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1. Introduction

The study of random simplicial complexes and even more generally, simplicial com-
plexes, continues to be an interesting and active area of research because of its impor-
tant applications. The study of random 1-simplicial complexes (random graphs) was
first introduced by Erdés, Rényi and Gilbert [ER59] [Gil61], and since then, it has been
an intensively studied object of discrete mathematics and stochastic. The Erdos-Rényi
graph consists of a fixed vertex set with a fixed number of equally likely edges. It is a
purely combinatorial object. But with the Gilbert graph being geometric in nature, it
has found more applications in the real world, for example, in the study of communica-
tion networks. This is because the relative position of points in space plays an important
role in its construction. This type of random graph model is based on point processes
and has been generalised in various ways, for example in [Pen03], where an extensive

study on it can be found.

The idea in this thesis is to investigate a random structure, precisely a random simplicial
complex, which is constructed on a stationary Poisson point process. A Poisson point
process, 7, is such that for any Borel set A, in the space in consideration (a subset of
R%), the number of points in A, n(A), is a random variable with a Poisson distribution.
That is, P(n(A) = 0) = exp(—u(A)), where u is known as the intensity measure of the
process. The Poisson point process 7, is said to be stationary, if the intensity measure
is given by p = t\, where t is the intensity and X is the usual Lebesque measure in R
The Poisson point process plays quite a significant role in probability theory and its

applications, and in several problems in stochastic geometry.

A simple example of such random simplicial complex is the Gilbert graph [Gil61] on the
Poisson point process, in which the vertices are points in the process and two points
are connected by an edge if and only if they are close together enough according to a

prescribed distance parameter.

We will consider random variables depending on the Poisson point process described
above, generally known as Poisson functionals. One such functional on the Gilbert
graph is the length-power functional described in [RST17], which is related to the edge
lengths of the graph.
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In this thesis, we took it a step further, by considering more general simplicial complexes
in which a k-simplex exists when its k+ 1 vertices are ‘well connected’. Examples of such
simplices are the Vietoris-Rips complex R(n¢,d;) and Cech complex C(n;,d;), where &
is the prescribed distance parameter. We then considered the volume-power functional
which is the sum of the a-power of the volume of these simplices. We also examined the
asymptotic expectation and asymptotic covariance of these types of Poisson functionals
and established both univariate and multivariate central limit theorems. We will see

that the univariate limit theorem exists only if the expectation tends to infinity.

We did observe these asymptotics in the following different regimes as introduced by
Penrose [Pen03].

e The sparse or subcritical regime, where tlim tod = 0.
— 00

e The thermodynamic or critical regime, where tlim tod = ¢ € (0, 00).
—00

e The dense or supercritical regime, where tlim téf = 0.
—00

In the special case where @ = 0, we have the Poisson functional only counting the
number of simplices. This gives the components of the f-vector. We went on to get a
Poisson limit theorem while restricting the expectation to tend to a constant. In this
case, we discovered there is no Poisson multivariate limit theorem as the expectation of
k-simplices tending to a constant implies that for ¢ > k and j < k, the expectations of

the ¢- and j-simplices tend to 0 and oo respectively.

This thesis is based on the following paper and therefore coincides with it to a very large

extent.

[AR20] G. Akinwande and M. Reitzner, Multivariate central limit theorems for random
simplicial complexes. Advances in Applied Mathematics, 121(102076), 2020.

1.1. Outline

We organise the work as follows:

In Chapter 2, we provide the relevant materials useful in this thesis. First, we give
some basic notations in Section 2.1, and then recall facts from stochastic geometry in
Section 2.2. Section 2.3 provides an overview on random simplicial complexes, and the
cardinality of some special class of partitions is discussed in Section 2.4.

Chapters 3 to 6 explore the first and second moments, central limit theorem and Poisson
limit theorem respectively, of the so-called volume-power functionals in consideration.

In Chapter 3, we discuss the expectation for functionals based on random graphs and
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then more generally for functionals based on random simplicial complexes in different
regimes. We are able to see that the asymptotic expectation does not necessarily have
to behave according to its current regime.

In Chapter 4, we investigate the covariance structure of the volume-power functional.
We are able to analyse the rank of the covariance matrix for the normalised version of
the volume-power functional in the different regimes. We see that the covariance matrix
is of full rank in the sparse regime, and in the thermodynamic regime except for finitely
many values, and it is singular in the dense regime.

We discuss the central limit theorem in Chapter 5, first the univariate case and then the
multivariate case. Special fourth moment integrals involving partitions are used. We are
able to see that the central limit theorem holds in any case once the expectation goes
to infinity. Finally, we see in Chapter 6, the Poisson limit theorem for the components

of the f-vector. This is most applicable in the sparse regime.



2. Preliminaries

In this chapter, notions needed throughout this thesis are introduced. First, we give
some basic notations in the first section, and then recall facts from stochastic geometry
in the second section. The third section will provide an overview on random simplicial

complexes, and the cardinality of some partition will be discussed in Section 2.4.

2.1. Basic notations

We take IN to be the set of natural numbers, 0 ¢ IN, and INg = NU{0}. Z, Z and R are
the set of integers, strictly positive integers and real numbers respectively. For d > 1,
R? is the d-dimensional Euclidean space equipped with scalar product (-,-), Euclidean

norm || - || and Lebesgue measure A = A\q. For r > 0,
B(z,r)={y € R’: |l —y| <r}

is a d-dimensional (closed) ball with center z € R? and radius r. We denote by

the volume of the j-dimensional unit ball B/ = B7(0, 1). In the following we fix a convex

compact set W C R? of unit volume.

Let i be a o-finite measure on a measurable space (W, W). For n € IN, we denote by u"
the product measure of © on W™ defined as usual. We write the integral of a measurable

function f: W™ — R with respect to u" as

fdp™ =

flxy, ..o xn) du(z, ...y xn).
Wﬂ/ Wn

If © = A, we use the standard notation fW" flxy,... xy) doy, ..., doy,.
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We denote by LP(u'), the set of all measurable functions f : W™ — R such that
/ |fIPdu™ < oo.
WTL

We also let LE(u™) be the subspace of all symmetric functions in LP(u™), that is, those

functions that are invariant under permutations of their arguments.

For random variables X and Y, EX and VX are the expectation and variance of X

respectively, while Cov(X,Y") is the covariance of X and Y.

Since we will be insterested in the asymptotic behaviour of functions, we will use the
Bachmann-Landau big-O and little-O notations. Let g and h be two non-negative func-

tions, then we have the following.

(i) g(x) = O(h(x)) <= 3 xo9,n > 0 such that for x > zg, g(z) < n-h(x).

This means g is asymptotically bounded above by &, up to a constant factor.

(ii) g(x) = Q(h(x)) <= 3 zo,n > 0 such that for x > zo, g(x) > n - h(x).

This means g is asymptotically bounded below by &, up to a constant factor.

(iii) g(x) = O(h(n)) < g(x) = O(h(z)) and g(x) = Q(h(z)).
This means ¢ is asymptotically bounded above and below by h, up to constant

factors.

(iv) g(z) = o(h(n)) < V e>0, 3 zg such that for z > z, g(z) < €- h(x).
This means g is asymptotically dominated by h.

(v) g(x) =w(h(n)) <= V n >0, 3z such that for z > xg, g(x) < n- h(x).

This means g asymptotically dominates h.

A partition o of a set X is a set of non-empty subsets of X such that X is a disjoint
union of those subsets, that is, each element in X is in exactly one of those subsets. The

elements of o are called the blocks of o.

For example, for X = {1,2,3,4}, o1 = {{1,2},{3},{4}} and o2 = {{1,2},{3,4}} are
both partitions of X with 3 blocks and 2 blocks respectively.

Let P(A) stand for the set of partitions of an arbitrary set A. Then |o| represents the
number of blocks in a partition, o € P(A). A partial order is defined on P(A) such that
o < 7 if each block of o is contained in a block of 7, for 0,7 € P(A). The minimal
partition 0 is the partition whose blocks are singletons, and the maximal partition 1 is
the partition with a single block. For two partitions 0,7 € P(A), o A 7 is the maximal
partition in P(A) such that c A7 < o and 0 A7 < 7, and o V 7 is the minimal partition
in P(A) such that c <oVr1and 7 <o VT.
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2.2. Background on stochastic geometry

2.2.1. Poisson point processes

Let N(X) be the set of all o-finite integer-valued measures on a measurable space (X, X).
Let NV(X) be the o-algebra generated by N(X) such that the map, g4 : N(X) = R, 1 —
n(A) is measurable for A € X. Given the underlying probability space (2, F,P), a
measurable map 7 : (2, F) — (N(X), N (X)) is called an integer-valued random measure.

An integer-valued o-finite random measure, 7, is called a Poisson point process with

intensity measure u, if

- n(A) is Poisson distributed with parameter p(A) for each A € X.

- n(A1),...,n(Ay) are independent for disjoint sets Aj,..., A, € X and n € N.

A stationary Poisson point process is one whose intensity measure is a constant multi-
plied by the Lebesgue measure, A. In this thesis, we consider a stationary Poisson point
process since the intensity measure is given by pu = t\, where ¢ > 0 is the intensity of
the Poisson point process, 7:. A random variable depending on a Poisson point process

is called a Poisson functional.

We represent by LP(P,) the set of all measurable funcions F : N(X) — R with E|F|P <

oo, where P, = P on is the image measure.

For a Poisson point process, nn with intensity measure p, the expected value of a Poisson
functional, F' = F'(n), is denoted by IEF'(n) and it’s behaviour depends on p. Also, we
can consider n as a set since we can give distinct multiple points a number as a mark.

So for k € IN, nf’ 218 the set of all k-tuples of distinct points in the Poisson point process.

An important tool that will be needed is the multivariate Mecke formula for Poisson

point processes given as follows.
k
E Z f(n,1'17---7$k):/]Ef(77+2596w$17--'axk>du(x1""’$k)v
(@1, )ENY Wk i=1

where k > 1 is a fixed integer, and f : W* x N(W) — R is a non-negative measurable
function, cf. [SWO08, Corollary 3.2.3].

Since the Poisson functionals we will be considering in this thesis do not depend on

the Poisson process and we have a stationary Poisson point process, we only need the
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following special case. We note that the expectation inside the integral can be removed

in this case.

E Z f(:nl,...,a:k):tk/f(:vl,...,:nk)dwl...dack, (2.1)
Wk

where f € L*(1").

2.2.2. Malliavin operators

We will need the multiple Wiener-It6 integrals which play a role in the sequel. The def-
inition was first given for integrable functions and can be extended to square integrable

functions via limit on simple functions. We refer to [LP11, Chapter 3] for more on this.

Definition 2.1. Let n € IN and f € L!(y"). The n-th multiple Wiener-Ito integral,
I,(f), of f is given by

L= (1) S [ e ddn(n )

=0 (T1500si) ENY
The following isometry relation holds for multiple Wiener-It6 integrals with square in-
tegrable integrands.

Lemma 2.2. Let f € L2(p™) and g € L2(u™), m,n > 1, then

(1) Bl (f) =0

(ii) EIn(f)Im(g) = ]l{n:m}n!<f7 g>'

For a Poisson functional F' and z € W, the difference operator or add-one-cost operator,
D.F is given by
D.F =F(n+9d.)— F(n),

where §, represents the Dirac measure concentrated at the point z € W. Higher order
differential operators are defined recursively.

n _ n—1
Dzl,...,an - D21D22,... z F.

<N

It is well known that every square integrable Poisson functional can be written as a sum
of multiple Wiener-It6 integrals, that is, they admit a chaos expansion. We have the
following from [LP11].
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Theorem 2.3. Let F € L*(P,) be a Poisson functional. Then f; € L%(u™) fori € N

and

F=FEF + il,-(f,-). (2.2)
=1

Here, the f;’s are called the kernels of the chaos expansion and are defined by

fi(l‘lu--wxi):/)( 7_f(mlv"')xivyla'”7yn7i)d/‘(yla"'ayn7i)a (23)

and also given by
1
filwr,.o i) = SBDy, o F.

Furthermore,

VF = |l fil>. (2.4)
=1

Since our proof for Poisson limit theorem is based on results on the Poisson approxi-
mation of Poisson functionals from [LP11] which make use of operators from Malliavian

calculus, we give a short overview of two of the operators.

Definition 2.4. Let dom D be the set of all Poisson functionals, F' € L?(IP,) such that
[e.e]
> il fill* < oo
i=1

Then for F € dom D,
D.F =Y il 1(fi(z,.)).

i=1
We note the above definition coincides with the previously stated defintion for F' € dom
D.
Definition 2.5. Let dom L be the set of all Poisson functionals, F' € L?(IP) such that

o0

> | fil]? < oo

i=1
Then for F' € dom L, the Ornstein-Uhlenbeck generator, LF, is given by

o0

LF ==Y ili(fi).

i=1
It has a (pseudo) inverse operator given by
o

LF ==Y S5,

=1
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which is defined for all F' € L?(IPy), although the identity LL~! only holds if EF = 0.

In probability theory, it has always been of interest to decide if a family of random
variables converge in distribution to a random variable with a known target distribution.
Although the Stein’s method was first developed in [Ste72] for the approximation of sums
of dependent random variables by the Gaussian distribution, it has been applied to other
target distributions like the Poisson, Gamma and Binomial distributions. In this thesis,

the target distribution will usually be the Gaussian or the Poisson distributions.

A class H of real-valued functions h : R* — R is called separating if the following holds:
If F and G are two random elements such that E|h(F)| < oo and E|h(G)| < oo for
all h € H, then Eh(F) = Eh(F) for all h € H implies that F' and G has the same

distribution. Such h € H are known as test functions.

Definition 2.6. Let H be a class of separating real-valued functions on R¢, then the
distance between the laws of two random elements F' and G, such that E|h(F)| < oo
and E|h(G)| < oo for all h € H, is given by

dy (F, G) = sup{|E[:(F)] — E[A(G)]]}. (2.5)

heH
We note that dy(-, ) satisfies the usual axioms of a metric on probability distributions.
The choice of the class of test functions present various distances in probability. We

present the ones needed in this thesis.

Given two random variables X and Y, if we take H to be the set of indicator functions

of intervals (—o0,t], t € R, we get the Kolmogorov distance given by

dr(X,Y) = fg}g{\lP(X <t)-PY <)}

Alternatively, for two random variables X and Y, let Lip(1) be the set of all functions
h : R — R with a Lipschitz constant less than or equal to one. Taking H = Lip(1), we

obtain the Wasserstein distance

dw(X,Y) = sup {|E[L(X)] - E[R(Y)][}.
heLip(1)
The Wasserstein distance given above is defined for random variables which will be useful
for the univariate central limit theorem, it is also defined for the m-dimensional random
vectors by considering the functions h : R™ — R with a Lipschitz constant less than
or equal to one. But this distance will be too strong for the multivariate case, so we

consider another class of test functions instead.

Let X and Y be two m-dimensional random vectors such that E[||X|]?, E[||Y]|]* < oo,
and let H,, be the set of all thrice continuously differentiable functions g : R™ — R
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such that the second and third partial derivatives are bounded by one, that is,

0%g
<1 and max sup |————— ()| <1,
1<iy <ip<is<m geRrm | 0T, 0T, OTig

(z)

0%g
max sup |m=———
1<i1<iz<m geRrm | 0%, 0%,

then the ds-distance is given by

d3(X,Y) = Sup {IE[R(X)] = E[R(Y)]]}-

Let X,Y be two IN-valued random variables. The total variation distance between the

laws of X and Y, written as dry, is given by

dry := sup |P(X € B) —P(Y € B)|.
BCIN

We note that that the topologies induced by these distances as with other distances
in the literature (see [Pel6, Chapter 6]) are strictly stronger than the one induced by
convergence in distribution, so that convergence in these distances implies convergence

in distribution.

2.3. Random structures

2.3.1. The Gilbert graph

Let n; represent a Poisson process with intensity ¢. We choose some parameter §; > 0
which may depend on t. The Gilbert graph, G(n,d;), is defined as the random graph
with vertex set 7, and an edge, e = (z,y), exist between two points {x,y} C n; if
|z — y|| < . Gilbert [Gil61] has studied the planar case of these graphs as applicable
to communication networks and disease control. Omne can examine the behaviour of
these graphs by counting the number of edges or subgraphs or components [Pen03] or
the length of the edges as we see in [RST17]. Here the length-power functional was
considered. It is given as follows. Let E(G(n,d¢)) be the edge set of the Gilbert graph.

1
Vi=o 3 eyl
e=(z,y)EE(G(ne,6¢))
1
=5 > le—yl <)l -yl (2.6)

(z.y)en; 4
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17t2 4 represents the set of all pairs of distinct points of n; and a € R. For @ = 0, the
functional counts the number of edges and for o = 1, it counts the total edge length of

the graph.

Next we observe that the degree deg(z) of a typical vertex x in the graph is given by
/{dtéf. We have by using the concept of Palm distributions and the Mecke formula 2.1
that

Edeg(z) = %E Z 1(z e W)

TEMN:

= 1]E Z ne(B(x,6) — 1)

t
TEN:

= /nt(B(x,(St)) dx
w

= t6ky.

The quantity, t0¢, is essential to studying the behaviour of functionals and it naturally

leads to three different asymptotic regimes as introduced by Penrose [Pen03].

e The sparse or subcritical regime, where tlim tof = 0.
— 00

e The thermodynamic or critical regime, where tlim tod = c € (0, 00).
—00

e The dense or supercritical regime, where tlim tég = 00.
— 00

In this thesis in fact, we shall consider the thermodynamic regime in two parts, namely,

for ¢ < 1 and ¢ > 1, as this is important for our results as we shall see later.

2.3.2. Random simplicial complexes

Let A be a collection of subsets of a set V. Then A is called an abstract simplicial
complex if for every set X € A and every non-empty Y C X, Y € A. The elements of
A and V are called faces (or simplices) and vertices of the complex respectively. It is
assumed that {v} € A for every v € V. If Y C X, then Y is said to belong to face X.

To define a geometric simplicial complex, we start from the building blocks of the com-

plex, that is, the simplices. Let £ > 0 and let wg, uy, ... ur be points in some Euclidean
k

k
space R™. The point x = ) c;u; is an affine combination of the u;’s if > ¢; = 1, for
i=0 i=1
non-negative ¢; € R. The k 4+ 1 points are said to be affinely independent points in R™
k k

if for any two affine combinations x = > ¢;u; and y = 3 cju;, x and y are the same if
i=1 i=1
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and only if ¢; = ¢ for all 4. In other words, the k + 1 points are affinely independent if

and only if the vectors u; — ug, 1 <17 < k, are linearly independent.

Definition 2.7. A k-simplex, S in R" is defined to be the convex hull of the k + 1

affinely independent points, that is, a set of the form
k n
S = {thuz | ti Z0,0SiSn,Zti = 1}.
i=0 i=0

The dimension of a k-simplex, S is k.

Definition 2.8. A simplicial complex, A, is a finite set of simplices in R™ such that

e every face of a simplex belonging to A is also in A, that is, S € A and T C S
implies T' € A,

e the intersection of two simplices is either empty or a common face of both simplices.

The dimension of A is given by dimA = max{dimS : S € A}. A 1-dimensional

simplicial complex is simply called a graph.

The collection of i-dimensional faces of A is denoted by F;(A), and fi(A) = |Fi(A)].
The f-vector of A is given by

f(A) = (f—l(A)v fO(A)7 fl(A)a s 7fdzm(A)(A))
Here, f_1(A) counts the empty set and it is usually 1.

The notion of randomness in simplicial complexes can be observed in various ways. The
FErdos-Rényi graph for example has a deterministic vertex set and random edges. The
approach in this thesis will be the Gilbert model where the vertex set is a random set.
A random simplicial complex is in fact a generalized version of the Gilbert graph. We
shall consider two different simplicial complexes which both have the Gilbert graph as
their 1-skeleton.

The Vietoris-Rips complex is a random simplicial complex whose k-dimensional faces are
the abstract simplices {xo, ..., 2} C n iff ||z;—x;|| < 6. Le. the Vietoris-Rips complex
is the clique complex of the Gilbert graph. The Gilbert graph is in fact the one-skeleton
of the Vietoris-Rips complex. We denote the Vietoris-Rips complex by R(n, d;) and its
set of k faces by Fi(R(n:, ). For k < d the faces have a geometric realization which

is just the convex hull [zg,...,z;] C W of zo,...,xk.

We denote by Aglzo,...xg] the k-dimensional volume of the convex hull of the points
xo,..., ok if all edges have length at most s, and set Ag[zg,...,xr] = 0 otherwise.

For k > d there is no k-dimensional realization and thus in this case we just define
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Ag[xo, ... 2]° = 1 if and only if all pairwise distances are bounded by s. Thus for all
k>0,
F e Fu(R(n, 60)) < As, (F)° = 1.

Note that for k£ < d we identify the abstract simplex F = {xo,...,zr} € Fr(V(nt,6))

with its geometric realization [z, ..., xg].

The notation Ay here should not be confused with previous notation A of a simplicial

complex.

Closely connected to the Vietoris-Rips complex is the Cech complex C(n,d;). This is
the random simplicial complex where an abstract k-simplex {zo, ...,z } is in C(n, d;) if
ﬂszB (x4,0¢/2) # (0. All results on the Vietoris-Rips complex in this thesis can verbatim
be formulated for the Cech complex C(n, ;) instead of the Vietoris-Rips complex. This

just changes some of the constants, see Chapter 5.

The quantity we are mostly interested in this thesis is the volume-power functional of

the Vietoris-Rips complex, defined as follows.

(07 1 o
S TS S (E)
" FEFR(R(nt,6+))
1

— ] Z As, [0y ..z (2.7)

If k < d, this functional is in L'(P) for @ > —d + k — 1, as will be observed later, and
for & > d we just consider the case o = 0. We note that when o = 0, V,ga) counts the
number of k-simplices in the simplicial complex, and thus, V,go) = fx, a component of

the f-vector of the simplicial complex.

2.4. Counting partitions

It will interest us to know the number of partitions a set has, and the recurring function
below gives this number for a typical partition. The Bell number, B,, is the total number

of patitions of a set with n elements. It is given by
B =S ("B
B
In the sequel, we consider special types of partitions.

Let f(l)(a:gl), . ,x,gll)) € L?(u™) with k; € IN, for I = 1,...,m. The set of variables of
fO.whk 5 R=RU {£o0}, I =1,...,m, will be used to create a partition as done in
[Sch13].
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The tensor product, ®;11f(l) : W2iZiki 5 R, of the functions f() is given by

m m l l
o /0@ ) = T 0@, ).
=1

Let Vi(ki,...,kn) = {xgl), .. ,x,(:l),x?),...,x,(gj),xgm), .. ,x,(ﬁz)}. Let m € P(V(k1,...,km))

be the partition whose blocks are {xgl), e ,mgl)}, l=1,...,m. Define

W(kr, o dim) = {0 € PV k) o AT =0}
ﬁ(k1>~'-7km) = {UEP(V(I{Jl,...,km))ZU/\ﬁ:0,0’\/ﬁ:i}

Moo(ky,... km) = {aEP(V(k:l,...,km)):a/\ﬁ:f), B 22VBea}

Clearly, both II(ky, ..., ky,) and II>o(k1, ..., kn) are contained in II(k1, ..., k).

For a partition, o € II(k1, ..., kp), we note from the definition that the number of blocks

in the partition is bounded thus:

m
max ki < o] < > ki, (2.8)
== i=1

the upper bound is the case where all blocks are singletons and the lower bound is so

because no block contains elements with the same index.

Also, we construct a new function, (®;", f@O), : Wlel — R, by replacing all variables
that belong to the same block of o by a new common variable. We refer to Section 5.1
for an example. We shall be interested in finding the cardinality of II(ky,...,ky,) for
m > 2.

In the literature [PT11], we found the MeetSolve function used in the Mathematica
software, and it proves useful to get |II(k1, ..., ky,)| numerically, but in this thesis, we

present an analytical approach.

Let m = 2. Then V (ki ko) = {wgl), . ,a:,i?,x@, e ,x,(i)}. By definition, each par-

tition in II(kq, k2) are such that no block contains identical upper indices. Thus, the
blocks in a partition can be viewed as coincidences between the elements with upper
index 1 and the elements with upper index 2. Let h; be the number of such coincidences
for a partition oy, y € H(k1,k2). Then hy = 0,1,..., 7", where h{*** = min{k, k2 }
and the number of blocks in oy, 3 is given by |oyy, 3| = k1 + k2 — h1.

We need to know how many of such oy, exists in II(k1, k2) for a particular h;. Taking
the k1 elements as the underlying set, it is a case of choosing hi out of k1 elements and

arranging ko elements h; at a time, that is, (21) . kQPhl. The number of such o,y is
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k k
o n(f)(E)

max
hl

‘H(kl,kz)‘ =3 .

h1=0

thus given by

and

We now take it a step further. Let m = 3. Then V (ky, ko, k3) = V (k1, k:g)U{xg?’), ... ,x,(i)}.
We take the partitions, 0,3, h1 = 0,1,..., A", in II(k1, k2) as the underlying set, and
let hg be the number of coincidences between the underlying set and {$g3)7 . ,m,&i)}
then ho = 0,1,...,h5"* where h5"** = min{k; + ko — h1,ks}. Let the resulting par-
titions be given by oy, 4,3 € I(k1, k2, k3), then the number of blocks in oy, 1p,y is
given by |a{h1+h2}| = ki + ko + ks — (h1 + ha). We need to choose hs out of k1 + ko — hy
elements and arrange k3 elements hy at a time. Again, the number of such oy, 4 4,) is

given by ayp, 1p,y = Qpy - ap, Where

((Fr+ ke —ha (ks
Op, :hz. hg h2 N

h{nam +h£nax

’H(k1,k2,k3)’: > an cam,.
h1+ho=0

and

We note that the above sum includes all possible values of of h; and ho for the sum
hi + ho.

In general for 2 <[ < m, we have the following. First, we define

J J
Kj=> ki and H;=> h; with ho=0.
=1 =0

"k
o(H,_,} € II(kq,..., k) as the underlying set and h; as the number of coincidences, with

hy =0,1,...,h"**, where hj*** = min{K; — H;_1,k;+1}. The number of blocks of the
resulting partitions oyp,y € I(k1, ..., ki41) is given by |oyp,3| = K1 — H;. The number

We have V (k1 ka, ..., kiy1) = V(ki,. .., k,)u{ﬂ””, .. x(lH)}. We take the partitions

of such o(p,) is given by ayp,) = H;’:l ap; with

K, —H;_ k;
(5 )

max
Hl

‘H(kfl,--wk’l—l—l)’ = Z QLH )}

H;=0

and

where H"o# = S pmaz,

1=1""
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The above can be summarized in the following theorem.

Theorem 2.9. Let m > 2. Fori=1,...,m, let k; € N and h; = 0,...,h"*", where
hlmaa: = mln{Kl - Hifl, kiJrl}.
Define

J
Kj=> ki and H;=> h; with ho=0.
=0

K~ Hi 1\ (ki
ahj:hj!( ] hj] )(%)

Then for z = Hy,—1, there exists o,y € II(ky, ..., kn) such that |cr{z}| =K,, —z and

Furthermore, define

mazx
Hmfl

‘H(kl,...,km)‘ =Y ap
2=0

m—1 m—1
where o,y = Hl ap, and HJY = 231 hmeE,
j= i=
Remark 2.10.
m—1
(i) Let k1 <--- < kyp,. Then H'% = > A" = K1, since h]"** = k; for each i.
i=1
(ii) Let ky =--- =ky, = k. Then A" =k Vi and

ik —H. )\ [k
ahj:hj!( hj] )(hj)

Also, K; = ik, H™® = ik Vi and with TI(k, ..., k) = T({k}m),
N——

m times

k(m—1)
‘H({k}m)‘ = Z sy
z=0
(iii) For k1 = --- = kp, = k, we will be interested in finding ay,y for which o] = k.
That is, |o(g(m—1)}| = mk—k(m—1) = k. The only possibility to have z = k(m—1)
is when h; = k for t = 1,...,m — 1. This gives ap,— = k! for j =1,...,m — 1,
m—1
and so, oy = H Op=k = Elm=1),
j=1
(iv) Furthermore, still for ky = --- = ky, = k, to find oy for which |0 | =k + 1, it

has to be that z = k(m — 1) — 1. We observe that this is possible when only one
of the h;’s is k — 1 and all others are k. Going through all these possibilities gives
apy = kEIMTUS 2 (k4 1)



3. Expectation

Moments are used in describing the behaviour of random variables. The p-th moment
of a random varaible, X is given by EXP. In this chapter, we consider the first moment
of Poisson functionals which is precisely the expectation in three asymptotic regimes as

mentioned earlier.

Definition 3.1. A Poisson U-statistic, F', of order k, is a Poisson functional of the form

F= Z flxy, .. xg)

(:1717“'7116)677’;&

where k € N and f € LL(u¥).

The expectation of a Poisson U-statistic is given by

EF = (x1,...,2x) daq, ..., dzg.

f
Wk
This is obtainable by applying the Mecke formula (2.1), f being integrable.

By the above definition, we observe that the length-power functional, V(@ and the

volume-power functional, V,Ea), are Poisson U-statistics of orders 2 and k41 respectively.

We take note of the following.
Remark 3.2.

(i) The Gamma function is given by

I'(z) —/ ¥ e da.
0

Furthermore, by simply applying integration by parts in the above, we have the

following recurring formula.

[(z+1) =2zT'(2).

17
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(ii) In terms of the Gamma function, the volumes of the unit d-ball, B? and its

boundary, the unit (d — 1)-sphere, S%~1, are respectively given by

[NIISW
[S]ISW

27

r'(%)

(iil) Let W_s, = {w: B%w,&;) C W}, be the inner parallel set of W. Then for a point
x € W_s,, we have

and  wyg = Vol(S%71) =

Rq = = dﬁd

VIR 5

I (

[\ClIsH

+1)

/?Mw—ﬂﬂééwx—mwdy:=‘/ L(llyll < d)llyll* dy
w W—x

= o[ Al < Dl dy
6, (W—uz)

t

Sy Iyl dy
6, (W—z)nB?

. / lyll® dy
Bd

1
- 5f+d rotd—1 dudr
0 Sd— 1

wd
a+d
ﬂ5a+d
a+d'

o a+d
0y

In the above, we translated by = and scaled by ¢;, and used the fact that J, 1(W —
x) N B% = B? since the ball around the point # € W_;, is completely contained in
W. We also transformed to sperical coordinates where du stands for the infinites-

imal element of the spherical Lebesgue measure.

In the same vein, for x € W\W_s,, we have that

d/ﬂd

sotd,
a+d'?t

/ 1z — yll < &)z — y]* dy <
w

3.1. Functionals of random graphs

A fundamental quantity in random graphs is counting the number of edges. Penrose in
[Pen03] considered it in a more general context by counting the number of subgraphs iso-
morphic to a given and fixed connected graph, and also component counts. In [RST17],
the number of edges of the Gilbert graph was not only considered, but more generally

the sum of real powers of the edge lengths. That is,
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a 1 N
V=3 > lz =y
e=(z,y)€E(G(nt,0t))
1 «
=5 >, Lle—yl<d)e—y|~ (3.1)
(‘r7y)e77t2’¢

The expectation is given by the theorem below.

d
Theorem 3.3. Let a > —d, and co g = ¢. Then
’ 2(a+d)
EV©® = ¢, 41260741 + O(6;)) (3.2)

where cqq s a constant that depends on the space dimension d, and o € R.

Proof. Applying the Mecke formula to (3.1) gives

t2
BV = [ a(lle -yl < &)l -yl dzdy

- // (2 = ol < llz ~ y]1* dedy

< Cad t25f+d (by Remark 3.2, since W is of unit volume).

Also,
EV® > cq 1267V (Ws,)

which together with the above and the fact that
VIW_s) 2 1= 5W)d

gives (3.2). O

Remark 3.4. We observe the asymptotic expectation by considering the term ¢(t5¢)5¢
in (3.2) for the different regimes. We note that the fact that t5¢ tends to 0, a constant
¢ € (0,00) or co as t — oo, in the sparse, thermodynamic and dense regimes respectively,
does not imply that the expectation will behave accordingly, and that, because of ;"

The value of a can change a lot of things as J; — 0.

For example, in the dense regime, for a > d, if we take &; = tféf( t), where f(t) — oo
slowly, say f(t) = Int, then §; — 0 and 0% — oo slowly. Also, t6¢ = t'=4 f()* — 0 since
the first factor goes to 0 faster than the second goes to infinity. Thus, the expectation

tends to 0 in this case.
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3.2. Functionals of random simplicial com-

plexes

In this section, we count the simplices in the Vietoris-Rips complex, which could be seen
as complete subgraph counts, and more generally the sum of real powers of the volumes

of these simplices.

It was important to know the values of « in the computation of the expectation of
the length-power functional, for which the constant c, 4 is finite, which obtains in the
condition of the Theorem 3.3. In the sequel, we will consider the values of o for which
the constant we will encounter in the expectation of the volume-power functional, EV¢,
will be finite.

3.2.1. Moments of random simplices

Let X1,..., X, be k independently and uniformly distributed points in the unit ball.
To shorten our notation, we write {ml}fzj for the point set {xj,...,2;}. The random
points {Xl}f‘ﬁz1 and the origin form a random k-simplex. For k < d we denote by ugl)

the moment of order « of its volume if all edges are bounded by one.

) = / A0, {2k ] day - - - day (3.3)
(B

with ,u(()a) = 1. In the case k > d the definition only applies to o = 0 which then just tests

whether all pairwise distances are bounded by 1. It is a key quantity in the expectation

of EVY, and the essential question is for which o € R this quantity is finite.

To derive moments of random simplices obtained by the convex hull of uniform points
in the unit ball is a classical question in geometric probabilities. There is an elegant way
of computing arbitrary moments of the volume of the convex hull A[0, {z;}}_,]* which
is shorthand for A [0, {z;}¥_,]% = Aa([0, {z}F_, )2,

Y = [ (S0 e da
(Bd)k

We follow the computations in Schneider and Weil [SW08, Section 8.2.2]. We note that
the mentioned reference is interested only in the cases @ € IN where the result can be
rewritten as a product of certain x; using its defintion and the representation of the

Beta function by Gamma functions.
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Assume L is an arbitrary ¢-dimensional subspace in R?. Denote by d(z, L) the distance
of a point x to L. We apply the proof of [SW08, Theorem 8.2.2] for (¢ — 1)-dimensional
L where Fubini’s theorem was applied. In our case, L is of g-dimension. We take a € R,

and using the definitions in Remark 3.2(ii), we have

Note that the Gamma function, I'(z), is finite for x > 0. Thus, @ga) is finite for d+a—q >

0. Since the volume of the simplex [0, z1, ..., zx] is given by
1
A[O, {'fl}f:l] = EA[O, Tlye-- ,:rk_l]d(xk, L) (35)
where L is the linear hull of z1, ..., z, having dimension k—1, then we have by applying
(3.5) that

/ / ]CO‘ 0 {xl}l 1]) ($k, )adq"l dfl:k = 76k 1V (36)

Bd) Bd k—1

so that we obtain as in [SWO08] the recursion

k—1
(@ (a) @ (0 _ 1 (@)
Vi /8 /~c ( ) Bk 1P—oVgp_o = """ = (k!)a jl;[oﬁj (3~7)

(where V(()a) = 1). This implies that l/]ga) < oo if Bj(a) < oo for j=0,...,k—1, that is,
when d+ a — (k—1) > 0 implying a > —d + k — 1. Because A;[-]* = A[-]* except if Ay

vanishes, we obtain

and thus we see that ,u,ga) exists as long as « > —d + k — 1. On the other hand, for

T € %Bd, all distances are trivially bounded by 1, which shows
1 k(o+d)
/ A0, x1, ..., xg]))%day .. doy = <2) V,Ea).
(%Bd)k

The above proves the following lemma.
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Lemma 3.5. ,u,(ca) exists if and only if « > —d+k — 1.

3.2.2. First moment for the volume-power func-

tional

Having obtained the threshold for «, we consider the volume-power functional. Recall
from (2.7) that

a) 1 «
VY = I S Aslxo,. . m] (3.8)

(1‘0"“>Ik)€nf_’¢

Theorem 3.6. Assume o > —d+k—1 fork <d and a =0 for k > d. Then we have

(a) ,U/]ga) k+1 ck(a+d)

where the implicit constant in O(0;) only depends on W.

Proof. We apply the multivariate Mecke formula (2.1) to (3.8), and substitute d;(z; —xx)
for x;, i # k, to get

thrl

() o
EVk B m / A5t [{xl}lzo] dzg - - - dzg,
Wk+1

6k(a+d)tk+1

N W / / Al[ov {xl}f:_()l]a dl’o cee dq;k
w

(6, 1 (W —z),)nB)k

where the condition ||z;|| < 1 has been taken into account in the range of integration

z; € B% As an upper bound we have

shlotd) k1

(o) t k-1
EY@Y < 2 A0, 1 Qg - - - day.
oo (k+ 1) /(Bd/)k 1[0, {z1 ;2" dao - - - day,

This proves that the expectation is finite for @ > —d. For an estimate from below we
consider the inner parallel set of W, W_s, = {x: B%(x,6;,) C W}. Observe that for
xp € W_s, we have §; Y(W — z3) N B¢ = B%.

v

5f(a+d)tk+1 /

()
EVe (k+1)!

Al [0, {Zﬁl}fz_ol]adxo s dxk

Wos, (B
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We thus obtain

5f(a+d)tk+1 (@) (@) 5f(a+d)tk+l (@)
Bk P s ) <E <t :
(k+ 1)1 M VW-a) < BV < (k+ 1) M
The well known inequality
V(IW_s,)>1—-S(W) (3.9)
for convex sets of volume one gives the desired result . O

Remark 3.7. Once again, we observe the expectation in the various asymptotic regimes
as in remark 3.4. We consider the term ¢(t5¢)*62*.

Consider the sparse regime, if we take d; = t_%f(t)dik, where f(t) — 0 slowly, say f(t) =
e~!, then & — 0 and t0¢ — 0 slowly and (t68)* = f(t). Also, tog* = tlfa?kf(t)% — 0

for a < %, since the first factor goes to infinity faster than the second goes to zero.

Thus, once again, the fact that t5¢ tends to 0, a constant ¢ € (0,00) or 0o as t —
o0, in the sparse, thermodynamic and dense regimes respectively, does not imply that
the expectation will behave accordingly, and that, because of §¢* in this case. So the

asymptotic expectation depends on the value of o and how fast §; — 0.



4. Variance

In this chapter, we consider the covariance structure, in particular, the second moment
of the volume-power functional. Recall that the covariance of two random variables X
and Y is given by

Cov(X,Y) =E[XY] - EXEY.

Once again, we take a look at the moments of random simplices similar to the one

discussed in Secction 3.2.

4.1. Mixed moments of random simplices

In investigating the covariance structure of the volume-power functionals, the mixed
moments of the volume of two random simplices in B? with edge lengths bounded by
one occurs. For this, we put one vertex in the origin, choose in B? for a k;-dimensional
simplex first k1 independent vertices { X1, ..., Xg, }. For 1 <m < min{k;, ka}+1, we use

the last m —1 vertices also for a second simplex and in addition independent random ver-

k1+ko —m—i—l]
I=k1—m+2 I*

And so we have the following as the mixed moment of the volume of the simplices.

tices { X, 41 - - - Xk;+ky—m+1} to define a ko-dimensional simplex A;[0, {X;}

o= [ A e A e (41)

(Bd)k1+kz+1-m
dzy - dTp 4 ko —mt1
It can be seen that for m =1,

o) = g . (4.2)

And for k; = 0 we have u(()a,j;:i) = #,(22), also for k1 = ko = k at m = k + 1, we have
(a1,02) (a14a2)

Pr g1 = Mg . (4.3)

24
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This is the instance where all points in the identical simplices coincide. For k; > d we
only allow o; = 0. Again, we need to determine for which «; this moment exists. We let
k1 < ko without loss of generality, and we follow the strategy outlined in the previous
chapter. We set

Vl(c?,lkﬁf?i = A[Ov {xl}ézl]oqA[O’ {xl}f;—]gfi;{j_;l]Qdel T dxk1+k2*m+1

(Bd)k1+k2+l—m

where A[0, {z;}F_,]® represents Ax[0, {z;}F_]% = X ([0, {z}F_, )™

We relabel to let the first m — 1 vertices of the first simplex coincide with the first m — 1
vertices of the second simplex. That is, in the first simplex each z; becomes xj,_;+1 and
in the second simplex, each x; becomes &;_ (1, 1), while z; = 2; fori=1,...,m — 1.

So we obtain

k1,ka:m

iriom = / A0, {a}2, 1% A0, {2132, %2 dr - - - A1 d - - - dagy A, - - - i,

(Bd)k:1+k2+1—m

We recall from (3.5) that

_ 1 o .
A, {ar}ty] = AL {zhty T d(ag, L), i=1,2

where L; of dimension k; — 1, so that using (3.4) in the above gives

k?,llgin /kal /k‘ / AJ0, {$l}k1 l]oqA[O {xl}kz 1]a2d(x/ﬂ,L1)a1

(Bd)k1+ka—m—1

d(xgy, L2)*? day -+ - day—1dey, - - - deg, —1day, - - - dog, -1

1 (1) 5(0@ (o,02)
kOél k;OéQ k1—1Fko—1 k‘1 1,ko—1:m
1 1 (a1) (a2) (a ,a2)
- klal(kl _ 1)0(1 kSQ(kQ _ ) 6[4}1 I/Bkl QB]CQ lﬁkz 2 k112k2 2:m
1 1 T s TT glen) (e
. o a2 1,02
= k?l (kl — 1)041 e k;z (]{32 _ l)ag . mo2 j_l;[l /Bz jzl;llﬁi Vm—l,m—l:m
k1—1 ko—1
_ ((m —1)H* ((m — 1)) glen) (a2) | (a1,02)
(kpl)ar (kol)o2 ; 1;[ ) ; 1;[ 1’6 Vm—1,m—1:m
k1—1 ko—1
m — a1+a2 o « T « a1 +a
- o I A T 82 et oy )
(k} ]{12 2
j=m—1 j=m—1
k1—1 ko—1 m—

— ( H ﬁal H /Ba2 H IB(a1+Oé2

jml j=m—1 =
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where in the last expression we used (3.7).

We note that V,(Cflkgfi is finite if all the ;’s are finite, that is,
d+()&1—(k1—1)>0, d+0¢2—(l€2—1)>0, d—i—041+042—(m—2)>0. (4.4)

Since Aq[-]* = A[-]* except if Ay vanishes, we have

(a1,02) (a1,02)
k1,kam — “ki,kom?
so that M;O;léji)m < 00 once (4.4) is satisfied.

To estimate u,&?lkgii from below, we consider x; € %Bd, and observe that all distances

are trivially bounded by 1, so that

T A0, {2 }F 121 AL, {a ke mitios quy - dagy o

(%Bd)k1+k2+1fm

(a1,02)
k1,ka:m”

2

< 1 > d(k1+ka—m~+1)+arki+azks

This proves the following lemma.

(a1,02)
k1,ko:m

Lemma 4.1. u
—d+m — 2.

exists if and only if oy > —d+k; — 1 fori=1,2, and a1 + a2 >

4.2. Moment matrices

To be able to discuss the features of the covariance matrix in the covariance structure

« . . . .
of V,g ), we give a brief overview of moment matrices.

Let X be a random variable, and let ¢ = (cy, ..., ¢,) € R™ be chosen such that Me;te; =

EX¢*% exists for 4,5 = 1,...,n. Denote by Mx/(c) the generalized moment matrix
Mx(c) = (mci+cj)i,j:1,...,n-

The following theorem gives a criterion whether the generalized moment matrix is of full

rank.

Theorem 4.2. The generalized moment matriz Mx (c) is positive semidefinite. More-

over Mx(¢)p =0 for some p € R™ implies

n
Xe {x € R: Zpiazc" = ()} a.s.
i=1
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If, in particular, c¢; # c; for all i # j, and supp(X) contains an interval, then Mx(c) is
of full rank.

Proof. The proof is a modification of similar results on moment matrices, see for example
[Lau09]. For p € R™ we have

P Mx(e)p =" pimeire,p; =B Y piX“Xp; =B piX)? >0

and thus Mx (c) is positive semidefinite. Further, if Mx(c)p = 0, then also

p"Mx(c)p=E(Y_ piX)*=0.
i
Hence with probability one, X takes values in the root of the function ) p;xz®. If
supp(X) contains an interval I then ) p;x“ = 0 for all z € I. This is only possible if

p; = 0 for ¢ = 1,...n, because the functions x*, ..., 2" are independent for ¢; # ¢;. [

4.3. The Covariance Structure of V,io‘)

The next step is to investigate the variances and covariances of the volume-power func-
tionals. In the following, we shall see that 1 < m < mink; + 1. From Lemma 4.1,
a1 + ag > —d + m — 2 holds true for all values of m once it holds for m = mink; + 1.
And so the assumptions of the following theorem implies that the occuring moments

exist.

Theorem 4.3. Let o; > —d+k; — 1 fori=1,2, and a1 + ag > —d + mink; — 1. The

covariance is given by

min k;+1 (a1,002)
(a1) yy(a2)y Fkoy korm Sk —mt2 o3 (d4aq)k —d(m—1)
(1+0(1)).
In particular, for o > &(—d +k — 1) we have
(@) gam, Nl(caiéa) 2(d+a)k —d(m—1)
vy = Al g2 mm2sAATORTAMTY (1 4o(1).
Vi ;m!((k—m+1)!)2 t (1+0(1))
Proof. Without loss of generality, we assume k1 < ko. By definition,
pleye) _ 1 A k1 o ke jaz
L e = Y] Z sel{ahZol ™ As {1 h2)]
IT (ki +1)! -
i=1,2 (20,0 JEN, L

ko+1
(I67"'7x22)€nt7;£
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Here, m points of the ki-tuple and ko-tuple coincide, m = 0,...k; + 1. We assume

. k ka+1)!
that Tk, —m+1 = T, _pyiqs-- - Thy = T, multiply by ( gl)%, and rename the
. k ka+1)!
variables ({, ..., @}, _) bY (Tryt1, - - - » Thy 1y —m+1). We note here that ( 1;{1) %

represents the number of copies of a particular m-coincidence. This yields

(@) laz) 1
aq az)
Vie Vi = Z m! T] (ki —m +1)!

m=0 """ Zi9

3 A, )] Ag, [ Y, m e

k1+ko—m+2
(T05 T hy +hog—m+1)ENy

and applying the Mecke formula gives
k141 k1 4ka—m+2
t 1 2
Eyleplaz) _
R D AT

m=0""219

k ki1+ko— 1
A 2ol A, [{ad 2,0

Wkl +ko—m+2

de T dl‘lﬁ—&-kg—m—i—l'

The first term of this sum with m =0 is

thitka+2
(k1 + Dk + 1)!

/ Ao {1 0) A, a2 T2 dag - - day sy

Wkl +ko+2

and it is precisely equal to IEV,E?)EV,S:), and thus the covariance is given by the summands
from m = 1 to m = k1 + 1. To obtain the asymptotic behavior of the covariance we
follow the same approach as in the proof of Theorem 3.6. We substitute x; = 6;2; + x,

for x;, i # k1 to get

k141 h1+hy—m42 (5d(k1 +ha—m-+1)+ar ki +azks
t

1 m'H (ki—m—i-l)!
1=1,2

/ / A0, (a3 A [0, {F e e
Ik

Cov(Vo i)y =

W (5,1 (W—ag) )NBd)k1thot1-m

d:f?o c 'dik1—1 d:z'kl-i-l s dlfﬁkl+k2_m+1 dl’kl.

For an upper bound we obtain

(al) (a2) ki+1 tkl+k2_m+25§l(k‘1+k’2—m+1)+alk1+a2k2
Cov(Vie, vy <

m=1

(a1,02)

ml 1] (ki —m+1)! Py ea:m
i=1,2
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Once again, for the lower bound we consider zy, € W_s, and use B C 6; *(W — z3_1),

which yields

ki1+1 ky4-ko—m+2 d(k1+ke—m~+1)+a1ki+azks

(1) ,(a2) t oy

Cov (V™ Vi, )ZZI ml 1 (i —m+ 1)
m= i=1,2

V(W )02

and using the estimate
V(W_s,) > 1= S(W)5,

proves Theorem 4.3.

The variance is implied with k1 = ko = k and a1 = ag = a. O

4.4. The Normalised V,ga)

To be able to distinguish the behavior of the covariance in the different asymptotic

regimes already introduced, we consider the normalised volume-power functional.

Define
L 1 aiki d kl—m
Qi = thap e max (1), (45)
We note that
_m—1 2k; 2k;—1 LA
{(tag)kz 2 }1§m§ki+1 = {(t5;€i) 2, (t5;€i) 2 e (t&,i) 2 }

and thus the maximum is always attained either for the first or last term, that is, for

m =1 or for m = k; + 1. So that we can write

Qi = t26%" max{(to%)%, (t6d) 2"} (4.6)

Also, once t5¢ > 1, the maximum is (t6¢)¥. In the same vein, once tJ{ < 1, the

maximum is (téf)%ki.

The product Q1 X Q2 as seen in Theorem 4.3 indeed determines the asymptotic behavior

of the covariance functionals.

Definition 4.4. For ¢+ € IN, let a; € R and k; € IN. The normalized volume-power

functionals are given by
V(ai)
ﬁ(ai) _ ki
ks Qi
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Remark 4.5. We give the expectation of the normalized volume-power functional and

discuss asymptotics in the various regimes.

~( ) ]Ev(at)
EV," = —i—
Qi
(i) In the sparse regime, tlim tof =0 and Q; = tééf‘ o (t5f)%ki, so applying Theorem
—00

3.6, we have

(
R Fry tk +15k (O‘H‘d)(l + O((St)) (o)
t3 50k (¢5d) ki (ki +1)!

[N

The asymptotic expectation here depends on the value of é;. For example, if
Lt
§, =t de 7 then (tod)ki = e=t — 0 slower than ¢ — oo.

ii) In the dense regime, lim t6% = 0o and Q; = tééaiki tod ki, so we obtain
¢ t t t
—00

e it shiaitd) (i)
GOtV 006))

[(ZEm) _
£2 50K (t5d)ki (ki +1)!

M\)—l

D) = th(1+0(3)).

So in this case,
]E]jlif”) — 00

in the limit.

Theorem 4.6. Let a; > —d+ k; — 1 fori=1,2, and a; + ag > —d + mink; — 1.

(i) In the sparse regime, where hrn tod = 0, we have limg_,o0 Cov(ﬁ,i?l),ﬁ,g‘;@)) =0
for k1 < ks, and for k1 = ko = k:

Sen) a2) e
. a1 o N
fm CovI V) =
(ii) In the dense regime, where 1tliﬁm to¢ = oo, we have
(1) | (a2)
: De1) o) Py~ Fky
tlgrolo (Dov(Vk1 Vi, ) = Tl kol (4.7)

(iii) In the thermodynamic regime, where tlim tof = c € (0,00), we have for k1 < ks
—00

(g, 0)
% [y 22k <1

(o1 —mt1)iml (k2 —k1 +m)1 € €=
m=0

: Dlen) Pilez)y
tlirgo COV(Vkll ’Vk’22 ) - k1 (e1,22)

Py kgim1 —m
Z_:O (mAD)1(k1—m) (kz—m)1C > c>1.
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Proof. Recall that k1 < k9. Because
Q; = t26%F max{(to)k, (t68) 2} (4.8)

the behavior in the sparse and dense regimes are immediate.

In the sparse regime t0¢ — 0, and hence as soon as td¢ < 1, the maximum is attained
for m = k1 + 1, resp. m = kg + 1. Thus

kq+ko

QIQQ _ t6a1k1+a2k2 (t5d)

and

a 1
(DOV(V( 1),V,$2)) = Q1Q2COV(V]£?1),VIE(;2))

Zk1+1 tkl+k27m+25;i(’€1+k2—m+1)+a1k1+a2k2 (a1,02)
m=1 m!(ky—m~+1)!(kg—m+1)! Mkl,]@?m(
t6041/€1+042/€2(t5d) k1 thy

k1+1 (a1,02)

14+ O(6))

(14+0(6)) (4.9)

o Mkl,k2m d
- ;m'(lﬁ m-+1 ).(kQ—m—f—l)!(tét)

(a1,02)
_ Fokey kpka +1 dy Bk g 41y 41 d
RN S ES (1+0(5;))(1 +0(3r)
_ Ngccf,llgzk)1+1 (t(;d) ko
(k4 1) (kg — Kp)!

11+ 0(6,) + O(ts%)).

Hence for k1 < ko, asymptotically the covariance vanishes, so that
a [} 1
Cov(VV, V%)) = 0((t67)2). (4.10)

In the case k1 = ko = k, the covariance equals asymptotically a moment of the volume.
Using (4.3), we obtain

(041+042)
Hla1) Pla2)y k d
Cov(V) ple2)y = m(1+0(5t+t5t))
_1
= BV (o)) T (100 + 1)) (411)
= BV (1406 + 17)). (4.12)

In the dense regime tJ¢ — oo and hence (4.8) shows that the maximum is attained for
m =1 as soon as t6¢ > 1. Thus QQy = t §*F1 o2k (45dyki+k2 apnq

(6% « 1 « «
@OV(V( 1) V]g 2)) _ Q1Q2 (V( 1) V}g;))
k+1 tk1+k2—m+25td(k1+k2—m+1)+01k1+a2k2 (a1,a2)
_ Zm:1 m!(kl—m-l—l)!(kz—m—l—l)! Mk?l,k'Q:m(l +O(5t)>

¢ (531161—1—&2162 (t5£i)k1+k’2
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S
T Zml(kr—m+ Di(ky —m+1)
(a1,002)

= Bl ) -0 (14 O((180) )1 + O(3)
Joy ey
g

. 1,Kk2: dy—1

= g (L O0C+ ()™)

u(al)u(az)
= TR 4 05+ ().
AN

[(1+0(5,)) (4.13)

Note that in this case the limiting covariance is the product of the suitable normalized

expectations,
Cov(V V) = (ky + 1) (ke + 1)t "EVCVEDV (1 4 o(1
ov(V V) = (b + 1) (k2 + 1) ko BV, (14 0(1)).

In the thermodynamic regime, ¢3¢ tends to a constant ¢ € R, hence all terms in the sum
occurring in the covariance contribute in the same way. We differentiate between when

¢ < 1 and when ¢ > 1. Accordingly to the sparse regime we obtain for ¢ < 1
QuQa = 107" (15)> 3

for t sufficiently large, and by (4.9)

k141 1,02
1+ ( ) g+

"(al) A(ag) o /'Lk‘l,kz:m —m+1
Cov(VV, Vo) _Z_:l Tt Dt T (14 o(1)).

And rewriting m as k1 —m + 1 gives the statement in the theorem.

Analogously, for ¢ > 1 we obtain by (4.13)

k141 (av1,002)

(1) Hle2)y _ Py ko:m —m+1
Cov(VV Very =S i 1 (ks —m T DI (14 o(1)).

m=1

And rewriting m as m + 1 gives the statement in the theorem.

In both cases we see that the error term o(1) is given by

O(8;) + O(c — tod). (4.14)

O]

Putting things together we obtain the limiting covariance matrix of the random vector

()7,53?1), e ,)7,&3")) For this we call (k1, 1), ..., (kn, ) an admissible sequence if

(1) 0<ky <+ <y,

(ii) the pairs (k1, 1), ..., (kn,ay) are distinct,
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iii) a; > —d+k;j—1and a; +a; > —d+mink; — 1 for all ¢,5 € {1,...,n},
J 11
ij

(iV) a; =01if k; > d.

First we rewrite the sum occurring in Theorem 4.6 in the case ¢ < 1. The reason for
this is to leave the power of ¢ without any k;’s. So we rewrite m as % such that
% €{0,1,2,...,k1} or in other words m — ko + k1 € {0,2,4,...,2k1}. We obtain
the following.

k1 (a17a2)
Z Fkey ko by —m41 o2 Am
kl m+1 'm'(k‘Q—kl—i—m)
N (0 U(m — (ky — k1) € {0,2,4,...,2k1}) =
Z (k2+k1 m+2) (k2+k1fm+2)|(mfk2+k1 )'(erszkl )| €2
m=0 2 : 2 : 2 :
We define for m =0, ..., 2k, the (n X n)-matrices
A<l — (o1,02) ]l(m— ‘kl —kj‘ € {0,2,4,...,2minki}) (4 15)
N e e e [ G R T T T
with min &; short for min;ey;py ki, and for m =0,..., k,
; 1(m < mink;)
A>1 — (ar,055) — ? . 4.16
m (Mkz7kj:m+1 (m + 1)'(kl _ m)l(k] _ m)l Limt... ( )

Note that for large m these matrices contain a large number of zeros. E.g., for k,_1 <

m < k, the matrix A.! contains only one nonzero entry,

(an,an)

" (m A+ D ((ky —m))2

Recall the normalized volume-power functionals ﬁ,glo”) = V,S”) /Q; defined in 4.4.

Theorem 4.7. Assume that (k1,01), ..., (kp,on) is an admissible sequence. The
random vector (V(al), V(a")) has the asymptotic covariance matrix
At . lim t6¢ = 0
. T t5o0
2%k, .
S Aslez o lim 8¢ = c € (0,1]
£=:{ m (4.17)
S AZlem lim tof = c € [1,00)
m=0
A€1 : lim t0¢ = oo
t—o0

Clearly, in the case ¢ = 1 the identity Y A5l = > A>! is satisfied which follows from
the definitions (4.15) and (4.16).



Variance 34

By Theorem 4.6, (4.7), the matrix AJ" takes the form of a tensor product.

A0>1 _ M}(JZ@') ® Nggai)

k;! k!

Hence, in the dense case the covariance matrix X is of rank 1, and thus is singular in

this regime.

Also, the covariance matrix Agl takes a particular nice form. Using (4.11) we see that

ajta ]l(kl - k)
A<1 _ (M( .H” 5) J >
0 ki (ki + DY izt

is a diagonal block matrix. A block is of size i if k,, = --- = kj,+i—1, and then is a

constant times the matrix
aptog
(EAg l ﬂ)l,j:m,...,m—l—i—l
with A; = Aq]0, {Xl}f;"l]. Thus each block is a generalized moment matrix, and we
know by Theorem 4.2 that this is of full rank if oy # «; for [ # j. Since all o; are
distinct, A5 is of full rank.

Further, on ¢ € [0, 1] the determinant |¥| of the covariance matrix 3 is a polynomial in ¢
with lim. |¥| = |Ag!| > 0 and thus this polynomial is not trivial. Hence it has at most
finitely many zeros. Analogously, for ¢ € [1,00) the determinant of ¥ is a polynomial in

)

c. Because ]75“) on ¢ > 1 is just a renormalized version of 17]&)” on ¢ < 1 the polynomial

kg
is not trivial. (In the limit the renormalizations are just multiplications by ¢2.) Hence

there are again only finitely many zeros of this polynomial. We summarize our findings.

Corollary 4.8. Assume that (k1,01), ..., (kn, o) is an admissible sequence. Then the
rank of ¥ equals n in the sparse regime. In the thermodynamic regime % is of rank n

except for finitely many values of c. In the dense regime % is of rank one.



5. Central Limit Theorems

In this chapter, the rate of convergence of the volume-power functionals to a Guassian
random variable and a Guassian random vector in the univariate and the multivariate
cases respectively is presented, with respect to the Vietoris-Rips complex. The existence
of the central limit theorem is also investigated for the different asymptotic regimes.

Finally, the Cech complex counter parts of previous results is stated.

A Poisson U-statistic is absolutely convergent if F = Enf;ﬁ |f(x1,...,23)| is in L2(P).

Note that Vlia) is an absolutely convergent U-statistic since all occurring functions are

bounded and vanish outside the compact convex set W.

Let F ...  F(™ be absolutely convergent Poisson U-statistics of order ki, ..., k, re-

spectively,
FO= % f0El )
@, aDent,
for Il =1,...,n. It will be essential to define suitable partitions on the set of variables

{xgl),...,x,(fll)}, l=1,...,n,of fO . Wh 5 R,

5.1. The Fourth Moment Integrals

We recall from Section 2.4 the set of variables,

1 1 2 n—1 n n
Viki,...,kn) = {%g ),...,x](ﬂ),xg ),...,:C](Cn_l),xg ),...,ZL‘]({ )},

n

and
ﬁ(kl,...,kn):{UGP(V(kl,...,kn)):a/\fr:(),a\/fr:i},

where P(V(k1,...,ky)) the set of partitions of V(ki,...,k,). Clearly, each block of
o € I(ky, ..., k,) has at most n variables with different upper index I. In this section,

we shall be restricted to the case n = 4. So we have

Viki,... kq) = {:L‘gl), o ,x,(:l),xg), e ,xl(i),:zgg), ... ,x,(ci),a:?), ... ,x](;)},

35
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which consists of four sets of variables, and with 7 € P(V(k1,...,kq)), the partition
whose blocks are the fundamental building blocks {xgl), e ,:vl(jl)}, l=1,...,4, we have

f[(kl,...,k4):{JEP(V(kl,...,k4)):U/\7’r:(),a\/7_r:i}

as the set of all partitions such that each block contains at most one element from
each of the building blocks {mgl), e ,:v,(fll)}, I=1,...,4, and all four fundamental blocks
are connected. Clearly, for o € ﬁ(kl, ..., kq) it may happen that some variables are
singletons, and we define s(o) = (s1,...,54) to be the vector consisting of the number

of singletons in each of the building blocks.

As defined previously, we will need the notion of a 4-fold tensor product, ®?:1 Jal
Wik R, of functions f®), given by

4

1 4 1 !
<®?:1f(l)> (‘Tg )7 o ’xl(m)) = Hf( )<$§), tt x/(ﬂz))
=1
For a partition, o € II(ky, ..., k), we construct a new function, ((X)lef(l))(7 Wl 5 R,

by replacing all variables that belong to the same block of ¢ by a new common variable.

We give an example below.

Let ky = ko = k3 = ky = 2. Let FO = Y0t o) FOED 20 for 1 = 1,2,3,4.
t
Then
V(2,2,2, 2) = {mgl), xg ),x?),x@), xg?’),x?),x?), xgl)}.

Let 0 = {{J}gl),l‘g , T (3) } {z4 (1) } {xé ), 54)}} € II(ky, ..., kq). Since there are
no singletons in any of the variables, s(a) = (0,0,0,0). Also, |o| =3 and (®?:1f(l))o
W3 — R is given by

(@1 f D)oy y2.93) = P (w1, 92) F D (w1, y3) S (w1, 92) FD (w1, ).

Finally we are able to introduce the functions M;; defined in [RS13] for the univariate

case and in [Sch13] for the multivariate case. The functions are given by

My (1O, fm) = 3 [ 1406 106 g e ), | gt

o'el'l(k kp km km) o

s(o)=(k;— zlél lz K —7,km j)Wl |
where in our case dp is the intensity measure tdx. Apart from the precise definition
given above, the main point is that the functions M;; is something like a mixed fourth
moment of f) and (™ where all functions are linked via the common use of some of
the variables. These functions M;; are the main ingredients in the central limit theorems

considered in the next sections.
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Remark 5.1. By Fubinis theorem one can integrate first the functions f() over the k; —i
free variables, i.e. singletons, which produces reduced functions fi(l), and analogously
the functions f(™ over the k,, — j free variables producing f}m). In this form the result
was stated in [Sch13].

5.2. Univariate Central Limit Theorem

The Wasserstein distance, dyy between a Poisson functional and a standard Guassian
random variable was given in [PSTU10] using Stein’s method and Malliavin calculus.

The following theorem states the result.

Theorem 5.2. Let F € domD such that IEF = 0, and let N be a standard Guassian

random variable. Then

dw(F,N) < ]E\l—(DF,—DLlF>L2(M)\+/ E[|D.F|*|D,L7'F|] du(2)
w

< \/E(l — (DF, —DL—1F>L2(u))2+/ E[|D.F?|D.L7'F|] du(z)
w

This together with Wiener-It6 chaos expansion of these Malliavin operators was used
in [RS13] to approximate this distance in terms of the fourth moment integrals M;;

discussed in the previous section.

Theorem 5.3. Let F' = F(n;) € L?>(IP) be an absolutely convergent U-statistic of order
k with VF >0, and N be a standard Gaussian random variable. Then

(S i T

1<i<j<k

The univariate central limit theorem also uses the Kolmogorov distance di of random
variables. Theorem 5.3 was extended to the Kolmogorov distance in [Sch16, Theorem
4.2].

Theorem 5.4. Let F = F(n;) € L?(P) be an absolutely convergent U-statistic of order
k with VF >0, and N be a standard Gaussian random variable. Then

F-EF s m
dK<\/W )<19k2 .

2,7=1

To get a central limit theorem in these distances, we only need to show that the fourth

(a)

moment integrals, M;; tend to 0. We now apply the above to V"’ as an absolutely

convergent U-statistic.
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In the following theorem we assume that 4o > —d+k — 1 for 0 < k < d and a = 0 for
k> d.

Theorem 5.5. Let N be a standard Gaussian random variable. Then for dy = dw or

dy = dg there is a constant ci . such that

Ve — EVE 1 k
de| “E—2F N ) < cpot™2 max{(t6%)~2,1}. 5.1
(e ) < cxat Hmaxt 8 ) (5.1
Remark 5.6. Note that it was to be expected that a central limit theorem only holds
if Ef, — oo which happens if ¢(t6¢)* — oco. It turns out that this is precisely the

requirement in Theorem 5.5.

In the case a = 0, Theorem 5.5 just gives a univariate central limit theorem for the
number of facets. For the Kolmogorov distance this is already well known due to work
by Penrose [Pen03] although the central limit theorems there come without error term.
In a recent paper by Lachiéze-Rey, Schulte and Yukich [LRSY19] the error terms for the
thermodynamic regime and the dense regime have been obtained as a consequence of a
much more general theorem for stabilizing functionals. For the Wasserstein distance a

central limit theorem with error bounds is due to Decreusefond et al. [DFRV14].

Proof of Theorem 5.5. We apply Theorem 5.3. V,ga) is an absolutely convergent Poisson
U-statistic of order k£ 4+ 1 with

1

f(zo, ..., xp) = mAét [{xl}fzo]a-

We have to show that the functionals M;; tend to zero. We take a closer look at the

summands in M;; in this case, that is,

/ (F&ff® ol dul”

wlel

They are of the form

tlol
o [ (Ball"® 8al17® 84117 ® AaF"), dao... oy
wlel
where the functionals are positive and depend on simplices of dimension k. The essential
feature in the definition of o is that all four functionals Ag,[-] are linked by common
variables, and each of these functionals depends on £+ 1 variables. First, for the number

|o| of variables, by using (2.8) this implies

k4+1<|o| <4k+1, (5.2)
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where 4k + 1 = 4(k + 1) — 3 is using the fact that if all are connected by at least one

variable, then we have 3 possible blocks less.

Second, assuming without loss of generality, that zo occurs in the first functional, e.g.
As,[-] = As,[{-}£], all other variables in this first function are at most at distance d;, in

the functional directly linked to the first one by at most 26;, etc. Thus
max ||x; — zo|| < 40,

if the integrand is not vanishing, and we write this in the form Ays, [{xl}lilo_ 110, We use

this and apply Hoélder’s inequality, which gives the bound

/ (As[]" ® Ag, [1* @ A, []* @ A [])o dao ... dx|0|_1
wlel
< / A, ol As, [{a} 7010 o .. dag)

wlel

Now substituting x; = 6:2; + xg for ¢ > 1, changing the order of integration and inte-

grating over zy while noting that Vol(W) = 1 gives

/ (A5, [1* ® As, []* @ A, []* @ A, []%)o dao . .. Aoy

wlel

< gikotd(lol=1) / / A0, {@ )} )% Ay .. Ay dag
W (67 Y (W —a0)n4Bd)lol-1

S 5;1ka+d(|0|—1) / Al[o, {{il};c:1]4oz di'l o d-%|o"—1
(4Bd)\a\71

= gihertd(lel=1) / / A0, {@ )% Ay . Ay
(4Bd)lol-k=1 (4Bd)k

(1)

5;1ka+d(|0|—1) (4“d)|0|_k_1ﬂk

By Lemma 3.5, this is finite for 4o > —d 4+ k — 1. By (5.2) and the definition of M;j,

this implies

«a a t‘g‘ dka+d(|lo]—1 ol—k— 4o
My(Aal1® 8all) = 3 gyt 19170 (45 )l =H=1 (1)

(k+ 1)1
ot 51 maxc{ (£57) ", (¢5) %}

d\|o|—1
_ Zt(t5t) 5;1ka(4lid)\a|—k—1,u](€4a)

IN
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with some ¢ > 0 depending on o and k. Next we use the variance asymptotics from
Theorem 4.3. Recall that

k+1 (a,@)

() _ Fk ke 2k —m—+2 ¢d(2k—m+1) 20k
Ve = Z m!((k —m + 1)!)2t 0y 6" (1+0(1)).

m=1

Since the maximum term is always attained either at m =1 or m = k + 1, they imply
VYV > cats?F max{(t68)*, (t63)%}

with some c3 > 0 for §; sufficiently small. This shows

1 o k
vV Mij(As,[1%, As, []%) o Vat? 57k max{(tsf) 2, (t67)%}
vy T cgtd7F max{(tof)*, (tof) %}

= cqt ™2 max{(t6%) "%, 1}

where ¢4 depends on k and o. Summing over all M;; in both distances dy and dg gives
the desired result. O

Remark 5.7. Next, we explore in which regimes we have a central limit theorem. This
is obtained when the RHS of (5.1) goes to 0 in the limit. Clearly, this happens when
tod € (1, 00].

In the dense regime, since t6{ 1220 0, the RHS of (5.1) gives ck,af% which goes to 0

in the limit. In this case, the central limit theorem holds with rate of convergence 3.

In the thermodynamic regime, t4¢ 12, e e (0,00), we have to differentiate between
two cases. For ¢ € [1,00), we have the same results as in the dense regime. But for
c € (0,1), the RHS of (5.1) gives ck’a(t(téf)k)fé and the central limit theorem does not

hold if ¢ is close to 0 enough.

In the sparse regime, it’s clear that the central limit theorem does not hold except
t(tod)* = Efy — oo, in the case for example where §; = t_ée_ﬁ, which makes (t6¢)%)

go to 0 slower than J; goes to co.

5.3. Multivariate Central Limit Theorem

In this section, for a random vector of volume-power functionals, we seek a multivariate
central limit theorem. The multivariate central limit theorem makes use of the ds-
distance, already introduced earlier, which is obtained by taking Cj to be the set of
functions g : R™ — R that are three times differentiable and all partial derivatives of
order 2 and 3 are bounded by 1.
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It was first proven in [PZ10, Theorem 4.2] for a vector of Poisson functionals, by making
use of the Malliavin calculus and an interpolation technique. It was then proven for a
vector of absolutely convergent Poisson U-statistics in [Sch16, Theorem 6.3]. The later

result is presented below.

Theorem 5.8. Let F = (F(l), .. .,F(”)) be a vector of absolutely convergent Poisson
U -statistics of orders k1,. .., kn,

) — Z f(l)(xl,...,xkl)-
(:El,‘..,$kl)€77,];l¢

And let N(X) be an n-dimensional centered Gaussian random vector with a positive

semidefinite covariance matrixz . Then

1 n
ds <F — EF, N(2)> <3 lz_:l |01 — Cov(FW, Fm)]

(Z\/i+1> Zn: i%[ D, pom)),

I,m=11i=1 j=1

We shall seek to bound the terms on the right hand side.

Recall the definition of the normalized volume-power functionals \7,&?1) = V,E;Z_ai) /Q; with
Q; defined in (4.5).

Theorem 5.9. Assume that (k1,a1), ..., (kn,ay) is an admissible sequence with 4a; >
—d+k —1forallie{l,...,n}. Let V(‘") VY, V), and let N () be the

centered n-dimensional Gaussian random vector with covariance matriz
ap) {(am
Et (Ulm)l m with Olm — (DOV(V,E ), V]gm ))

Then there is a constant cg o such that

d3(Vk(a)—EV,§a),N(Et)> < Crat 2 max{l, (t6%) "2k},

Thus in the dense and thermodynamic regime a central limit theorem holds with rate of
convergence =% which most probably is optimal. In the sparse regime, where t5¢ — 0,

the rate of convergence is

M

£ (t6) 20 = O((Efw, (R(m, 1)) 7),

and thus there is a multivariate central limit theorem as long as the expectation E f; tend
to infinity for all k£ € k. To the best of our knowledge, Theorem 5.9 is new even in the
case a; = 0 where we obtain a central limit theorem for the f-vector of the Vietoris-Rips

complex, and similar for the Cech complex in the next section.
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In the view of the first term on the RHS in Theorem 5.8, it is of interest to state the
difference between ¥, and the limiting covariance matrix ¥ given in (4.17). By equations
(4.10), (4.11), (4.13), and (4.14) we see that in the sparse case

1 = Ol G(la
5 37 1t — Cov(VD V)| < O, + t67),
I,m=1

that in the thermodynamic regime, where tlim t5§l = ¢ € (0,00), this error term is of
— 00

order
O(6: + (c — td7)),

and in the dense regime of order

O(8; + (to) ™).
Thus the ds-distance dg(Vk(a) — ]EVk(a), N (X)) would have this additional error terms.
Proof of Theorem 5.9. We apply Theorem 5.8 to Vk(a) = (A,Slll), e ,17123")), a vector of

absolutely convergent Poisson U-statistics of orders k1 +1,...,k, + 1.

By definition the first term on the RHS in Theorem 5.8 vanishes. And by Theorem 4.6
the variance Vﬁ,g?l) tends to a constant. Hence we just have to show that the functionals

M;; tend to zero. In our case the summands in M;; take the form

el / (A5, [ @ Ag, []4 ® As, [ @ As,[]%™)s dro...deyy_y

(ky + 1)12(ky, + 1)12 Q?Q2,
wlel

where the first two functionals depend on simplices of volume k; and the other two on

simplices of dimension k,,. Assume from now on that k; < k,,. The essential feature

in the definition of o is that all four functionals Ag,[-] are linked by common variables,

and each of these functionals depends on k; + 1, resp. ky, + 1 variables. First, for the

number |o| of variables this implies

max{k;, kn} +1=kyn+1<|o| <2k +kn) +1 (5.3)

since k; < ky,. Second, assuming w.l.o.g. that z occurs in the first functional, As,[-] =

As, [{~}]§’], all other variables are at most at distance 49;, and we write this again in the

form Ays, [{x; }Iijzlal]o. We use this and apply Hoélder’s inequality, which gives the bound

[ (uli 8 8af © Aal1™ 0 af™
oz,

o
dwo .. .da}|g|,1

wlel
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[NIES

Aét[‘]4aiA lo|—170 d d
< H T 4&[{1‘3‘}]-:0 |" dzo ... Zig|-1
ie{lvm} wlel ¢
Now substituting z; = 0;2; + xo for 7 > 1, changing the order of integration and

integrating over zg gives

/ (Ba [ @ As[1% ® Ba[]* @ A []*)o o -dz)o)

QIQ2,
wlel
1
s+ Ld(|o]—1) A0, {535 A 2
< JJ & / / Q4J— diy ...dF,_; dzo
ie{l,m} w (6;1(W—I0)Q4Bd)‘0|71 !
1
[0, {@;}5i Ao 2
Uicvi+Ld(|jo|—1 A0, {2} .
< H 0, *2dlel-D) / C;4J ! diy ... dZ| -1
ie{l,m} (4Bd)\0|—1 !
53(klal+kmam)+d(lal_l) dy[o|—1—k; , (d0i)) 2
BT [T Gty oit)”

ie{l,m}

By Lemma 4.1, this is finite for 4o; > —d + k; — 1 for ¢ € {I,m}. By (5.3) and the
definition of M;;, this implies

o QUm ol 2(kjai+kmam)+d(jo|—1 1
M;; (A‘StH ' Aall > = > folggteectinen oY ((4,€d)|ol—1_km(4ai))§
U@ Qm — (ki + 1) (km + 1)12Q3Q2, ki

ie{l,m}
52(klal +hmam)
masc{ (14, (¢57)20 )

N
Q
\")
~
N

Qs
with cp depending on k, a. Plugging the definition (4.5) of @); into this shows
e g2 tkmem) (15, (12}
ij ’ S C
Qi Qm 2 tdfazkl max{ (t5§1)2kl, (téf)kl }t(stQOérnkm max{ (t5f)2km, (téf)km}

_y_max{(tof)hm, (tf)Frthm)y
max{ (£07 )i +em (0] 2kithm) }

= cot "t max{1, (t6d) "k},

The sum over all M;; yields

n kl+1 km+1 . n kl+1 km+1 . 1 1
DD D (A2 My (FO, f0) = 3NN (ki +1)24/ept 72 max{L, (57) 2"}
Im=1 i=1 j=1 Im=1 i=1 j=1

n
< Y est™2 max{l, (t5) 24}

I,m=1
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< C4t7% max{1, (tdtd)*%k"}

with constants depending on k and c. O

5.4. The Cech complex

It follows from the definition of the Vietoris-Rips complex and the Cech complex that

1
C(nt,6t) C R(ne, 1) C Clne, (£5)7 61).-
That the optimal factor in the second inclusion is (dQ—fl)% was shown by de Silva and

Ghrist [dSGO07, Theorem 2.5]. Hence all bounds obtained for the Vietoris-Rips complex
hold true for the Cech complex with constants changed by a factor of (dQ—fl)% The
constants in the expectation and covariance change in the following way. Denote by
Af[xg, . ..xg] the k-dimensional volume of the convex hull of the points zy, ...,z if the
intersection ﬂlf B(z;, %) is not empty, and set AS[zo, .. .,z)] = 0 otherwise. In the case
k > d we only define AS[xy,...x,]° = 1 if the intersection property holds. Thus for all
k>0,
F € C(R(nt, b)) & Agt(F)O =1

We define
& = [ a5l gt dor - doy
(B4)k
with Céa) = 1. In the case k > d the definition only applies to a = 0. Again o > —d+k—1

ensures that C,ga) < 00. The volume-power functional of the Cech complex is given by

e D I G

(@0, ) ENY

Then the Cech complex version of Theorem 3.6 holds for L{,Ea) with u,(ca) replaced by
C,ga). Analogously, define

dm= [ AT e AT

(Bd)k1+k2+17m
dzy - dog 4 ky—mi1-

Then Theorem 4.3, Theorem 4.6 and Theorem 4.7 hold for Z/{Ig?i) with a covariance

(a1,02)
k1,ka:m

a1,a2)
1,k2:m”

matrix 3¢ with u replaced by C;S; Finally, the proofs of the central limit

theorems only depend on the local behavior of the random simplicial complexes and
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thus the identical proof holds for the Cech complex. Define the normalized volume-

power functionals by
gl _ L ()
U, —@L{ki

with @; defined in (4.5), and let U,ga) = (Z:{\]gf‘), . ,Z;{\IE:)) Assume that (k1,0q), ...,
(kn, ) is an admissible sequence with 4o; > —d + k; — 1 for all i € {1,...,n}.

Theorem 5.10. For d, = dyw or dy, = dg there is a constant ¢ such that

a _ R

d*<M,N> < ot 2 max{(t5) "2, 1}.
NARZN

And there is a constant cp o such that

d?’(Ué“)—EU,i“),N(Ef)) < okt ¥ max{l, (1) 30)

where Xf is the covariance matriz X = (COV(LA{,g?l),Z/A{,me)))lm.



6. Poisson Limit Theorem

6.1. The f-vector

Recall that the f-vector of a simplicial complex, A, is given by

(fo(A), f1(A), f2(A)...)

where f;(A) is the number of i-dimensional simplices in the simplicial complex.

We are interested in the Poisson functional which counts the k-simplices in the Vietoris-
Rips complex, that is, fr = fk(R(n:,0)). So we consider the entries of the f-vector
(fe)k>0 = (fe(R(ne,0¢))) k>0 of the Vietoris-Rips complex. Once again we consider the
Poisson point process, 7;, with intensity ¢ > 0, and intensity measure u, on a state space,
wW.

We denote by Fs[zg,...xg] the indicator function asking if, in the convex hull of the

points xg, ...,z € W, all edges have length at most s. That is,

k

Ffao,...er) = [] Lz — 2] < s).
i,5=0

We write Fs[{z;}F_,] = Fs[zo,...xx] for a short notation. We note that Fy[{z;}F ] =
Agl{z 3] where Ag[{z;}_o] has been defined earlier to be the k-dimensional volume
of the convex hull of the points xg,...,x; if all edges have length at most s, and 0

otherwise.

Relating these to the Poisson functional V,E,a) discussed in previous chapters, we observe

that )
0
($()7...,CC]€)E77;<;1

It is clear that this functional is N-valued.

46
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By Theorem 3.6 and Theorem 4.3, the expectation and variance of fj is given by

Bfi = gy 0 1+ 0(3) (6:2)
and
k+1
V=Y Bhbm y(15,)26 =4 (1 + O(6;)) (6.3)

m!((k —m+ 1)!)2

m=1

respectively, where

=i = [ R0} deydny (6.4)
(Bh)k
and
Hkk:m = /‘é kofn = / [0, {wl}le]Fl [0, {xl}fjgﬁﬁﬂ dzy -+ - drok—mi1
(Bd)2k—m+1

as defined in (3.3) and (4.1).

We note by (4.3) that for m =k + 1,

Mk kek+1 = M- (6.5)

The next Lemma shows the connection between the expectation and variance of fj in

the sparse regime.

Lemma 6.1. In the sparse regime,
Vf, = Ef; [1 + O(téf)]

Proof. By (6.2) and (6.3) together with (6.5), we observe that the summand at m = k+1
in V fi is precisely Efi, so that we have

k

Ve = Bl [Zm!«k{kﬁﬁ 1)!)275(755?)%1%] Lo
k
Mk, k:m -m
= Efi + t(ts})* [mz (e = m T T S5k }[HO(@)]
_ (k' - Fok d\k+1—m
= Efy + [mZ:lm' o m+1))(t5t)+1 ]

= BEfi[1+ 0(t5t )l

Remark 6.2.
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(i) Lemma 6.1 implies that if IEf, — ¢ in the sparse regime, that is, tlim tof = 0, then
—00
V fir — ¢ in the limit. In this case, we hope to get a Poisson limit theorem for fy.

(ii) We observe from (6.2) that for i,j € IN, i < k,
Efj—i = (t6))"Efi, ~ and  Efp; = (t6])Efy.

Thus, in the sparse regime, once IEf; tends to a constant, ¢, then IEf;_; — oo and
Efi+; — 0 immediately. This makes it impossible to get a multivariate Poisson

limit theorem for the f-vector.

6.2. Moments of First and Second Order

Difference Operators

We recall the difference operator, D, F', defined by
D.,F =F(n+4d,) — F(n),
for a Poisson functional F' and z € W. This definition applied to a Poisson U-statistic

F= Z f(xl,...,xk)

of order k yields
D,F =k > flzom1,. . xp_1)

k—
(@1 emp 1) €N

by the symmetry of f, and more generally, for n < k, we have

k!
D, . F= Z fziye o 2n, @, o Tpp)-

n

(3017---713k—n)€77§7

We note by (6.1) that f is a Poisson U-statistic of order k + 1, so that we have by
applying the difference operator

1 _
Dyfe=17 > Faly{w}is)
(x0,~--,1k71)€77§2
and .
Dy, yo fre = = 1) Z Fy, [y1, y2. {zi 3125

k—
($07-~~7$k—2)€7];¢ Y
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for Y,Y1,Y2 € w.

The following formula was given in [Sch13, Theorem 3.4] for the moments of Poisson

U-statistics using the notion of partitions discussed earlier.

Theorem 6.3. Let FV ... F") n > 2 be Poisson U-statistics given by

F(l) = Z f(l)(l'l,...,xkl)

k
(1‘1,...7x;€l)677t7l¢

with fO € LL(y*), ky € N for 1 =1,...,n with the assumption that

o

for all o € U(ky,...,kn). Then

EﬁF(l) = Z / (@11 £(1)g dul.
=1 Wlo|

a€ell k’l

<®?:1f(l)>o’ dpll < o0

We seek to evaluate moments of D, f; and Dy, 4, fr for y,y1,y2 € W. We use the

following notations for p > 2.

F®" .=F®---@F, pcopies, and {k},:={k,...,k}, p elements.

For k independently and uniformly distributed points in the unit ball, {Xl}fgol, which
form a random k-simplex with the origin, we denote by p4|, its p-tensor product par-
titioned by o € II({k},), if all edges are bounded by one.

— k—171®p
Hlolp = /(Bd)rf (Fl[o {xl} ] ) dSUl .. 'd$|a'|-

Next, we evaluate 4|, for |o| = k which we would need in the sequel.

For |o| = k, each block in ¢ € II({k},) contains p variables, one from each functional.

Thus, we have in this case that
—17\? _
(A0 el =Z17) = (R g}i5]) = R, )]

since F110, {fz:l}f:_ol] is a product of indicator functions. Thus, puy, = py for all p, where
1k is given by (6.4).

Lemma 6.4. Let y € W and p > 2, there is a constant cy depending only on k and p
such that

E[(Dyfr)"] = (t57)" [k, + crp(t87) + O((t67)%) | (1 + O(61))
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Proof. The functionals Fg, [y, -] are indeed a product of indicator functions and depend
on k-simplices, where the vertex y connects all vertices of a (k—1)-simplex. We note that
(th ly, {ml}fz_ol]@p) is a p-product of these functionals with variables determined by the
partition o. Also, since o € II({k},), these p functionals are not necessarily connected in
these variables, they only need be connected in y. Below, we will substitute z; = §:Z; +y

in the integral and recall that §; (W — ) N B? = B? for y € W_s,. Thus we have

1 - (o2
E((Dyfil) = 5 > / (Fét[y,{xl}f:glpp) dple!
" oeli({k}y) YW o
: dl”/ - k=1 . .
= W 7 R0} EPP) . dd,
klP 061‘%@}?) ! (5;1(W—y)ﬁBd)|a\ ( =0 )J o]
1 (o2
= 5 2 M)+ 0()
" oell({k}y)

Now, by (2.8), we have k < |o| < pk. Since the sparse regime is under consideration,
the maximum summand is the one for which |o| is least, that is || = k. By Theorem
2.9 and Remark 2.10 (74i), the total number of such partitions o € II({k},) such that
lo| =k, is k!(>=D),

We now move a step further. For o € II({k},) such that |o| = k + 1, again by Remark

2.10 (iv), the total number of such partitions is given by

p—2

KRN (k1)

i=0
We note that for p = 2, this number is kk!.

We thus have

E(Dyfi)] = = 3 o1 +0(5)

kP
ocll({k}p)

t5d)k p—2 , M aLax!
k!@l)“k’pk(,pt) kRIS (1) R O ’““”’é,pt) + - (14 0(6))
’ i=0 '

= (0[5 + eplt6) + 05D (1 + O(81)

Pir1p Yoy (k + 1)
(k—1)!

where ¢y, =

Remark 6.5.
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(i) We were particular about getting an equality in the above lemma and not an upper
bound. This will be useful in the Poisson approximation which we will encounter

later.

(ii) For any value of p we have the following upper bound since ¢3¢ — 0.

5d k
E[(Dyfi)?] < c;ap“’“(li!t).

Lemma 6.6. For y,y1,y2 € W,
E [(Dy, o f1)*] < ex(tsf)*!

Proof. For (th [Y1, Y2, {xl}k 2]®4) ,0 € II({k—1}4), we observe that all functionals are
linked by y; and yo but not necessarily by other variables, so that k—1 < |o] < 4(k—1).
Also max |lxz; — y1|| < 46, for all the variables, and although this holds for ys, it is

enough since y; and yo are connected. We evaluate as follows.

1 g
: oell({k—1}4) "‘ 7
1 .
< o T (Wil — gl < 40 [y — vell < 6)
(k—1)! wilol
oell({k—1}4)
dl’o ce dx|g|,1
1
- o] dlo]
< (k‘ _ 1)'4 Z t (4515) ]l(yl € B(y27 5t))
oell({k—1}4)
< cpmax{(t67)" ", (¢5)** 7V} Ly € B(yo, b))
= (t6)* " 1(y1 € B(ya, 6r)),
being in the sparse regime, where ¢ is a constant depending only on k and d. O

6.3. Poisson limit theorem for Poisson

Functionals

The Stein’s method together with Malliavin calculus have been effective in get a normal
approximation for a Poisson functional. Its analogue known as the Chen-Stein method
is used in Poisson approximations, that is, how close a random variable is to a Poisson
distribution. The total variation distance has been effective for these kind of approxi-
mations. It is essential that the random variables considered in this case are Z_-valued

with positive expectations.

The Chen-Stein method was used in [BP16] to get a Poisson approximation for Poisson

functionals as given below.
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Theorem 6.7. Let Z ~ Po(c), ¢ > 0 and assume that F € L*(P) is an element of
dom D such that BEF = c and F takes values in Zy. Then

1—¢e¢
drv(F,Z) < ———Flc—(DF,~DL™'F)p2(,|
1_26 E[/ \D.F(D,F — 1)D,L™'F| d,u(z)}
c w

1—e"¢ B 2

- \/[E(C ~ (DF,~DL~'F) 12,)’|

1—e¢ _
> ]E[/W |D.F(D.F —1)D,L'F| d,u(z)}

We compare the above theorem with the normal approximation given in Theorem 5.2.
The expectations in the first term have similar evaluations since the value of the variance
is 1 in the normal approximation, being a normalised random variable and the variance
in the Poisson approximation is ¢. This informs the similarity in the first two summands
of [LPS16, Theorem 1.1] and [Gry19, Theorem 1.2]. The later is given below.

First, we define

1

71(F) = /W3 (E[(D?m,ng)ﬂE[(Diz,m.‘;F)ﬂE[(DrlF)4]E[(DIE2F)4])Z d:ug(xlax%xfi)
) = [ (Bl PYIEIDE, 0, F))” di e a,m)
() o= /W (E\DmF(DzF - 1)12)5 <E|DzF]2)§ du(z) (6.6)

Theorem 6.8. Let F' be a N-valued Poisson functional satisfing F' € domD), and let

Z ~ P(c), that is, a Poisson distributed random variable with parameter ¢ > 0. Then

1—e¢

Cc

drv(F,2) < = 0y ) + Vo) + 2 eE o] 4 V),

We now present the main theorem in this section, that is the Poisson approximation for

fi, the k-th component of the f-vector. First, we have the following.

Lemma 6.9. There are contants C1, Cy and C3 depending on k such that

(i) 11(fi) < Crt(tod)F+s,
(ii) y2(fr) < Cat(tod)k+1,

(iii) v3(fi) < Cat(tsd)k+2,

Proof. We apply 6.6, Remark 6.5 and Lemmas 6.4 and 6.6 to get the following.



Poisson limit theorem

93

(i)
Y1(fk)
(i)
Y2 (fk) <
<
<

IN

3 /WS (ck(t(Sf)kfl 1(z € B(xg,(st))ck(t(gfl)kfl 1(zo € B(z3,4:))

t(5d k t(;d ko1l
cﬁcAMk(k!t) c%ylluk(k!t) )4 dz1dzodxs

3 /W3 e (52D (1) L (20,22 € Bl ) dadeaday

Ll

IA

Q
~
—~~
~+~
=2
~—
N
—~~
~~
=9
T+,
N—
i
N|=

t3 /W3 (Ck(tdfl)k*l 1(x; € B(y:l?3,5t))ck(t5§l)k*1 1(xq € B(gttg,,é,;)))é

d.’Eld.Tle‘g

1
t3/ ck<(t5g)2(k_1)> * 1z, 29 € B(xs, 8;)) dajdzadas
w3
Cit(tsd)>(tod)k—1
Cit(tod)F 1,

(iii) Here the first terms in the expectations cancel out which is the reason why we

needed an equality in Lemma 6.4.

¥3(fx)

IN

IN

[NIES

] (BDas) = 2B(D, 10 + BD. 1) (BD.?) s

(et [+ nattad =2 (5 + cxattal)) + 5 + cnalest) + o))

k! k!

((eays |55 + cr ot + O((167)?)] )5(1 +0(5)) de

k!
(14 0(8;) + O(t5%)) da

N|=

H(t6d)* / ex(t5%)
w

Ct(tod)++s.

O]

In the sparse regime, we consider the case where IE fi, tends to a constant in (0, 00). This

happens when ¢(£6¢)* tends to a constant in the limit.

We have the following error term for the Poisson approximation.

Theorem 6.10.

-

2
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(i) Let Efy, = ¢, ¢t >0 and Zy ~ P(ct). Then in the sparse regime, for some constant

Ck,t depeding only on k and t, we have
_1
dry (fr, Zt) < Crt™ 2

in the limit.

(i) From (i), let ¢ 1229 ¢ in the sparse regime, and Z ~ P(c), ¢ > 0. Then for some

constant ¢, depeding only on k, we have
1
drv(fi, Z) < ext™ 2% + [Efy, — ¢
in the limit.

Proof.

(i) We note by the hypothesis of the theorem that #(t5¢)* is a constant, which implies
that t6f = % up to a constant. By Theorem 6.8 and Lemma 6.1, we have,

1—e ¢ 3.1 1 C 1
dTV(fk;Zt) < 0(2(01t(t(5§l)k+2)2 + (Cgt(t(sg)k+l)2 + 73t(t5g)k+2 + ’ka - Ct|>
t t
o Ct
< 1z c;m(tfk T A TR O(ti)>
Ct
1—e
< G it <t41k +2 4 O(tzlk)>
Ct
< gt Ot ).
(ii) We apply the triangle inequality and evaluate as before to get
1—e¢ C
drv(fe, 2) < ce (2(clt(t5g)k+3)é + (Cat(t3) )2 + Z2e(10f)+2
+IEfe—d + 1V fu — R + [Bfi—c])
l—e™© 1/ 1 1
< cxt 2k<t * 4+ 2+ Ot 2/e)> + 2|Efi — |
1 1
< cptT2 O(t7 k) 4 2[Bfy — ¢f.

O]

Remark: This shows that the Poisson limit theorem holds for fj in the sparse regime,

since t — oo.
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