D € CO is of the k-th generation if
it is one of the cones generated by the application of stellar subdivision to
a cone of (k — 1)-th generation. The initial cone C is said to be of the 0-th
generation.

Lemma 3.2.2. Let D = Rywy + -+ + Rywy be a cone to which we apply
a stellar subdivision by a vector x' in the above procedure. Then x' is of the
form

Wy,  Pmax ‘= maX{p celP: p | M(D)}7

such that for all j we have (1) I; = 2%m; (g; € N, ¢; < 1d(pmax)) and (2)
m; < %pmax or Mj < Pmax 15 a composite number.

Proof. To prove this lemma, we have to take a look at the lines 4 and
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9 of Procedure 2. Then we see in line 4 that we do not change coefficients
z; which are composite numbers or for which z; < 22 or z; = 2 (when
Pmax = 3). Of course, the coefficients which were not changed by Procedure
2 do fulfill the above conditions. To see this, we simply set g; = 0. Then
m; = z;, and therefore m; is a composite number or m; < Pz < 2p . or
m; = 2 (when ppax = 3).

Otherwise we change the coefficient z; and come up with a coefficient 2}
due to line 9 of the above procedure such that 2} = 2°t with s < 1d(p) and
t < & (due to Lemma 3.1.2). Hence 2 does also fulfill the conditions above.

To see this, we have to set g; = s and m; =t. So we are done. [l

From now on, when we mention the iterations of Procedure 2, we always
mean the iterations of the dominant while loop starting in line 3 of the
procedure.

Theorem 3.2.3. For a simplicial d-cone C' the above procedure constitutes
a triangulation of C'.

Proof. We will prove by induction that after every iteration of the while
loop (starting in line 3) of Procedure 2 the set CO constitutes a triangulation
of the underlying cone C. Obviously, before the first iteration (after setting
CO :={C}) the set CO gives us a triangulation of the cone C'.

Let us now assume that the set C'O constitutes a triangulation of C
before the k-th iteration. Then in the k-th iteration we choose a certain
vector 2’ € C' and apply stellar subdivision to all cones D € C'O for which
x' € D by z/. This provides us with a new triangulation of the cone C' taking
into account that C'O already constituted a triangulation of C' before the
k-th generation. O

The following lemma is important. This is because it shows that, roughly
speaking, if we choose a vector x € D for the application of stellar subdivision
to a cone D and z is short with respect to Ap, then it is also short with
respect to Ag for all other cones F with z € F.

Lemma 3.2.4. After every iteration of the above procedure we have for all

D, E € CO that
r€e€MpNE=x€ Mg.

Proof. We will prove the lemma by induction on the number of iterations.
Before the first iteration, the claim is obviously true, because CO = {C'} and
M¢c = 0. Solet the claim be true after the r-th iteration. Then in the (r41)-

33



th iteration we either do not find a cone D such that it fulfills the conditions
given in line 4 of Procedure 2 or we do find one.

In the first case either all cones D have multiplicity u(D) = 2! (I € N)
and the procedure stops which means that we are done. Or we have Mp = ()
for all cones D € CO (see line 22) after the (r + 1)-th iteration. Obviously,
the claim is also true for the latter case.

In the second case we find a cone D = R,w; + --- + R,wy € CO which
fulfills the conditions of line 4 of the procedure above for a certain vector
2’ € D. Then we apply stellar subdivision to all the cones £ € CO with
2’ € E by 2/. Finally, we substitute the cones £ € CO for which 2’ € E by
the cones Ej; resulting from the stellar subdivision to £ by 2. And we set
Mg, :== Mg U {2'}. Solet G, H be two arbitrary cones in the set CO after
the (r + 1)-th iteration and let y be a vector such that y € Mg N H. Then
we distinguish between five cases

Case 1. y = 2. It follows that H = E} for some k. Therefore, we also
have y € My.

Case 2. y # 2’ and G # E;, H # Ej, for all j, k. In this case it simply
follows by induction that y € My, because both the sets Mg and My do not
change in the (r + 1)-th iteration.

Case 3. y # a', there exists a j such that G = E; and H # Ej, for all k.
Because y # 2’ and Mg, = Mp U {2’} (see line 17), it follows that y € Mg.
Therefore, it follows by induction that y € My, since the set My does not
change in the (r + 1)-th iteration.

Case 4. y # o', G # E; for all j and there exists a k such that H = Ej.
Because E, C FE, it follows that y € E. This implies by induction that
y € Mg, since Mg does not change in the (r + 1)-th iteration. Therefore,
Yy < MH = MEU{ZE,}.

Case 5. y # o' and there exist j, k such that G = E; and H = Ej.
Because My, = Mg, = My U {z'}, it follows that y € Mp. O

So why is Lemma 3.2.4 important for our considerations? To answer
this question, we have to focus on the vectors ' which have been chosen
in an iteration of Procedure 2 to apply a stellar subdivision. So let D =
Riw;+---+Rywygand x € D with x = Z;l:l %wj € 7% be the pair of cone
and vector — chosen in line 4 of Procedure 2 — such that z; < p is a composite
number or z; < & or z; = 2 (and p = 3) for all w; € Mp.
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Let now C'O be given as the set of covering cones before we chose the pair
of cone D and vector x. This implies that D € C'O. Furthermore, let £ € CO
be an arbitrary cone such that 2 € E. Then we have w; € E for all j with
z; # 0, because the set of cones C'O constitutes a triangulation of the initial
cone C' and z’ € D. Moreover, we have that z; < p is a composite number or
zj <L orz; =2 (and p = 3) for all w; € Mg. Otherwise there would exist a
k which does not fulfill these conditions from line 4 of Procedure 2 and for
which w, € Mg. But this is a contradiction, since w, € Mg N D C Mp due
to Lemma 3.2.4.

So, when we choose a cone D and a vector ' € D — due to the procedure
above —, then the components of 2’ corresponding to the vectors w; € Mp are
relatively small, because for 2’ = Z?Zl %wj we have [; < p for all w; € Mp.
Lemma 3.2.4 does now tell us that the components of 2’ corresponding to the
vectors w; € Mg (for a cone with 2’ € E) are also relatively small, simply
because w; € Mg if w; € Mp N E. Therefore, we are never in danger of
choosing a vector ' which might be relatively short with respect to the set
of vectors Mp but long with respect to the set Mg.

More precisely, Lemma 3.2.4 ensures that whenever for an arbitrary cone
E € CO there exists a vector z € E such that z fulfills the conditions from
line 4 of Procedure 2 for the set Mg, then E is definitely triangulated by
stellar subdivision by a vector y that fulfills the conditions from line 4 for
the set Mg. This result will be used implicitly throughout the remainder of
this chapter.

The next lemma provides us with an auxiliary function and its nice prop-
erties. It will help us to show that the multiplicities of the cones which
constitute the final set C'O are relatively small and that this also true for the
number of generations.

Definition 3.2.5. Let n be a natural number, n = [[2, p{* be its prime
decomposition. Furthermore, let puax(n) := max{p; : «; # 0} for n > 1
and pmax(1) = 1. Then we define the function u : N —— R as follows:
u(n) :=1d(n)—r(n), wherer(n) := >_°, ;. Moreover, we define the function
t : N+—— N as follows: t(n) :=n-27* (where p; = 2).

The function v has some nice properties, which we will need in the fol-
lowing.
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Lemma 3.2.6. We have that
(1) u(ab) =u(a) +u(b), a,beN,
(2) there exists s € N such that n = 2° if and only if u(n) =0,
(3)  Pmax(n) < 20WFL

Proof. The first statement is obvious, because both the functions Id :
R +—— Rand r : N+ N fulfill property (1). Therefore, u = 1d —r also does.
The second statement is also obviously correct.

We will prove statement (3) by induction on n. For n = 1 we have
Prmax(1) = 1 < 28+ =2 So let n > 1. We distinguish between two cases.
Either n is a prime number or composite. In the first case it follows that
Pmax(n) = n and u(m)+1 — 9ld(n) — p " and therefore the statement is true. In
the latter case we have n = st with s,t € N and s,¢ > 1. This implies that
Pmax (1) = Max{Pmax($), Pmax(t)}. On the other hand, we have by induction
that Puax(s) < 2" and puax(t) < 2°®+1 From this we can conclude that
Pmax(n) < max {2+ 20+ - Because u(n) = u(s) 4+ u(t) and u(m) > 0
for all m € N, it follows that ppayx(n) < 2UW+ O

Theorem 3.2.7. For a simplicial d-cone C' the above procedure provides
a triangulation of C' by cones D which are all out of generations np <

2u(p(C)).

Proof. Procedure 2 does not substitute a cone C' by other cones — re-
sulting from a stellar subdivision — if its multiplicity p(C') is a power of two.
Furthermore, the procedure stops if for all cones D € CO we have u(D) = 2!
(l eN).

Consequently, to prove the lemma we have to show that for all cones D
which are element of the final set C'O there exists a k < 2u(u(C)) such that
D is of the k-th generation. But this means to show that 2u(u(C)) is an
upper bound for the generations of all cones in the final set CO. We will
prove the last claim by induction on the value t(u(C)) (see Definition 3.2.5).

If t(1(C)) = 1, the statement is obviously correct, because it follows that
u(C) = 2! (I € N) and 2u(u(C)) = 0. Moreover, the cone (' itself constitutes
a cover of C' of the desired kind.

So let ¢ = Ryvy + -+ + Rivg be an arbitrary simplicial d-cone with
t(u(C)) > 1. Then in the first iteration of the above procedure we come up
with cones E of the first generation. Let us pick an arbitrary cone E from
these. Due to Lemma 3.2.2 the cone FE is generated by the stellar subdivision
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of the cone C with respect to a vector

a
:Z;?Uj’ lj = 2%m;;,

j=1

where p 1= puax(1(C)), g; € N, and m; < p is a composite number or

2p
my < 3

Hence there exists a j such that
E = R+U1 —+ 4 R+Uj_1 + R+$l + R+Uj+1 + ..+ R+Ud.

It follows

Therefore, 2u(u(E)) = 2u(u(C)) + 2u(l;) — 2u(p). Now we will distinguish
between two cases. (It is to say that the two cases do not exclude each other,
but this does not affect our argumentation.)

Case 1. l; = 299m; with m; < %p. In this case it follows by Lemma 3.2.6

2u(p) —2u(l;) = 21d(p) — 2 — 2u(m;) > 21d(p) —2—2 <1d (%) - 1) > 1.

Case 2. l; = 297m; with m; < p being a composite number. This means
that m; = ab < p with natural numbers a,b > 1. In this case Lemma 3.2.6
implies

2u(p) —2u(l;) = 2u(p) — 2u(a) —2u(b) > 1.

Altogether, we can conclude that 2u(u(E)) < 2u(u(C)) — 1 in both
cases. On the other hand, we have t(u(E)) = t(u(C)) — t(p) + t(l;) by
definition of the function ¢. But t(p) = p and t(I;) = t(m;) < p. Hence
t(u(E)) < t(u(C)). Therefore, by induction 2u(u(E£)) is an upper bound
for the generations of all cones which are provided by the above procedure
as a triangulation of cone E. Because of this and because the cone C' is
triangulated by the cones F of the first generation, we have that

2u(p(C)) = 2u(u(E)) +1

is the corresponding upper bound for the cone C. 0
Theorem 3.2.7 immediately implies
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Corollary 3.2.8. For a simplicial d-cone C the above procedure consti-
tutes a triangulation of C' by cones D which are all out of generations np <

max(21d(u(C)) — 2,0).

Proof. Due to the definition of the function u we have 2u(u(C)) <
2(1d(p(C)) = 1) if p(C) > 1. If u(C) =1, then C' is already unimodular and
therefore C' (as the cone of the 0-th generation) constitutes already its own
unimodular triangulation. 0

Theorem 3.2.9. For a simplicial d-cone C' the above procedure constitutes
a triangulation of C by cones D such that for every cone D there exists a
natural number w < 2 (1d (u(C)))* with

u(D) = 2%.

Proof. Due to Lemma 3.2.2 every cone Dy of the k-th generation is
generated by a stellar subdivision to a cone Dy = Ryw; + -+ + Rywy of
the (k — 1)-th generation with respect to a vector

where p = pmax(1(Dy-1)), g; € N and m; < p. Furthermore, due to Lemma
3.1.2 (see also line 9 of Procedure 2) we also have that g; < ld(p). Because

w(Dy) = %M(Dk,l), it follows that

1(Dy) <p-p(Dy-1) < p(C) - p(Dy-1),

This implies that for all cones of the k-th generation we have

u(Dy) < p(C)FH, (*)

taking into account that C'is of the O-th generation. Due to Corollary 3.2.8
the cones D that are elements of the final set CO, and for which u(D) = 2%
(w € N), are out of generations np < max(21d(u(C)) — 2,0). Together with
(%) it follows that for all these cones which are elements of the final set CO
we have

;j with lj = 29jmj,

p(D) =2" < p(C)"P < p(C)HHD,
Thus p(D) = 2% such that w < 2(1d(u(C)))2. O

In the following we will refer to a special variant of the Prime Number
Theorem which J. Rosser and L. Schoenfeld proved in 1962 [10].
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Theorem 3.2.10. (Prime Number Theorem) For x > 0 let w(x) denote the
number of prime numbers p with p < x. Then for all x > 11 we have

() < 7@ < (1 * 215(93)) 1nfx)'

Now we will show that the vectors generating the cones D € CO are
short. But before we do so, we establish a lemma that will help us in the
following.

Lemma 3.2.11. Let X be a finite set and let M, N C X. Furthermore,
let (0%)icx be a family of permutations o' : X —— X, i € X, such that
ol(z) # of(x) for all j # k, x € X. Then there exists | € X such that
ol(x) ¢ N for all x € M if

|M[-[N] < ]X].

Proof. Let M, N C X such that |M| - |N| < |X|. Because 07 (z) # o*(z)
for all j # k and x € X we have

N = U{a )} N N)

ieX

for all x € X. This implies that

WRIEDY

zeM

U ({o' (@)} mN)|.

1€X

On the other hand,

ZU({U()}HN‘ Z(Z\{a }nN})

zeM |ieX zeM \ieX

—Z(Z\{a }mN\)

i€X \xeM

Now, assume that the statement of Lemma 3.2.11 is false. This would
mean that

U ({o'(@)}n )

zeM

>1 (%)
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for all 7. Hence we would arrive at

IRNEDY (Z !{Ui(x)}ﬂNO > X1,

i€X \zeM

where the last inequality is due to (x). But this contradicts the conditions
of the lemma. Therefore, the statement must be true. O

Remark 3.2.12. Let p € P be an arbitrary prime number and let X :=
{1,...,p — 1}. Then the family of permutations (c%)zcx is given as o" :
X— X,

of(z) ;== kx (mod p).

Consequently, o/(x) # o®(x) for all j # k, v € X.

Lemma 3.2.13. Let v1,...,vq € Z%, p > 3 be a prime number and v =
S by e Z4\ {0} with 0 < I; < p and M C {vy,...,v4}. Then there exists

i=1Dp

a vector y = Zd Dig; € 24\ {0} such that both 0 < m; < p and m; ¢ Psy

i=1
for all v; € M if g
M| < lnép).

Proof. Let X := {1,...,p — 1} and (0")rex be defined as in Remark
3.2.12. Then for all elements y € (x) (where (x) is meant as the subgroup of
Z% modulo U := Zv; + - - - + Zvg) with

i=1
we have that there exists a number £ € X such that
o*(l;) = m;

for all j = 1,...,d. Furthermore, let N := Poo N {l,...,p — 1} and let
M':={l;: v; € M}. Due to Lemma 3.2.11 there exists r € X such that

o'(l;) ¢ N

for all [; if
|M'| - |N| < |X].

But this means that there exists a vector y of the desired form if
|M']-[N| = |[M'| - (w(p) = 1) <p— 1.
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Furthermore, it follows due to the prime number theorem in the variant of
Rosser and Schoenfeld that

p—1
m(p)—1<2-
v in(y)
for all p > 3. All in all we have that there exists a vector y of the desired
form if |M'| < |M| < @. Thus the lemma is true. O

The next theorem will provide us with the central numerical consequence
resulting from our triangulation procedure.

Due to line 22 of Procedure 2 it could happen that for some cone D
the set Mp — which might not have been the empty set beforehand, i.e.
Mp = {y1,...,y-} # 0 — is reset to the empty set. Afterwards, the set Mp
will be the empty set throughout all iterations of Procedure 2. But in fact,
from now on we will be interested in the set Mp = {y1,...,y,} before the
reset. Therefore, whenever we mention the set Mp from now on, we always
mean the set Mp = {y1,...,y,} given as the set Mp before it is reset to ().

Theorem 3.2.14. For all vectors x which are used in the above procedure
for a stellar subdivision of a cone C' we have

v (d' (M(C))log%(e ) 221d(,u(C))) Ac.

Proof. Let C) again be a cone of the k-th generation with u(Cy) = 2°
(s € N). Furthermore, let 1, xs, ..., 2x_1 be the vectors which are used in a
stellar subdivision to produce the cone C} by generating the cones C, Cy, . ..
of the first, second, ... generation in which the cone C}, is embedded.
We define a(j) (0 < j < f) to be the generation of the cone Cy;) which
is the j-th cone in the sequence C7, Cs, ... of cones for which
|Mca(j)| > |MC

a(j)+1|

= 1.

This implies that Mc, ., = {Za@j)+1}- Thus the cones Co)+1, Cat)41- - -,
Ca(f)+1 are the only cones for which

|Mc = |Mc

a(1l)+1 |

— ... =M

a(f)+1

=1

a(0)+1 ’

We set a(0) := 0. Furthermore, let b(j) be the greatest prime factor of the
multiplicity ;1(Cy(jy). Hence

b(j) == max{p € P: p | u(Cagy))}-
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Finally, we define c(j) as the cardinality of the set M, ,, thus
C(]) = ‘Mca(j) ’
Moreover, let wy, ..., wq be the generators of the cone Cyj ), i.e.
Ca(j) = R+w1 + -t R+wd.

Then — according to the definition of a(j) — there does not exist a vector

< 5(3)

such that both 0 < m; < b(j) and m; ¢ P, for all v; € Mc, . (See line 4
of Procedure 2. In fact, we only take into account that the conditions I1b1)
and IIb3) are not fulfilled.) Otherwise, if there would be such a vector y,
then we would have that Mc, ., = Mc,, U{y}, hence [Mc, | < [Mc,, . |-

But this would be a contradiction. Due to Lemma 3.2.13 this implies that

w; € 24\ {0}

d
y:

S

1

But we also have by means of the procedure that the cardinality c(j) of

the set Mg, is equal to the difference a(j) — a(j —1). So we arrive at
In(b

a(j)—a(j—1) > #, hence

200 =eG=1) 5 p( ).

which directly implies
t
T 4() < e2lrle@-ati-1) _ (2a(-a(0) (%)
i=1
for all t < f . For a cone C}, of the k-th generation with p := ppax(u(Ck_1))
we have

1w(Cr) = }%ﬂ(ck—l)

such that [ = 29m with g € N, ¢ <1d(p) and m < p is a composite number
or m < % due to Lemma 3.2.2. Furthermore, with £ : N — N given as in
Definition 3.2.5, we have

H(C) < 5 H((Cir))
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This implies immediately that

u(C)
t(u(ca(z))) < 3ya(i)
(2)
for all 2. Therefore, we have
u(C)

b(i) <

)a(i). (%)

Furthermore, let the increasing sequence (h,,) be defined (we already used
similar sequences in Lemma 2.2.4 and in Theorem 3.1.1) as follows:

h,=1, n<l1l, h=d, hy,=hy, 1+ -+hyq n>1L
Now we will prove the following lemma by induction.

Lemma 3.2.15. Let x, — as described above — be a vector of the z-th gener-
ation such that a(s) < z < a(s+ 1) for s+ 1 < f respectively a(s) < z < k
if s = f. Then we have

e ((H b@) hz> A

Proof. We will prove the lemma for s = 0 by induction on z. For 0 =
a(0) < z =1 the statement is obviously true, because in this case the vector
x1 1s of the form

d
r, = qui with ¢; < b(0)
i=1
for all 7. It follows
x| € (b(O)h1>AC

Now let us suppose that the statement is true for a(0) < z < a(l) — 1.
Then the vector x,.; is used for a stellar subdivision of the cone C, =

R, w;+-+-+R,wy. For these vectors w; we have w; € {vy,...,vq,21,...,2,}.
Furthermore, Mo, = {x1,...,x.}, because by definition z < a(1). Hence we
have

d
Tyl = Zqiwi with ¢; < 1if w; € {1,...,2,}
i=1

and ¢; < p, <b(0) if w; € {vy,...,v4},
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where p, is the greatest prime factor of u(C,). Because by induction z; €
(b(0)h;)A¢ for i <z and v; € Ag (i =1,...,d) we have

v € (b@) ( 5 h>) A

which is what we wanted to show.

So let us suppose the lemma is true for s > 0. Again we will prove that
it is also true for s + 1 by induction on z. For z = a(s+ 1) + 1 we have that
z, is of the form z, = Zle g;w; where C,_1 = R,w; + -+ + R, wy and

i < 2ld(b(s+1)) — b(S + 1)

due to Lemma 3.2.2. Because the w; are all out of different generations
fi <z—1=ua(s+1) (we also regard the vectors vy, ..., v4 to be out of the
different generations 0, ..., —d + 1), we have

e ({10
Ty € (b(s +1) (f[ b(z)) ( ZZ hz)> Ac.

Now the induction step is done in the same way as in the case s = 0, where it
is just to be taken into account that here Mc¢, = {%q(s41)+1,--.,2-}. There-
fore, the lemma is proven. O

and therefore

So we can go on in the proof of Theorem 3.2.14. By () and (xx) it follows

that
t log 3 (e?)a(t) a(t) log 3 (e2)
3 3 3 5
[To0) < exar=a) _ (2 3

for all t < f. Therefore, we have for all t < f that
. log 3 (%)
[106) < (@)™
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Together with Lemma 3.2.15 and Corollary 3.2.8 which says that all cones G
arising from the above procedure are out of a generation ng < 21d(u(C)) as
well as the fact that h,, < d2™ for n > 0 it follows that the theorem is true.
OJ

If we do now collect the results from the Theorems 3.1.1, 3.2.9 and 3.2.14
and additionally keep in mind that the procedure provides us with a trian-
gulation of the cone C' by cones D for which p(D) is a power of two, then
we arrive at the desired result

Theorem 3.2.16. Let € = log%(e2) + 2. Then every simplicial d-cone
C=Ryv;+ - +Ryvg CRE d >3, has a unimodular triangulation C' =
Dy U...UD; such that

2 (1d(u(C)))?

Proof. After a proper ordering of the above terms it becomes clear that
the above statement is equivalent to

2 3 2(1d(u(0)))?
Hﬂb(DZ) C 7 . (,U(C))E . 921d(u(C)) (5) Ac,

which is a direct consequence of the results given by the Theorems 3.1.1,
3.2.9 and 3.2.14. OJ
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4 Stellar subdivisions and triangulations

In this chapter we will pose a lot more questions than we will provide answers.
These questions arise from the following observations.

When we look back to the preceding chapters, we see that all results
have been achieved by applying successively stellar subdivisions to cones
respectively polytopes such that in the end we came up with a unimodular
triangulation of a cone or a polytope which is at its best unimodular or fulfills
some other properties.

Hence one might ask: Is it just owed to the simplicity of this tool (stellar
subdivision) or the narrowness of the author that it was used so often in the
preceding chapters? Or are stellar subdivisions absolutely essential when we
deal with triangulations of lattice simplices? Are they essential in a sense that
a lattice simplex A which admits a unimodular triangulation does also admit
a unimodular triangulation resulting from a successive stellar subdivision?

More naively, one might even ask if all triangulations of a lattice simplex
are just the result of a successive stellar subdivision. In dimension d = 1 this
is obviously true. But the following example shows that already in dimension
d = 2 this is not the case.

Example 4.0.1. Let A = conv(0,2e;,2e3). Then A = conv(0, e, e9) U
conv(ey, e, €1+ e3) Uconv(eq, 2e, e + e3) Uconv(es, 2e5, €1 + €3) constitutes
a unimodular triangulation of A which can not be achieved by a successive
stellar subdivision (see Figure 4.1).

(072)1 ° °

(0,1) (1,1)

(0,0) (1,0)  (2,0)
FiGURE 4.1

So let us come back to the questions we posed initially. At first, it is
to say that stellar subdivisions obviously play a crucial part in the field of
polytopes and cones, especially when we deal with triangulations. This is
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because a stellar subdivision of a cone C respectively a stellar subdivision
of a lattice simplex A by a vector x respectively a point z does provide us
with information about the multiplicities of the resulting cones respectively
lattice simplices. But are they essential in a sense that a lattice simplex
A which admits a unimodular triangulation does also admit a unimodular
triangulation which is only achieved by the successive application of stellar
subdivisions?

4.1 Some conjectures

The first conjecture directly refers to the question above. So let A C R? be
an arbitrary lattice d-simplex.

Conjecture 4.1.1. A admits a unimodular triangulation if and only if A
admits a unimodular triangulation which results from a successive stellar
subdivision.

In fact, it is even not obvious that the multiples kA (k € N) of a uni-
modular simplex A always admit a unimodular triangulation achieved by
successive stellar subdivision. But Francisco Santos Leal has communicated
in November 2007 that this is true and has delivered a proof.

When we discuss the meaning of stellar subdivisions for triangulations
of lattice simplices, we do not have to restrict ourselves to unimodular tri-
angulations. Having in mind that a unimodular triangulation of a lattice
d-simplex A is simply a triangulation of A into k& = vol(A) (where vol(A)
is defined as the standardized volume of A) other lattice simplices, we could
also ask for the correctness of this more general conjecture.

Conjecture 4.1.2. There exists a triangulation of A by at least k lattice
simplices if and only if there exists a triangulation achieved by a successive
stellar subdivision of A by at least k lattice simplices.

As we mentioned before, Conjecture 4.1.1 follows from Conjecture 4.1.2
simply by setting k& = vol(A), because a triangulation of a lattice d-simplex
by k = vol(A) other lattice simplices I'; means that vol(I';) = 1 for all j.
Hence the triangulation is unimodular.

A much weaker version of Conjecture 4.1.1 (and thus also of Conjecture
4.1.2) is the following one.

Conjecture 4.1.3. There exists a map g : N — R such that if A C R?
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admits a unimodular triangulation, then there exists ¢ < g(d) such that cA
admits a unimodular triangulation which is achieved by a successive stellar
subdivision.

This conjecture follows from Conjecture 4.1.1 by setting g(d) = 1 and
c=1forall d € N.

Furthermore, the correctness of Conjecture 4.1.3 would also provide us
with a very interesting and significant relation between triangulations in gen-
eral and triangulations which are achieved by successive stellar subdivision
as the correctness of Conjecture 4.1.1 would do.

Conjecture 4.1.3 has an analogue in the field of cones. So let C' be an
arbitrary simplicial d-cone C.

Conjecture 4.1.3°. There exists a map g : N — R such that if C C R?
admits a unimodular triangulation C = G1U. . .UGy with Hilb(G;) C kA¢ for
all i, then there exists ¢ < g(d) such that C' admits a unimodular triangulation
C' = H,U...UH, with Hilb(H;) C ckA¢ for all i and which is achieved by
a successive stellar subdivision.

Furthermore, we know that the analogue of Conjecture 4.1.1 in the field
of cones is obviously true, because every cone C' admits a unimodular trian-
gulation which results from a successive stellar subdivision (see e.g. [6], p.
6, Theorem 3.1.2).

Let us now suppose that Conjecture 4.1.1 is true. What would this mean?
It would imply that a lattice simplex which does not admit a unimodular tri-
angulation achieved by a successive stellar subdivision would also not admit
any other kind of unimodular triangulation.

Moreover, let ¢ € N be defined as the smallest number such that the mul-
tiple cA of a lattice simplex A admits a unimodular triangulation. And let
¢’ € N be the smallest number such that the multiple ¢ A of the same lattice
simplex A admits a unimodular triangulation resulting from successive stel-
lar subdivisions. Then, if the Conjecture 4.1.1 would be true, we would have
that ¢ = . Therefore, you would just have to deal with stellar subdivisions
in these situations.

4.2 'Triangulations, stellar subdivisions and lattice sim-
plices

The preceding section should motivate us to have a closer look at unimodular
triangulations of lattice simplices which result from successive stellar subdi-

48



visions. (From now on we will call these special unimodular triangulation
shortly SUTs.)

More precisely, it should motivate us to ask the following questions:
Which lattice simplices A admit a SUT respectively under which conditions
does a lattice simplex A admit a SUT? Which conditions does a lattice sim-
plex A fulfill that admits a SUT?

If A =conv(0,vq,...,04), then we define par(A) as follows:

par(A) := par(vy, ..., vq).

Furthermore, let A, A’ C R? be two lattice d-simplices such that A =
conv(0,vq,...,vg) and A" = conv(0, wy, ..., wy). Then we say that these two
simplices A and A’ are isomorphic if there exists a linear map ¢ : R? — R?
such that ¢(v;) = w; for all i, |det(¢)] = 1, and ¢(e;) € Z< for all
t=1,...,d. Then we have

Lemma 4.2.1. Let A,A' C R? be two lattice d-simplices such that A =
conv(0,vq,...,vq) and that A" = conv(0,wy, ..., wy). Furthermore, let V :=
vol(A) = vol(A') and let there be numbers ay,...,aq € N such that both
o= Gur o+ Py € ANZ and y = Fwy + -+ Pwg € INEaWAS
Moreover, let par(A) = (x) and par(A’) = (y). Then the simplices A and
A’ are isomorphic.

Proof. Let C := R v; +---+R v, Because every simplicial cone admits
a unimodular triangulation, there exist vectors zq, ..., zq with

zizui—l—liviEC, liEN,

such that . .
uizzvlvl—k---qLVdvdEpar(A)
for all ¢ and such that the simplex I' := conv(0, 21, ..., z4) is unimodular.

Because par(A’) = (y) and par(A) = (z) for z := Pvy + - + vy € A and
y = Pw + -+ Pwg € A’ it follows that

v v
u; = Z Vlwl +e ded € par(A').
Let 2 := w4 l;w; for all i. Then the lattice simplex I := conv(0, 2], ..., 2}))
is also unimodular, because vol(A) = vol(A’). In particular, we have that T’
and I'" are isomorphic. But this implies that the simplices A and A’ are also
isomorphic. O
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Now suppose that the group Z? modulo U := Zuv; + --- + Zuv, is cyclic.
Hence for A = conv(0, vy, ...,v4) there exist a; € N with 0 < a; < V such
that

par(A) = <%vl +- %’Ud> ,  V:=vol(A).

Due to Lemma 4.2.1 it is justified to refer to the above notation instead of to
concrete lattice simplices A, because all lattice simplices A = conv(0, vy, .. .,
vg) for which par(A) = (%v; + - -+ + $4v4) are isomorphic.

So let us come back to this question: Which conditions does a lattice
simplex A = conv(0, vy, ..., vg) C R? fulfill that admits a SUT? For example,
we can provide the following results (which are indeed not really satisfying).

Theorem 4.2.2. Let A = conv(0,v1,...,v5) C R? be a lattice d-simplex
which admits a unimodular cover by subsimplices of A. Furthermore, let us
suppose that there exists x € par(A) and an indezx i with 1 <1i < d such that
T =3+ > i s, where Vo= vol(A). Then we have

x € par(A) NA.

Proof. Because x = %vi + Zj 4i v, is an element of par(A), it follows
that the group Z? modulo U := Zuv, + --- + Zug is cyclic and generated by
T, since

[(z)] =V = [par(A)].
Therefore, the face F' = conv(0, vy, ..., v-1,0it1,...,0q) of A is empty. But
A admits a unimodular cover. This implies that there exists a unimodular
subsimplex A’ of A which contains face F. Since F' is empty, it follows that
A’ must be of the form

/
A" = conv(0,v1, ..., Vi-1,Y, Vit1,s---,0q)

such that y € ANpar(A). Furthermore, A’ is unimodular, hence y = x, and
therefore z € par(A) N A. O

For example, Theorem 4.2.2 implies that all lattice simplices A = conv(0,
v1, V9, v3) C R? such that

1 2 2
par(A) = <Zvl + Z/UQ + ZU3>

do not admit a unimodular cover, and hence no SUT, since
1 2 2

Z—lvl —|— ZUQ —f- ng ¢ A
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A = conv(0,4e; — 2e5 — 2e3,e9,e3) C R? gives us an example for such a
simplex (see Figure 4.2, where A is shifted by the vector z = —2e; + e+ €3).

(-2,1,2) .
(-22,1),

\
\

(2,1,1) N\

\\ A

[ ]
Y

(2,-1,-1)

FIGURE 4.2

One might ask now if this simplex A = conv(0,4e; — 2eq — 2e9, €9, €3),
which does not admit a unimodular cover, is normal or even integrally closed.
In fact, at present no integrally closed lattice polytope which admits no uni-
modular cover is known in dimension d = 3. But there exists an example
of an integrally closed lattice polytope which admits no unimodular trian-
gulation in dimension d = 3 (see [9]). And we also have an example of an
integrally closed polytope which admits no unimodular cover in dimension
d =15 (see [1]).

So, let us have a look at A. We have

A N Zd == {O, 461 — 262 - 263, €9, €3, 261 — €y — 63}.

Furthermore, S is defined as the submonoid of Z* which is generated by
the elements (x,1), x € ANZ3 It follows that the subgroup gp(Sa) of Z*
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generated by S := Sx is given as
gp(S) = 2Zey + Zey + Zes + Zey.

Hence the index of gp(S) in Z* equals 2 and S is not integrally closed in Z2.
On the other hand, S is normal, i.e. S := ggp(s) =S.

Let z € S. On the one hand, this means that there exist 2y, 22, 23, 24 € Z
such that

T = 2z1€1 + 29€9 + 2363 + 24€4. (%)

On the other hand, there exists m € N such that
mx € S.
But this implies that there exist n; € N, ¢ =1,...,4, such that
mx = (2ny + 4ns)e; + (ng — ny — 2ns5)es+

(ng —ny — 2ns)es + (N1 + na + ng + 1y + ns)ey.

Together with (k) it follows that m | ny + 2n5, m | n3, m | ny, and
m | ny — ns. Now we distinguish between two cases. Either n; > ns or
n1 < ns. In the former case we set r| (= 2L=8 py = 22 pg = 12 ) =
m m

m’
242205 py = (. Then r; € N for all ¢ and hence

x = (2ry +4rs)ey + (r3 —ry — 2r;5)ea+

(ro—ry—2rs5)es+ (r1 +ro+1r3+7rs+175)eq € 5.

If ny < ms, then we set 71 := 0, ro 1= 72, r3:= 28 1y = —"4;2"1, 5 1=t
Again we have r; € N for all 7 and hence

x = (2ry +4rs)ey + (rg — ry — 2r5)ea+

(TQ—7’4—27‘5>€3+(7’1+7’2+7’3+T4+T5)€4ES.

Besides, Theorem 4.2.2 also implies that there does not exist a unimodular
cover of a lattice simplex A with

1 1 2
par(A) = <VU1 + vvg + VU3>

and V odd. This follows from the fact that, due to Theorem 4.2.2, A’ =
conv(0, vy, va, z) must be one of the covering simplices, where
b

1
T =g + évg + T € par(A) N A,
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if A would admit a unimodular cover. Since par(A) = (v; + +v2 + 2v3)
and because V' is odd, we have b = (%w Therefore, b + b > V and hence
x ¢ A. This is a contradiction. Therefore, A admits no unimodular cover.

Let A = conv(0, vy, vs,v3) be such a simplex with v; = Ve, — ey — 2e3,
Vg = €9, U3 = e3, and V > 3 is an odd number. Again we might ask if this
simplex A is normal or even integrally closed. Here we have

e1,e0,e3 € AN Zd,
since e; = %vl + %vg+ %Ug. Therefore, gp(Sa) = Z*. But on the other hand,
by definition w; € Sa C Z*, i =1,...,4, where w; = e; + €4, Wy = €3 + €4,
w3 = ey, wy = Vey — ey — 2e3 + e4. This implies that

v = (V+1)e; — 2e3 +dey = wy +wy + ws +wy €85,

but, because V' is odd, it follows that 3 € Z*. Hence A is not normal, since
5 ¢S, as one might check easily.

Furthermore, we can generalize the result above in the following way.
Remark 4.2.3. A lattice d-simplex A with

par(A) — <ﬂfu1 + P + %/Ud>

V V
such that a; = -+ = a, = 1, ag = r and ged(r,V) = 1 does not admit a
SUT. Otherwise, due to Theorem 4.2.2, we would have that
b ba— 1
Vlvl + 4 %Ud,1 + Vvd € par(A)NA

if A would admit a unimodular cover. But it follows that b; > (H if 1 <

1 < r. Therefore,
d bhi>V
i=1

and hence z ¢ A, which is a contradiction. It follows that A admits no
unimodular cover and hence no unimodular triangulation and, of course, no

SUT.

Furthermore, we have

Theorem 4.2.4. Let A = conv(0,v1,...,vq) C R? be a lattice d-simplex
which admits a unimodular triangulation A = I'yU...UT'y. LetT'; be a lattice
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simplex with 0 € T';, i.e. T; = conv(0,wy,...,wq) for some wy,...,wg €
ANZE If {w, ... ;wa—1} € {v1,...,va}, then there exists k such that Ty =
conv(0,wy, ..., we_1,x) and x = —wg + Z?;ll zw;, 2z € 7.

Proof. Let A =T'7U...UTI} be a unimodular triangulation of A and
let I'; be a lattice simplex with 0 € I';, i.e. I'; = conv(0,w,...,wy) for
some wq,...,wg € A. Since A = I'y U... UT}; constitutes a triangula-
tion of A, it follows that there exists & such that I'y coincides with I';
along face F' := conv(0,wy,...,ws—1). This simply means that we have
I'y = conv(0,ws, ..., we_1,2) with € par(A). Because both I'; and I'y, are
unimodular, we have that x must be of the form

d—1
Tr = —wq + E ZiW;
=1

such that z; € Z for all 7. O

All these statements about the properties which lattice simplices must
fulfill when they admit a SUT are unsatisfactory. (In fact, these properties
do not even take into account that the simplices admit a unimodular triangu-
lation resulting from a successive stellar subdivision, but they just take into
account that either the simplex admits a unimodular cover or a unimodular
triangulation.) Nothing enlightening can be provided. This and the following
shall motivate us to deal with a special kind of SUTs.

Besides, when we look back to the former chapters we see that it was
always, roughly speaking, very helpful if we could apply stellar subdivision
to a cone (lattice simplex) by a vector x which lies in the interior of this
cone (lattice simplex) and not on one of its faces. Why was this so useful?
Because when you faced a set of cones (lattice simplices) which constituted
a triangulation of an underlying cone C' (lattice simplex A), then getting
another triangulation of this cone by stellar subdivision meant to apply stellar
subdivision to all faces F' on which vector z was lying. Therefore, you had
to, again roughly speaking, take care for all the cones D (lattice simplices
I') with FF C D (F CI'). So applying stellar subdivision to a cone (lattice
simplex) by a vector x € int(C) (= € int(A)) made things easier.

So let us have a closer look at unimodular triangulations of lattice sim-
plices A C R? resulting from successive stellar subdivisions by vectors which
always lie in the interior of the corresponding simplices and do not lie on
any face F' with dim(F') < d. We will call this special kind of unimodular
triangulations shortly ISUTSs.

As in the case of unimodular triangulations and SUTSs it must be said
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that not every SUT is achieved by an ISUT, as one might naively conjecture.
Concretely, if a lattice simplex A admits a unimodular triangulation A =
['1U. . .UT'; which results from successive stellar subdivisions, then it might be
impossible to achieve this triangulation A = I'yU...UT; by successive stellar
subdivisions using just inner points in every step. The following example
illustrates this statement.

Example 4.2.5. Let par(A) = (fv; + 2v5). Then A admits a SUT. An
instance of A with v; = e; — 2e5 and vy = 3e; + e, is depicted in Figure 4.3.

In fact, the unimodular triangulation of A, which is illustrated in Figure
4.3, is the only one that A admits. Therefore, this example also shows that
there exist lattice simplices which do admit a SUT but no ISUT.

(3,1)

(17 _2)

FIGURE 4.3

Furthermore, we have the following examples for ISUTs.

Examples 4.2.6. (1) par(A) = <%v1 + %UQ + %v3>. At first, apply stellar
subdivision by x = %vl + %Ug + %Ug and then by y = %vl + %Ug + %1)3.

(2) Every lattice simplex A C R? with par(A) = <%v1 + -+ %vd>, where
n = |par(A)| and n —1 =0 (mod d), admits an ISUT. Apply stellar subdi-
vision by z; = 37”1"""'""%1%7 To = §v1—|—~~+§vd, cees Ty = S0+ LY
to the simplex A, where r := "7_1.

So what can be stated about lattice simplices which admit an ISUT?
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What properties do they have? The Examples 4.2.5 and 4.2.6 give us a
hint. In Example 4.2.5 we had |par(A) N A| = 4, in Example 4.2.6 (1) we
had |par(A) N A| = 3 and in Example 4.2.6 (2) we had |par(A) N A| =
d~ (| par(A)| +d —1). (Recall that 0 € par(A)NA.) Is this true in general?
I
S [par(&)] +d - 1
d

a necessary condition for the existence of an ISUT?

The following theorem gives us an answer to this question.

[par(A) N A =

Theorem 4.2.7. If the lattice d-simplex A = conv(0,vy,...,v4) admits an
ISUT, then we have

|par(A)| +d—1
y :

Proof. Let A be a lattice d-simplex which admits an ISUT. This means
that there is an order z1, zo, ...,z with f = | par(A)NA|—1 of all points x; €
(par(A) N A)\ {0} such that the successive application of stellar subdivision
to A by x1, 29, ...,z provides us with a unimodular triangulation of A.

Because the triangulation is unimodular, it consists of exactly n :=
| par(A)| lattice simplices.

Furthermore, this means that in every step (when we apply stellar sub-
division by z;) a simplex I" which is part of the current triangulation is
substituted by exactly d 4+ 1 other simplices I'y,...,'41;. This is, because
x; is lying in the interior of one of the triangulating simplices (here: T').
It follows that in every step the number of simplices which triangulate the
underlying simplex A increases by d. Therefore, after the successive stellar
subdivision with all points z1,xs,..., 2, we end up with a triangulation of
A with fd + 1 simplices.

It follows that n = fd + 1, hence f = "T_l. And finally, this implies

|par(A) N A| =

]par(A)ﬂA]:f+1:n+d_1 _ |par(A)\+d_1'
d d
]

Now we know that the condition |par(A) N A| = is necessary
for the existence of an ISUT. But in fact, this condition is also sufficient in
dimension d > 2 as the next statements will show.

[par(A)|—1
d

Let A = conv(vg, v1, . ..,v4) C R? be a lattice d-simplex. Then we define

F2 as the minimal face of A containing z. This means that z € F2 and
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that there exists no other face G of A with G C F2 and z € G. For x ¢ A
we set dim(F2) := 0.

Lemma 4.2.8. Let A = conv(vg,vy,...,v4) C R be a lattice d-simplex and
let x,y € ANZE. Furthermore, let A =ToU ... UTy be the triangulation of
A resulting from a stellar subdivision of A by x. Then we have

t
> dim(F)1) > dim(F}).
=0

Proof. Without loss of generality we can assume that F> = conv(vy, . .
vy) with ¢t € {0,...,d}. Then let

)

[ = conv(vg, . .., Vi1, T, Vi1, -, 0q), ©=0,...,1,

be the simplices resulting from the stellar subdivision by x to A. Further-
more, we have

R py
ity €I and y € I';. Otherwise, F?; ﬂFij would be a face of I'; and I'; which

is strictly contained in FyF i and in FyF 7 and contains y. This is a contradiction.
Let now [ € {0,...,t} such that y € I';. Now we distinguish between two
cases.

Case 1. x ¢ F)'. Tt follows that F* = F'. Therefore,

Y

t
> dim(F)7) > dim(F)") = F).
=0

Case 2. x € F,'. Let F,' = conv(z,w; ..., w,) with w; € {vo,...,vq}
for all i. Then we define A := {vg,...,v} and B := {wy,...,ws}. Due to
the definition of I'; (i = 0,...,t) it follows that y € I'; if and only if v; ¢ B.
Therefore,

{Ti:y e L[ = [A\ BJ.

This implies that

t
> dim(Fy) = {Ti: y € T} -s = |A\ B| - |B].
=0
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On the other hand, we can deduce that y € conv(vy, ..., v, wy,...,ws), hence
dim(F*) < [AUB| - 1.
Since |[AU B| — |B| = |A\ B|, it follows that

t
> dim(F)) > dim(F).
1=0

O

Lemma 4.2.9. Let A = conv(vg,vy,...,vq) C R%. be lattice simplex. Then
a triangulation of A into empty lattice simplices resulting from successive
stellar subdivisions consists of at least

TA = Z dim(F2) + 1

reANZ4

simplices.

Proof. Let A C R be a lattice d-simplex. We will prove the lemma by
induction on the standardized volume vol(A) of A. If vol(A) = 1, then A is
unimodular. Hence A is empty and 7(A) = 1. Therefore, the statement is
correct in this case.

So let vol(A) > 1. If A is empty, we are done. So let us assume that
there exists x* € A N Z? such that x ¢ {vp,...,v4}. Then we apply stellar
subdivision by x to the simplex A, which results into a triangulation A =
I'yU...UT,.. Because vol(I';) < vol(A) for all 4, it follows by induction that a
triangulation of A into empty simplices — starting with the stellar subdivision
by x — consists of a least

Zm = ) (Z dim(Fsz')> +r

ye(Anzd)\{e} \i=1

simplices, where dim(F,?) =0 if y ¢ I';.
But due to Lemma 4.2.8 it follows that

> (Zdim(FJﬁ)E > dim(F)).
ye(ANZA\{z} \i=1 ye(ANZA)\{x}

Because r — 1 = dim(F?%), a triangulation of A into empty simplices resulting
from successive stellar subdivision (starting with the stellar subdivision by
x) has at least

TA = Z dim(FZA) +1

zEANZA
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simplices. O

Theorem 4.2.10. Let A = conv(0,vy,...,v4) C R? (d > 2) be a lattice
simplex with empty faces. If

|par(A)|+d—1

| par(A) NA| = y :

then A admits an ISUT.

Proof. Let A = conv(0,vy,...,v4) C R? (d > 2) be a lattice d-simplex
with empty faces such that

A)+d—-1
I par(A) N A = 122 )(|1+ .

We will prove the theorem by induction on the number m := | par(A)NA|.
If m = 1, then it follows, due to the identity |par(A) N A| = %,
that | par(A)| = 1. Therefore, A is unimodular and admits an ISUT.

Let now m > 1. Due to Lemma 4.2.9 A admits a triangulation into at
least | par(A)| simplices, which means that A admits a unimodular triangu-
lation. And because the faces of A are empty and | par(A)| > 1, there must
exist a vector x € par(A) N A such that

I
xr = V?Jl + + Vvd
with V' := |par(A)|, ey = 1 and ged(a;, V) = 1 for all ¢. Then let us
apply stellar subdivision by x to the simplex A. If I'y,..., 'y with I'; =
conv(0,...,v;_1,2,0i11,...,0q) are the resulting simplices, then we have

Z | par(l)| = [ par(A)]. (+)

(In a strict sense | par(I'g)| is not defined, because 0 ¢ I'y. So let & =
conv(uo, ..., uq) be an arbitrary lattice d-simplex with 0 ¢ ®. Then we set
| par(®)| := | par(0, uy —uq, . . ., ug—up)|. Analogously, we set | par(®)NP| :=
| par(0,u; — ug, ..., uqg — ug) N (—ug + P)|. Obviously, these definitions are
independent from the choice of uy.) Now we will distinguish between two

cases. Either the faces of all resulting simplices Iy, ..., 'y are empty or they
are not.

Case 1. The faces of all resulting simplices Iy, ...,y are empty. Then
we have

D) +d—1
par(r) | < PHEIEAZL (%)
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for all 7. Otherwise there would exist a ¢t such that, due to Lemma 4.2.9, T’
admits a triangulation into

m, =d- (|par(T;) NT;| — 1) + 1 > | par(I;)]

empty simplices. But this is a contradiction. Moreover, because all faces
of the simplices I'; are empty and because x € I'; for all 7, it follows that
%, | par(T;) NTy| = | par(A)NA|+d — 1. Due to () and (¥*), this implies

|par(I';)| +d—1

;) NTy| =
[par(T) N T .

for all 4. Therefore, we conclude by induction that all simplices I'; admit an
ISUT. Hence A also admits an ISUT.

Case 2. There exist z € Z4\{0,vy,...,vq, 2} and t € {0, ..., d} such that
2 lies on one of the faces of I';. Let us assume that FI'* = conv(wy,...,w,)
with w; € {0,vy,...,vg, 2} for all i. Then x € {wy,...,w,}.

Now we will show that

dim (F}*) =r—1=1.

for all @ with z € I';. Since [{I';: z € I';}| = (d + 1 — ), we have
Zdlm FF =d+1-=r)-(r—1).

So, if 1 < dim (F%) < d, then 3¢ dim (F!*) > d. But due to Lemma 4.2.9
A admits a triangulation into at least

d
ZTpi: Z (Zdlm >—|—d+1
=0 Nz}

ye(ANzZd

empty simplices. Because Z?:o dim (FZFZ) > d and, due to Lemma 4.2.8,
Zdlm > dim (FyA) =d
for all y € (ANZH\H0,...,vg 2}, it follows that

d
>, > [ par(A)],
i=0

60



since |par(A) NA| = %. This is a contradiction.

Finally, we know that z lies on a line segment wyuy; with wuy,us €
{0,v1,..., vg,x}. Because the line segments 7;0; are empty, since all faces
of A are empty and the line segments v;z (i # 1) are empty, because the

simplex I'; = conv(0, x, va, . .., v4) is unimodular, it follows that
z € conv(vy, x).

Now we will show that there exist no other lattice points on the simplices
[; than than the points on the line segment conv(vy,z). We have already
excluded that there are any other lattice points on any faces F' of the simplices
['; with dim(F') < d. Consequently, if there is any lattice point in one of
the simplices I';, it would have to be a point in the interior of one of these
simplices. Hence let us assume that there exist s € {0,...,d} and w € I';NZ4
such that w € int(T,). This means that dim(FL:) = d.

Then we apply stellar subdivision by the vector w to the simplex I'y
(see Figure 4.4 for the situation in dimension d = 2). This gives us the
Vi

Va

FIGURE 4.4

triangulation I'y = AgU. . .UA4. Due to Lemma 4.2.9 A admits a triangulation

into at least .
=T

1#s 1=0

empty simplices. But from Lemma 4.2.8 we can conclude Z?:o dim (FyF Z) >
dim (F*) and 7, dim (FM) > dim (F)*). Hence it follows, due to the
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definition of 7o, that

d
n> S dim(EN + Y dim(F) + Y dim(FM) +2d + 1.
ye(ANZAY\{z,w,2} i#s i=0

Furthermore, dim(F?) = 1 for all i # 1, dim(F*) = 1 for all i with z € A,;.
But [{A; : z € Aj}| = d— 1. Out of this reason, we have (with € :=
| par(A) N AJ)

n>(e—4)d+(d—1)+(d-1)+2d+1=€-d— 1.

This implies that A admits a triangulation into empty simplices with at least
n > |par(A)| 4+ d — 2 simplices. This is a contradiction if d > 2.

Therefore, the only points y € (A NZ%)\ {0,...,v4} are the ones on
the line segment conv(vy,x). On the other hand, we already mentioned
that, due to Lemma 4.2.9, each triangulation of A into empty simplices
(resulting from successive stellar subdivision) is unimodular. It follows that

ag = --- = aq. (Recall that x = Gvy +-- -+ f2vg with V := [par(A)], a; = 1
and ged(a;, V) =1 for all i.) As a result, there also exists a lattice point
v =2y + vt oo
vV v

Of course, 2’ € A. Otherwise A would not admit a unimodular triangulation
due to Theorem 4.2.2.

Now we can forget about the point x. Instead we will apply stellar sub-
division to A by 2’. Let A = I'; U ... UTY, be the resulting triangulation

such that T, = conv(0,...,v;_1,2",v;11,...,0q). Then the faces of all these
simplices must be empty. This is because I'; is unimodular if ¢ # 1.
Hence we are in Case 1. Finally, Theorem 4.2.10 is proven. 0

Remark 4.2.11. At first, one might suppose that, because, roughly speak-
ing, much points are needed in the set M := par(A) N A (due to Theorem
4.2.10) to come up with an ISUT, only polytopes of the form given in Exam-
ple 4.2.6 (2) admit an ISUT. But in fact, Example 4.2.6 (1) shows that this
is not the case.

Remark 4.2.12. Lemma 4.2.9 also shows that r := d~(| par(A)| +d — 1)
is an upper bound for the number of points in the set M := par(A) N A
if A is a lattice simplex with empty faces. Otherwise we could provide a
triangulation of this lattice simplex A with more than n := | par(A)| lattice
simplices. But this is a contradiction. Moreover, Example 4.2.6 (2) tells us
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that this upper bound is optimal in a sense that in every dimension d > 3
there exists an empty lattice simplex A for which |M| = r. Furthermore, the
proof of Theorem 4.2.10 is also constructive. It provides us with an algorithm
to construct an ISUT for a lattice simplex with empty faces which fulfills the
property of Theorem 4.2.10.

Remark 4.2.13. In dimension d = 2 things are different. There the condi-
tion | par(A) N A| = d~ (] par(A)| + d — 1) is not sufficient.

On the one hand, we have that all lattice simplices A C R? which have a
nonempty face F' do not admit an ISUT, because by definition all vectors x
used for stellar subdivision have to be elements of the interior of A. On the
other hand, if A is a lattice simplex for which all faces F' with dim(F') = 1
are empty, then we have

|par(A)] + 1

[par(A) n A] = (252

Why is that true? Let A = conv(0, v1,v,). Then for every x € par(A) \ {0}
with © = ayv; +anve we have y := 101+ Fovg € par(A), where 5y := (1—ay)
and (s := (1 —ay), because aq, g # 0 (since there are no points on the faces
along the vectors v; and vy). Therefore, either a1 + ag < 1 or B + 2 < 1

(the case oy + ap = 1 can be excluded, since there is no point on the line
| par(A)]+1

5 of the vectors = € par(A)

segment 703). This implies that exactly
are also elements of A, since 0 € A.

But not all lattice simplices for which all faces are empty admit an ISUT
as Example 4.2.5 shows. Therefore, the condition is not sufficient in dimen-

sion d = 2.

Do the theorems above also shed any light on the problem with SUTSs?
First of all, it gives us a criterion by which we could check whether a simplex
has a SUT in dimension d > 2, simply because an ISUT is also a SUT. But, of
course, the condition is just sufficient in the case of SUTs, and not necessary.
For example, the lattice simplex A C R? with

1 3 3
A)=(- — —
par(A) <8U1 + 8v2+ 8v3>
admits a SUT (simply apply successively stellar subdivision to A by z; :=
fv1 4 2vy + 3vs and @5 := 2u; + fus + fv3), but
|par(A)|+d—-1 10

2 = |par(A) N A # 7 =3
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Honestly, we must say that apart from the above statement, the theorems
do (on the first view) not shed any light on SUTs. In fact, we just hope
that they might be helpful to gain similar results concerning SUTs or even
unimodular triangulations. We hope that we could provide a similar relation
between the number of points in the set M := par(A) N A and the existence
of a SUT, or even an arbitrary unimodular triangulation, of A.
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