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Heisenberg, wearing a tuxedo for the wedding of one of his youth movement
comrades in the late 1920s.

The leading theory of the atom when Heisenberg entered the
University of Munich in 1920 was the quantum theory of
Bohr.

All of my meagre efforts go toward killing off and suitably
replacing the concept of the orbital path which one cannot
observe.
–Heisenberg, letter to Pauli, 1925

The present paper seeks to establish a basis for theoretical
quantum mechanics founded exclusively upon relationships
between quantities which in principle are observable.
–Heisenberg, summary abstract of his first paper on quantum
mechanics
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1. Introduction

The continued interest in the fabrication and optimization of miniaturized magnetic
devices [1], where quantum effects become important makes it essential to understand
the interaction between the classical properties of the macroscale and the quantum
properties of the microscale. Richard Feynman said in 1959 that:”the principles of
physics do not speak against the possibility of maneuvering things atom by atom. It
would be possible for a physicist to synthesize any substance that the chemist writes
down”. Recently, the impact of chemistry in the field of magnetism, which is one of
the most challenging properties observed in nature, has dramatically increased with
the development of magnetic molecular clusters, where the techniques of molecular
chemistry are exploited in order to design and to synthesize a new classes of magnets
based on molecules rather than on metals or oxides.

Molecular magnets are the smallest particle of a pure chemical substance that still
retains their chemical composition and properties, which possess, even in the absence
of external magnetic fields, stable magnetic moments associated with certain chem-
ical building blocks [2, 3, 4]. The word molecule usually refers to an assemblage of
multiple atoms held together by covalent bonds. A molecule consists of two or more
atoms joined by shared pairs of electrons in a chemical bond. It may consist of atoms
of the same chemical element, as with oxygen (O2), or of different elements, as with
water (H2O) [5, 6]. As described below, many dynamical properties have been discov-
ered, which are derived from easy handling nature and the quantum effects, and these
studies are different from those of inorganic magnetic materials that are expected to
provide intense magnetization. The studies of molecular magnets have started in
order to discover static ferromagnetism in organic materials. However, since deeper
microscopic understanding of the mechanisms of ferromagnetic and antiferromag-
netic interactions has been achieved, the researches have consequently provided a
new frontier field of dynamical magnetism such as ferromagnetic-antiferromagnetic
switchings. Controlled magnetism, namely the material design for easy handling of
magnetization, is now one of the most attractive subjects [7]. Moreover, in molec-
ular magnets, the spin structure can be often designed artificially, this leading to
successful preparation of many model magnets that contribute to the development
of the theory of magnetism [8]. Typical good examples are one-dimensional Haldane
magnets, two-dimensional Kagome antiferromagnets with spin frustration [9], etc.
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1. Introduction

In the last few years, high-spin cluster complexes have extensively been designed
and synthesized, and much attention has been paid to a special quantum effect ob-
served uniquely in these systems: Magnetization reversal by quantum tunneling was
inherently predicted in single-domain magnets of small particles. It is recognized,
however, that recent intensive researches in this field could not be realized without
discovery of the cluster complexes [10, 11, 12]. Considering such progress, it is easily
expected that the molecular magnet researches can be extended to the microscopic
field, namely the nanomagnet researches. Capability of structural design in molecules
may allow one to develop new nano-magnets containing, for instance, supramolecules
or hierarchical structure. Such high-order nano-magnets are interestingly related to
biomagnets such as nano-magnets in magnetic bacteria and iron oxides in ferritin
protein. Molecular magnets can be regarded not only as magnetic materials but as
open-shell active species. Considering that many organic radicals appear as reaction
intermediates, understanding of intermolecular interaction between organic radicals
should contribute to clarification of the functionalities and the reaction mechanism
of radical species in living systems [13].

On the other hand, the observation of resonant tunneling of magnetization in Mn12-
Acetate has focused significant attention on a novel class of spin-ordered organometal-
lic molecules. These molecules have evolved into one of the most attractive research
areas in the field of molecule-based magnets. These molecular magnets consist of
approximately 50 - 400 atoms and are typically composed of 4 - 20 transition metal
ions locked in place by organic ligands and anions. Several reviews are available
documenting the chemical and technological implications of this field of molecular
nanomagnets [2, 14, 15, 16, 17, 18].

Although these new materials exhibit a number of unusual phenomena of scien-
tific interest, some have potential for practical applications. These materials ap-
pear as macroscopic samples, i.e. crystals or powders, some have a cage-like struc-
ture that resembles fullerenes (the soccer-ball like molecule named giant Keplerate
{Mo72fe32} [5], see figure: 1.1), while others are shaped like tubes, called nanotubes
. . . etc. . . The intermolecular magnetic interactions are utterly negligible as compared
to the intramolecular interactions. Therefore, measurements of their magnetic prop-
erties reflect mainly ensemble properties of single molecules. In addition to very
interesting chemistry and physics, such molecular systems could form the basis of
future nanoscale devices. Their magnetic properties promises potential applications
including high-density magnetic storage devices1, magneto-chemistry, and tunable
high-frequency radiation sources, biomedical imaging, biology and material sciences
[3, 4]. Tunneling and quantum coherence are also interesting in components for
possible use in q-bits for quantum computing [20, 21], while local thermo-induced

1single-molecule “domains” → up to 40 Tbits/sq. inch;
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Figure 1.1.: The structure of the {Mo72Fe30}, a giant keplerate molecule where 30
iron are placed at the vertices of an icosidadecahedron [19].

spin-crossover transitions may bring revolutionary progress in the design of large-size
displays due to spin dependence of the color of some magnetic molecules [4]. The
use of magnetic molecules in biomedicine is growing rapidly. An example is the use
of such molecules to enhance the NMR relaxation rate in specific target areas where
greater contrast is needed for magnetic resonance imaging [6].

A major part of the study of molecular structure is the description of the chemical
bonds which are formed between atoms. A stable compound occurs if the total en-
ergy of the combination has lower energy than the separated atoms. The two extreme
cases of chemical bonds are: Covalent bond, in which one or more pairs of electrons
are shared by two atoms. Ionic bond, in which one or more electrons from one atom
are removed and attached to another atom, resulting in positive and negative ions
which attract each other. Other types of bonds include metallic bonds 2 and hydro-
gen bonding 3. In addition to novel isolated (except for dipole interactions) magnetic
molecules, there exist a number of inorganic materials composed of well defined clus-
ters of magnetically active atoms. Typically these clusters are separated far enough
apart to ensure intra-cluster couplings to be dominant, but inter-cluster couplings
are not negligible. These systems provide the possibility to study how many-spin
systems interact dynamically among each other with weak to moderate inter-cluster
coupling strengths. It appears that the majority of these molecules is rather well

2Where the atoms possess strong bonds with the electrons that can move freely in all directions in
a metal.

3It is a force of attraction between a hydrogen atom in one molecule and a small atom of high
electronegativity in another molecule. That is, it is an intermolecular force, not an intramolecular
force as in the common use of the word bond.
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1. Introduction

Figure 1.2.: Structure of [V15As6O42]K6 (l.h.s) [22] and Mn12O12(CH3COO)16
(r.h.s) [23] molecular magnets.

described by the Heisenberg model with isotropic nearest neighbor interaction some-
times augmented by anisotropy terms [24, 25, 26, 27]. Thus, the interest in the
Heisenberg model, which is already known, but used mostly for infinite one-, two-,
and three-dimensional systems, was renewed by the successful synthesis of magnetic
molecules. Studying such spin arrays focuses on qualitatively new physics caused by
the finite size of the system.

Training in molecular magnetism and the ability to proceed with careful measure-
ments and theoretical methods from small molecules to larger clusters represents
a wonderful laboratory with which to follow correlation and exchange interactions
across important length scales, and means learning techniques which can be used
for the different scientific areas mentioned above, using statistical mechanics, which
includes mathematical tools for dealing with large populations, to the field of me-
chanics, which is concerned with the motion of particles or objects when subjected to
a force. It provides a framework for relating the microscopic properties of individual
atoms and molecules to the macroscopic or bulk properties of materials that can be
observed in every day life, therefore explaining thermodynamics as a natural result
of statistics and mechanics (classical and quantum). In particular, it can be used
to calculate the thermodynamic properties of bulk materials from the spectroscopic
data of individual molecules.

16



Significance and necessity of this project:

1. The first major goal of the present work was to explore the magnetism and to
reexamine earlier susceptibility measurements for a new class of materials the wheel-
shaped Tungstophosphate [Cu20Cl(OH)24(H2O)12(P8W48O184)]25− (Cu20P8W48) [28],
the dodecanuclear cluster [Ni12CO3(OMe)12(OAc)9(trans-tach)6], and the heterometal-
lic {Cr7M} wheels [29], in which one of the CrIII ions of Cr8 has been replaced by
a Fe, Cu, Zn, Ni ion where this extra-spin acts as local probe for the spin dynamics.
Such systems have been synthesized recently and they are well described using the
Heisenberg spin Hamiltonian with a Zeeman term of an applied magnetic field along
the z-axis. The magnetic ions in these molecules can interact ferromagnetic or antifer-
romagnetic through intervening O2− ions. Using the numerical exact diagonalization
method (Sec. 3.1), we calculate the energy spectrum and the eigenstates for different
compounds, and use them for reexamining the available experimental susceptibility
data to determine the values of exchange parameters. The results of this exchange
energy will be used to extract much more information from these new materials, to
provide the thermodynamic properties such as magnetization and susceptibility or
heatcapacity.

2. This part focus on the low temperature regions where the molecular magnets act
as individual quantum nanomagnets and can display super-paramagnetic phenomena
like macroscopic quantum tunneling, ground state degeneracy, level-crossing. Here,
we investigate how the various heterometallic rings would behave when probed by
Nuclear Magnetic Resonance (NMR), using the theory of the interaction between the
nuclear spin and the electron spin. We aim at the principle structure of the relaxation
rate T−1

1 as a function of the applied magnetic field strength at low temperatures as
it is measured in Nuclear Magnetic Resonance (NMR) experiments. The relaxation
rate is expected to increase drastically whenever two levels approach each other due
to possible resonant energy exchange with the surrounding protons. In contrast to
this expectation it appears that {CuCr7} and {NiCr7} show an unexpectedly reduced
relaxation rate at certain level crossings which should experimentally be observable.

The outline of the present work is as follows. In chapter 2, we will discuss and
explore how quantum theory deals with molecular magnets. Chapter 3 gives a brief
description of the symmetry used in heterometallic {Cr7M} wheels and the appli-
cation for different rings by means of exact numerical diagonalization techniques.
We evaluate the energy spectrum, eigenstates and the exchange parameters by fit-
ting the experimental susceptibility of different rings. In chapter 4, once the cal-
culated energy and the eigenvectors for different rings and the values of exchange
parameters are well defined, we will proceed with the coupling between magnetic
molecular levels and nuclear spins to explain the phenomena of level-crossing at spe-
cific magnetic field values, where we investigate the theoretical framework used to
study the proton spin-lattice relaxation rate (T−1

1 ) and to describe semiquantita-
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1. Introduction

tively the results of T−1
1 versus applied magnetic field B and temperature T . Chap-

ter 5 and 6 contain the study of the magnetic properties of the dodecanuclear cluster
[Ni12CO3(OMe)12(OAc)9(trans-tach)6] presented recently by Geoffrey J. T. Cooper et
al. and the wheel-shaped Tungstophosphate [Cu20Cl(OH)24(H2O)12(P8W48O184)]25−

(Cu20P8W48) [28], respectively. Chapter 7 summarises the main results of the present
work and provides an outlook.
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2. Quantum theory of Molecular Magnetism

In this chapter, many of the basic concepts and tools of quantum theory of molecular
magnetism are discussed only at an introductory level and without providing much of
the background needed to fully comprehend them. Most of these topics are magnetic
properties, the thermodynamic properties, and spin dynamics in molecular magnets.
In the end, we will give a brief description about the experimental method such
us NMR and ESR used to study the spin dynamics properties. The purpose of the
present Chapter is to give an overview of the field that one can understand the details
and applications of the later chapters.

2.1. Magnetic order in magnetic materials

Molecular magnetic clusters are currently considered among the most promissing
electron spin based quantum systems for storing and processing of quantum informa-
tion [30]. Each molecule, hence, forms a magnet. Thus if a magnetic field is applied
to these molecular magnets, they will arrange themselves and align to increase this
effect. The magnetic moments of the ions in those cluster order at low temperatures
anti-parallel or parallel to each other. These ordered states are called ferromagnetic
[31] and antiferromagnetic [32, 33] systems and have attracted an increasing interest
[34].

2.1.1. Diamagnetism and paramagnetism

2.1.1.1. Diamagnetism

Diamagnetic materials are often defined as substances which are lifted out of the
magnetic field region and they possess a negative value of magnetic susceptibility
of the order of χmol = -10 x 10−9 m3 mol−1. In this type of magnetic order the
susceptibility is a temperature independent quantity, all electrons are paired. The
observed diamagnetism reflects the fact that the ground state is a singlet and there
are no thermally populated states of higher spin multiplicity. The properties of
diamagnetic systems are:

19



2. Quantum theory of Molecular Magnetism

• χ < 0 and M < 0 owing to small additional currents attributable to the pre-
cession of electron orbits about the applied magnetic field (shown by all sub-
stances);

• χ usually independent of both T and B for purely diamagnetic materials (closed
shell systems);

• Allowed for as diamagnetic correction in the evaluation of experimental suscep-
tibility data of open shell systems.

Some substances exhibiting diamagnetic behavior can switch to a paramagnetic state
when the temperature is increased, table 2.1. However, paramagnetic excited states
are populated and the substance shows an increased positive magnetic susceptibility.

substance class Molar range localized electrons itinerant (Free)
susceptibility (cm3mol−1)

diamagnets χ < 0 -10−4 . . . -10−6 closed shell atoms, Landau
Langevin

vacuum χ = 0

paramagnet χ > 0 -10−2 . . . -10−5 open shell atoms Pauli
Langevin, Curie law

Table 2.1.: Substance class of magnetic order

2.1.1.2. Paramagnetism

As opposed to diamagnetic substances, paramagnetic ones are those which are di-
rectly proportional to the applied magnetic field, and inversely proportional to the
temperature (Curie’s law). Their magnetic susceptibility is positive and temperature
dependent. The properties of such types of magnetic order are

• χ > 0 and M > 0 owing to net spins and angular momentum polarized in
direction of the applied field;

• Observed in various forms, differing in magnitude and dependency on T and
B:

• Curie paramagnetism: χ inverse dependency on T , independence on B at weak
applied fields, but inverse dependency at strong fields (paramagnetic satura-
tion)

20



2.1. Magnetic order in magnetic materials

• temperature independent paramagnetism: weak forms of paramagnetism, called
Pauli paramagnetism (of conduction electrons observed in metals) and Van
Vleck paramagnetism (TIP, second order effect involving mixing with the first
excited multiplet by the applied field; example: Eu3+).

In paramagnetism the tendency for angular momenta to be aligned parallel with the
field direction is in competition with the thermal disorder. Therefore, the greater the
temperature the greater the thermal disorder, the lower the degree of alignment and
the susceptibility drops inversely with temperature, which correspond to Curie’s law.

Curie law
Magnetization M is given as a function of magnetic field B and temperature T as

χmol =
Mmol

H
=
C

T
where C is a constant C = μ0

NAμ
2

3KB
. (2.1)

2.1.2. Ferromagnetic systems

The atomic spins in ferromagnetic materials interact with each other, each of them
trying to align the others in its own direction. This effect between them is relativisti-
cally quantum mechanical properties of spins, as axiom the existence of such a force
which tries to align spins, by the so-called exchange energy between spin �Si and spin
�Sj, which is proportional to �Si·�Sj [35], where the case i = j is excluded, because the
spins do not interact with themselves, and including the inetraction energy with an
applied field. The best known ferromagnets are the metals Fe, Co and Ni. Such ma-
terials are characterized by a possible permanent magnetization, and generally have
a profound effect on magnetic fields. The energy levels of the 3d-electrons which
give rise to the spin magnetic moments in these metals form a band, like those of
the conduction electrons. The low energy properties of small ferromagnetic systems
are in good approximation described in terms of the total spin S of the system. For
illustration, consider a ferromagnetic system with total spin S described by the spin
Hamiltonian H∼ in the absence of an external magnetic field, which can be written as:

H∼ = −DSz∼
2 + E

(
S2

+∼
+ S2

−∼

)
(2.2)

with D >> E > 0, (D, E are the parallel and transverse anisotropy, repectively),
S±∼

= Sx∼ ± iSy∼
and Sα∼ with α =x,y,z are the components of the spin operator.

Due to E, the Sz∼ eigenstates |m 〉 with m = -S, -S+1, . . . , S-1, -S are not energy

eigenstates. Rather, E �= 0 gives rise to a mixing of states |m 〉 and |n 〉 with |m−n| /
2 integer.
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2. Quantum theory of Molecular Magnetism

R

C
B

M

Figure 2.1.: Hysteresis loop of a ferromagnetic material.

More specifically, for S = 1, in the basis of Sz∼ eigenstates,

H∼ =

⎛
⎝ −D 0 2E

0 0 0
2E 0 −D

⎞
⎠ (2.3)

The transverse anisotropy E�= 0 lifts the degeneracy between | −1 〉 and | 1 〉. The
energy eigenstates are | 0 〉 and | e± 〉 = ( | −1 〉 ± |+1 〉)/√2 with energies E0 =0,
and E± = −D ± 2E, respectively. The quantum spin system exhibits a rich and
interesting behavior when a magnetic field B is applied,

H∼ = −DS∼2
z + E

(
S∼

2
+ + S∼

2
−
)

+ gμB

(
BxS∼x +BzS∼z

)
. (2.4)

The longitudinal field Bz allows one to establish or destroy the tunneling resonance
between two given levels |m 〉 and |n 〉. The transverse field Bx gives rise to intriguing
effects such as Berry phase oscillations which can be traced back to the geometrical
phase acquired by a spin tunneling in a transverse magnetic field [36, 37].
Ferromagnetic materials are used either to channel magnetic flux (e.g., around trans-
former circuits) or as sources of magnetic field (permanent magnets). For use as a
permanent magnet, the material is first magnetized by placing it in a strong magnetic
field. It is vitally important that a permanent magnet should possess both a large
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2.1. Magnetic order in magnetic materials

retentivity or called also remanence (R) and a large coercivity (C), Figure 2.1. It is
generally a good idea for the ferromagnetic materials used to channel magnetic flux
around transformer circuits to possess small remanences and small coercivities.

2.1.3. Antiferomagnetic systems

When the magnetic susceptibility increases with temperature up to the critical point
called the Néel temperature or the antiferrromagnetic Curie temperature, beyond
which the susceptibility decreases in the normal paramagnetic fashion. This phe-
nomenon is called antiferromagnetism where it tends to align the neighboring spins
anti-parallel to each other, which can also give rise to certain order at low tempera-
tures. These phenomena are contrasted with the “magnetically dilute” situation in
paramagnetism in which there is no or very little interaction between spins [38, 39].

The theory of this phenomenon was presented by Louis Néel (French physicist,
who in 1936 gave one of the first explanations of antiferromagnetism), even before it
was first observed experimentally [40] (Nobel lecture). This spontaneous anti-parallel
coupling of atomic magnets is disrupted by heating and disappears entirely above a
certain temperature, called the Néel temperature, characteristic of each antiferro-
magnetic material. Usually these temperatures are low. The Néel temperature for
manganese oxide (MnO), for example, is 122 K (or -151 C0). Below the Néel tem-
perature the susceptibility depends on the direction of the external field relative to
the easy axis, which is defined by the minimum of the anisotropy energy.

The occurrence of this Nèel temperature may be visualized in the following way:
At very low temperatures, an alternating “up and down” type of spin arrangement
is established in the absence of any external field (Fig: 2.2). A strong negative mag-
netic interaction is said to exist between the plus and minus spin which decreases
the tendency of all spins to be magnetized with decreasing temperature. As the
temperature is increased, the uncoupling of magnetic spins facilitates greater and
greater magnetization up to the Nèel point; then, as with normal paramagnetism,
with further increase in temperature beyond this point, the susceptibility decreases
due to thermal-randomization of spins. The theoretical description of antiferromag-
netic system is more challenging than that of their ferromagnetic counterparts which
are well described in terms of a single large spin. The main reason for this is that,
in contrast to the ferromagnetic system, for the anstifferomagnet the Néel ordered
state is not an energy eigenstate of the quantum spin system [41]. Let’s consider two
antiferromagnetically coupled spins s1∼ and s2∼ with spin quantum number s and an
easy axis anisotropy,

H∼ = J �s1. �s2 −Kz

(
s∼

2
1,z + s∼

2
2,z

)
(2.5)

=
J

2

(
S∼

2 − 2s(s+ 1)
)
−Kz

(
s∼

2
1,z + s∼

2
2,z

)
(2.6)
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2. Quantum theory of Molecular Magnetism

Figure 2.2.: Schematic sketch of the arrangement of the antiferromagnetically coupled
ions.

Where, �S = �s1 + �s2 is the operator of total spin.

For Kz = 0, [�S,H∼ ] = 0 and the total spin is a good quantum number. Diagonaliza-
tion of the Hamiltonian is greatly simplified in such cases with spin symmetry. For
Kz �= 0, the Hamiltonian is no longer block diagonal in the S-subspaces whereas S∼z

remains a good quantum number in absence of a magnetic field. Perturbation theory
in the anisotropy term in Eq. (2.5) is valid as long as the typical energy scale of the
anisotropy term, 2Kzs2, is small compared to J , the characteristic energy scale of the
exchange term. For 2Kzs2 �J, the energy eigenstates must be determined from the
diagonalization of the full Hamiltonian Eq. (2.5) in the various subspaces with given
Sz.
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2.2. Exchange interaction

2.2. Exchange interaction

From sec. 2.1, it is well known that the antiferromagnet and ferromagnet in ionic
crystals originates from the interaction between spins of magnetic ions; the interac-
tion is written as:
-Jij

�Si· �Sj . An interaction of this type is called the exchange interaction; the coupling
constant Jij is the exchange integral. It originates from the a quantum exchange
term of the Coulomb interaction between d electrons on neighboring ions and Pauli
exclusion principle 1. It has been studied since the early days of quantum mechan-
ics [42, 43] and has been reviewed in some classic references [44, 45]. Recently, a
promising proposal [46] has emerged to use exchange interaction as a tunable qubit-
qubit interaction in a quantum computer, with the individual spins of electrons acting
as qubits.

2.3. Theoretical models

In recent years several models and theories were proposed to study molecular magnets
and to understand the mechanism of the exchange interaction between the ion spins
in molecular clusters. The large molecular magnetic clusters can now be synthesized
in bulk quantities by chemical techniques and arranged in crystal lattice, so that each
constituent magnetic object has perfectly defined size and structure [47]. The molec-
ular clusters with antiferromagnetic exchange interactions are particularly appealing
not only from an esthetical point of view. Rather, the high symmetry of these com-
pounds limits the number of parameters in the microscopic spin Hamiltonian. It is
also found that antiferromagnetic interactions are favored in most molecules leading
to nontrivial ground states. The magnetic system is well modeled by a system of
spins located at certain positions in a lattice, where the interaction of neighboring
spins contributes to the total energy of the system.

Simple Model for Magnetism:
In the case of unpaired electron spins, which are coupled and aligned. The sum of
their magnetic fields gives macroscopic magnetism.

�low temperature →
{ → alignment

→ large magnetization

1Only two electrons with opposite spin may share the same orbital.
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2. Quantum theory of Molecular Magnetism

� high temperature → disorder (thermal fluctuations)

⎧⎨
⎩

→ random alignment
→ spins and fields cancel
→ no magnetization

2.3.1. Heisenberg model

Usually, in the majority of these molecular magnets, the interaction between the
localized single-particle magnetic moments can be rather well modeled and described
via the most common theoretical approach in this field which is called the Heisenberg
Hamiltonian or Heisenberg model, with isotopic (nearest neighbor) interaction and
an additional anisotropy term [24, 25, 26, 27]. Further on, dipolar interaction are
usually of minor importance, and the Zeeman term added, yielding

H∼ = H∼ Heisenberg +H∼ Anisotropy +H∼ Zeeman . (2.7)

H∼ =
N∑
i,j

Jij
�Si · �Sj −

N∑
i=1

di(�ei.�Si)2 + gμB
�B ·

N∑
i=1

�Si , (2.8)

Where Jij is a symmetric matrix containing the exchange parameters between spins
at sites i and j. �Si is the spin vector at site i with spin quantum number S, Jij nearest
neighbor exchange interaction, where the notation as above corresponds to Jij > 0
for antiferromagnetic coupling. The second term is the anisotropy term, which usu-
ally simplifies to a large extend, for instance for spin rings, where the site-dependent
directions �ei are all equal, e.g. �ei = �ez and the strength is the same for all sites di =
d (z the uniaxial anisotropy axis). The third part (Zeeman term) in the full Hamil-
tonian describes the interaction with the external magnetic field �B. Jij remain to be
determined experimentally, for example, from the measurement of the magnetization
curve as function of the magnetic field and the angle between the magnetic field and
the ring axis of the molecules [48, 49]. For most antiferromagnetic molecular rings
synthesized to date, J has been well established by various experimental techniques
including electron spin resonance [27], specific heat [50], torque magnetometry and
magnetic susceptibility [26], inelastic neutron scattering [51, 52], and spin relaxation
in nuclear magnetic resonance [53].

2.3.2. Evaluating the spectrum

Product basis

The Hamiltonian has eigenstates |ψn > with a corresponding set of eigenvalues En
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2.3. Theoretical models

H∼ |ψn > = En|ψn > (2.9)

These eigenstates form a basis of the Hilbert space of the system, and can be con-
structed by so called product basis given by

|�m > = |m1,m2, . . . ,mu, . . . ,mN > , (2.10)

which are eigenstates of all S∼z(u).

S∼z(u)|m1,m2, . . . ,mu, . . . ,mN > = mu|m1,m2, . . . ,mu, . . . ,mN > , (2.11)

The Hamiltonian (2.8) for systems with a finite number of spins can be expressed
in a basis such as (2.11), these states sometimes called Ising states. They construct
the full Hilbert space in which the Hamiltonian matrix elements defined, and diag-
onalized them exactly either analytically [54, 55] or numerically [56, 57, 58, 24, 59]
with high accuracy to obtain all the eigenvalues and eigenstates. The applicability of
this approach is limited to small-size systems, since the dimensionality of the Hilbert
space increases exponentially with the size of the system (dim(H)=(2*S+1)N ). We
restrict ourselves to working inside invariant subspaces with reduced dimensionality
using the basis (2.11) to construct symmetry-related basis states.

Symmetries of the problem

Usually the total dimension of the Hilbert space (dim(H)= (2*S+1)N ) is very large.
There exist symmetry operations which transform the system into a symmetric config-
uration identical with an initial one because of spin symmetries or space symmetries,
where the symmetry elements (axis, plane,. . . ) remain unchanged. The Hamilton
matrix can be decomposed into a block structure following this symmetry operation
of the system. The isotopic Heisenberg Hamiltonian includes only a scalar product
between spins. This operator is rotationally invariant in spin space. Nevertheless, it
commutes with �S∼ and thus also with S∼z. In the case where anisotropy is negligible
and the applied magnetic field can be assumed to point into z-direction for vanishing
anisotropy the Zeeman term automatically also commutes with H∼ , S∼

2 and S∼z.[
H∼ , S∼

2
]

= 0, and
[
H∼ , S∼z

]
= 0. (2.12)

Since M is a good quantum number the Zeeman term does not need to be included in
the diagonalization but can be added later, and the Hilbert space can be decomposed
into mutually orthogonal subspaces H(M).
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2. Quantum theory of Molecular Magnetism

H =
+Smax⊕

M=−Smax

H(M), , With: , Smax =
N∑

u=1

S(u) . (2.13)

For given values of M, N and of all S(u) the dimension dim[H(M)] can be deter-
mined as the number of product states [60], which constitute a basis in H(M), with∑

u(mu) = M. The solution of this combinatorial problem can be given in closed
form [61]:

dim[H(M)] =
1

(Smax −M)!

[(
d

dz

)Smax−M N∏
x=1

1 − z2s(x)+1

1 − z

]
z=0

. (2.14)

For equal single-spin quantum numbers S(1) = . . . = S(N), and thus a maximum
total spin quantum number of Smax =Ns [62] the dimension dim[H(M)] simplifies to

dim[H(M)] = f(N, 2s+ 1, Smax −M)

with f(N,μ, ν) =
�ν/μ�∑
n=0

(−1)n
(
N
n

) (
N − 1 + ν − nμ

N − 1

)
(2.15)

In both formulae (2.14) and (2.15), M may be replaced by |M | since the dimension
of H(M) equals those of H(-M). �ν/μ� in Eq. (2.15) symbilizes the greatest integer
less or equal to ν/μ [61].

If the Hamiltonian commutes with �S∼
2

and all individual spins are identical the di-
mensions of the orthogonal eigenspaces H (S,M) can also be determined. The simul-
taneous eigenspaces H (S,M) of �S∼

2
and S∼z are spanned by eigenvectors of H∼ more

details about it see [63].

For spin rings

The translational symmetry found in the case of molecular rings of N spins, with
S∼N+1 = S∼1 is represented by the cyclic shift operator T∼ [64, 65]:

T∼ |m1, . . . ,mu, . . . ,mN 〉 = |mN ,m1, . . . ,mN − 1 〉, (2.16)

T∼ is defined by its action on the product basis [60], and shifts all spins by one position.
This means that the eigenstate common for the operator H∼ is shifted into another,
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2.3. Theoretical models

and the shift operations can be repeated N times.
The eigenvalues of T∼ are the N-th roots of unity

zk = e−i 2πk
N , k =0, . . . , N − 1, Pk = 2πk/N . (2.17)

where k will be called translational (or shift) quantum number and Pk momentum
quantum number. The shift operator T∼ commutes not only with the Hamiltonian but
also with total spin. Any H (S,M) can therefore be decomposed into simultaneous
eigenspaces H (S,M,k) of S∼

2, S∼z and T∼. A special decomposition of H(S,M) into
orthogonal subspace can be achieved by starting with the product basis of Eq. (2.16).
The cycle is defined as the linear basis vectors giving by this formula.

|ψk 〉 =
1√
N

N−1∑
ν=0

[
exp

(
i
2πk
N

)
T∼

]ν

|ψ1 〉 , With: |ψ1 〉 = |m1,m2, . . . ,mN 〉 .

(2.18)

which are eigenstates of T∼ with the respective shift quantum number k. Evidently
the dimension of a cycle can never exceed N .
The obviously orthogonal decomposition of H into the cycles is compatible with the
decomposition of H into the various H(M).⎧⎪⎪⎨

⎪⎪⎩
[
T∼,H∼

]
= 0

−−− > H (S,M) −−− > H (S,M, k)[
H∼ , S∼z

]
= 0

We may finally decompose the complete Hilbert space into the mutually orthogonal
subspaces, where all energy eigenvalues and eigenvectors can be computed using the
Numerically Exact Diagonalization.

For general structure

In the case of complicated molecular structures and larger systems, we can define
other symmetry operators and decompose the Hilbert space into orthogonal sub-
spaces which make the numerical exact diagonalisation method feasible. But the
disadvantage of the numerical exact diagonalization method is in the case of very
large molecules where we can not find some symmetry operations. There, due to
the very large size of the related Hilbert space, we approximate the spin system by
a smaller one or we must switch to the other methods. One can still use numerical
methods to evaluate low-lying energy levels and the respective eigenstates. But one
cannot get the full energy spectrum, we can just describe the ground state energy or
some other properties of the compound under consideration. A simple method is the
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2. Quantum theory of Molecular Magnetism

projection method [59] which rests on the multiple application of the Hamiltonian on
some random trial state. Another method to diagonalize a huge matrix was proposed
by Cornelius Lanczos [66, 67], which also uses a random initial vector. The DMRG
technique [68] has the main idea is to reduce the Hilbert space while focusing on
the accuracy of a target state. It give also the properties of the ground state for
the huge system. Quantum and Classical Monte Carlo (CMC2, QMC3), where we
can simulate big systems and give the information about the magnetic order in the
compound, . . . etc..
Currently the most popular way to include the effects of electron correlation in these
calculations is density functional theory. This method is in principle exact, in reality
fast and often very accurate, but does have a certain number of well-known limi-
tations. In particular, with only limited knowledge available concerning the exact
mathematical form of the so-called exchange-correlation functional, the accuracy of
the approximate form of the theory is non-uniform and non-universal, and there are
important classes of materials for which it gives qualitatively wrong answers. An im-
portant and complementary alternative for situations where accuracy is paramount
is the Quantum Monte Carlo (QMC) method, which has many attractive features
for probing the electronic structure of real systems. It is an explicitly many-body
method which takes electron correlation into account from the outset. It gives con-
sistent, highly accurate results while at the same time exhibiting favorable scaling of
computational cost with molecular size.

2.3.3. Quantum Monte Carlo (QMC) simulation method

To calculate sums (or integrals, if the spins are continuous-valued) over a large number
of degrees of freedom, to obtain its complete physical description, we resort to Monte
Carlo techniques. One introduces an artificial dynamics on phase space which is
based on random numbers. MC simulations are very powerful and popular for static
properties. As with the MC integration mentioned earlier, we could just generate
configurations at random, and approximate the real thermal averages. The problem
is calculating the quantum-mechanical thermal (equilibrium) expectation value of an

2Samples are drawn from a probability distribution, often the classical Boltzmann distribution,
to obtain thermodynamic properties, minimum-energy structures and/or rate coefficients, or
perhaps just to sample conformers as part of a global conformer search algorithm

3Random walks are used to compute quantum-mechanical energies and wavefunctions, often to
solve electronic structure problems, using Schroedinger’s equation as a formal starting point)
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2.4. Thermodynamic observables

operator A∼,

< A∼ > =
1
Z
Tr

{
A∼e

−βH∼
}

=
1
Z

∑
n

〈n | e−βH∼A∼ |n 〉 (2.19)

where H∼ is the Hamiltonian, β =1/kBT, the states |n 〉 form a complete orthonormal
basis set, and Z the partition function.

Z = Tr
{
e
−βH∼

}
=
∑

n

〈n | e−H∼/kT |n 〉 (2.20)

As the Hamiltonian generally consists of non-commuting terms,

H∼ =
M∑
i=1

H∼ i (2.21)

with [
Hi∼ ,Hj∼

]
�= 0 for some i, j (2.22)

direct evaluation of the operator e−βH∼ is impossible, which is the density matrix,
except for small systems for which the Hamiltonian can be diagonalized numerically.
The method need to find a mapping of the quantum partion function to a classical
problem. Several Monte Carlo algorithms to evaluate the traces in (2.19) and (2.20)
have been proposed. This task is possible with the Feynman path integral 4 approach
(Feynman and Hibbs, 1965) [69] (more details about path-integral see appendix A),
or with (SSE) Stochastic Series Expansion (high temperature expansion). To un-
derstand the physics of QMC with a very good description I would recommend to
read the flowing reviews [70, 71, 72, 73, 74], and for applications in solids [75] and
molecules [76].

2.4. Thermodynamic observables

The thermodynamics properties of the magnetic systems can be all extracted from Z
called the partition function, which contains all of the essential information about the
system under consideration. It is the fundamental quantity in statistical mechanics.

Z = Tr(e−βH∼ ) (2.23)

4time-dependent perturbation theory in imaginary time
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2. Quantum theory of Molecular Magnetism

where H∼ is the Hamiltonian for the system, T is the temperature, β =1/kBT , and
kB is Boltzmann’s constant. All thermodynamics quantities of interest are not fixed,
but have a statistical distribution about a mean or expected value.
In this section, we state the relationships between the partition function and the
various thermodynamic parameters of the system as function of temperature T and
magnetic field B.

• If
[
H∼ , S∼z

]
= 0, which mean that the energy eigenvectors |ψν 〉 can be chosen

as simultaneous eigenvectors of S∼z with eigenvalues Eν(B) and Mν . The energy
dependence of Eν(B) on B is simply given by the Zeeman term given as

Eν(B) = Eν(B = 0) + gμBBMν . (2.24)

• In the case, H∼ and S∼z do not commute the respective traces for the partition
function have to be evaluated. If all the particles in a system or ensemble are dis-
tributed over the accessible states according to the canonical distribution (Boltzmann
probability) given by

pi =
e−Ei/kBT∑
e−Ei/kBT

=
e−βEi

Z
. (2.25)

(Here Ei are the energy eigenvalues of the system)
then all the thermodynamic functions can be related to the partition function Z.
Since the mean energy per particle is

Ē =
∑

i

piEi =
∑
Eie

−βEi

Z
, (2.26)

and noting ∑
Eie

−βEi = −
∑ δ

δβ
e−βEi = −δZ

δβ
, (2.27)

it follows that

Ē = − 1
Z

δZ

δβ
= −δlnZ

δβ
, (2.28)

from this it can be shown also that the entropy which measure the disorder present
in a system can be given by

S = k(lnZ + βĒ) = klnZ +
Ē

T
, (2.29)

where k is a constant (and is really just a choice of measurement units).
For N particles, the Helmholtz free energy becomes

F = U − TS = −kT lnZ, (2.30)
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2.4. Thermodynamic observables

where U is the internal energy of the system (� Ē).
By the same reasoning that gave Ē it is seen that the magnetization is related to the
strength of the applied magnetic field B

M(T,B) = −kT δlnZ
δB

. (2.31)

Using the trace for the partition function, the magnetization being defined as:

M(T,B) = − 1
Z
Tr

{
e
−βH∼gμBS∼z

}
= −gμB

Z
Tr

{
S∼ze

−βH∼
}
, (2.32)

with H∼ = H∼ (B). If | ν 〉 is eigenstate of H∼ then H∼ | ν 〉 = Eν | ν 〉. Substituting the
result in (2.32), one obtains

M(T,B) = −gμB

Z

∑
ν

〈 ν |S∼z | ν 〉e−βEν(B), (2.33)

comparing equation (2.31) with equation (2.30) yields

M = −δF
δB

, χ = μ0
δM

δB
= −μ0

δ2F

δB2
. (2.34)

Magnetic susceptibility is one of the most important tools to understand whether
ordering occurs between spins in a crystalline, molecular ”magnetic” solid. The zero-
field magnetic susceptibility is given by:

χB(T,B) =
∂M(T,B)

∂B
= β(gμB)2

{
<< S∼

2
z >> − << S∼z >>

2
}
. (2.35)

For [S∼z,H∼ ] = 0 and using the equations (2.26) and (2.33), the magnetic susceptibility
can be given by

χB(T,B) =
(gμB)2

KT

⎧⎨
⎩
∑

ν M
2
ν e

−βEν(B)∑
ν e

−βEν(B)
−
(∑

ν Mνe
−βEν(B)∑

ν e
−βEν(B)

)2
⎫⎬
⎭ . (2.36)

Analogously the internal energy and the specific heat are evaluated from first and
second moments of the Hamiltonian

U(T,B) = − 1
Z
Tr

{
H∼ e

−βH∼
}

(2.37)

= − 1
Z

∑
μ

Eμ(B)e−βEμ(B), (2.38)

C(T,B) =
∂U(T,B)

∂B
. (2.39)

(2.40)
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2. Quantum theory of Molecular Magnetism

Using a partition function Z, one easy shows that the specific heat can be written

C(T,B) =
1

kBT 2

⎧⎨
⎩ 1
Z

∑
μ

(Eμ(B))2e−βEμ(B) −
(

1
Z

∑
μ

Eμ(B)e−βEμ(B)

)2
⎫⎬
⎭ . (2.41)

2.5. Spin dynamics and relaxation

Quantum spin dynamics in microscopic magnets has received much attention over
the recent years, both from experiment and from theory [77, 78]. In particular, a
number of nanosized particles in the paramagnetic regime have been identified as
promising candidates for the observation of macroscopic quantum phenomena such
as tunneling of the magnetization out of a meta-stable potential minimum, or, more
strikingly, macroscopic quantum coherence, where the magnetization tunnels coher-
ently between classically degenerate directions over many periods. On the one hand,
these phenomena are interesting from a fundamental point of view as they extend our
understanding of the transition from quantum to classical behavior. On the other
hand, the measurement of quantities such as the tunnel splitting provides indepen-
dent information about microscopic parameters such as anisotropies and exchange
constant.

2.5.1. Spin quantum tunneling

The quantum aspects of molecular magnets are encountered by considering non diag-
onal anisotropy terms like E(S2

X-S2
Y ), which describes a hard-axis anisotropy caused

by a rhombic distortion, and C(S4
+-S4−) which is the lowest-order non diagonal term

allowed by tetragonal symmetry. These terms do not commute with Sz, Figure 2.3.
Let us suppose that the field �B is along the hard axis, Sx, and not too large. At

first sight, as Bx is increased, it should be progressively easier for the spin to tunnel
from a state localized in the potential well in the positive Sz hemisphere to the sym-
metrically located state in the negative hemisphere, Figure 2.3. The tunnel splitting
between the ground states in the positive and negative Sz wells actually oscillates as
a function of Bx, going to zero at periodically spaced Bx values [79]. Precisely these
oscillations have been seen in Fe8 by Wernsdorfer and Sessoli (WS) [80], and were
initially explained in terms of an interference between instanton trajectories for the
spin [79] and the observations on Fe8 are very hard to explain by another mecha-
nisms. The clincher is that WS see additional oscillations that were not predicted.
To understand these, suppose �B also has a nonzero z component so as to bring the
first or second excited state in the positive Sz well into degeneracy with the ground
state in the other well. One can then conceive of tunneling between these states. WS
observe that the amplitude for this tunneling also oscillates with Bx, and that the
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E

m− +S −S
|ψ >
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−H =  −DS −BS  +E(S + S ) + C(S + S )
+

Figure 2.3.: Sketch of the energy levels scheme for the Hamiltonian, when considering
only the diagonal terms (left) or including the non-diagonal ones (right).

oscillations are shifted by half a period for each excited state in the deeper well.
To understand more the evidence of tunneling effects, let us express |ψ > in the basis
of the eigenstates |m > of Sz:

|ψ > =
∑
m

Cm|m >, m = −S, . . . ,+S (2.42)

one finds that each doublet now consist of a state |ψs > with symmetric coefficients,
c+m = c−m, and an antisymmetric state |ψA > with c+m = -c−m, separated by an
energy gap Δ =EA-ES . In particular for the ground doublet, one finds to a very good
approximation:

|ψS > =
1√
2
(| + S > +| − S >) (2.43)

|ψA > =
1√
2
(| + S > −| − S >) (2.44)

This means that a state localized on one side of the barrier, e.g.| + S >, must now
be expressed as a superposition of the actual eigenstates

| + S > =
1√
2
(|ψS > +|ψA >) (2.45)

35



2. Quantum theory of Molecular Magnetism

It is clear from basic quantum mechanics that if one would prepare the system at
t =0 in such a state, |ψ(t = 0) > =| + S >, the time evolution should obey the
Schrödinger equation

|ψ(t) > =
1√
2
e−i

ES+EA
2�

t
(
|ψS > e+i Δ

2�
t + |ψA > e−i Δ

2�
t
)

(2.46)

This equivalent to having coherent oscillations of the cluster spin between the states
|+S > and |−S > with frequency wT =Δ/ �, which implies that the spin is tunneling
back and forth through the anisotropy barrier. For this reason the energy gap Δ is
called tunneling splitting.

2.5.2. Nuclear Magnetic Resonance (NMR)

NMR signals of protons are a phenomenon that provides a very suitable experimental
tool for probing both static and dynamic properties of magnetic systems. First signals
were observed in bulk matter independently by Felix Bloch et al. at Stanford and
Edward Purcell at Harvard in 1946 (United States) [81]. Later discoveries with NMR
included electric quadruple effects; an important shift of NMR frequencies in metals;
and the splitting of energy levels in liquids resulting from variations in chemical
structure and the influence of one nuclear spin on another. In NMR, unlike other
types of spectroscopy, the quality of the sample has a profound effect on the quality
of the resulting spectrum. So that the sample we prepare gives a spectrum in which
useful information is not lost or obscured, we must follow a few simple rules, like to
use the correct quantity of material. For 1H spectra of organic compounds (except
polymers) the quantity of material required is about 5 to 25 mg, remove all solid
particles distort the magnetic field. . . etc. NMR spectroscopy probes the absorption
of radio-frequency (RF) radiation by the nuclear spins of the molecule. The most
commonly occurring spins in natural samples are 1H (protons), 2H(deutrons), 13C
and 15N nuclei. In the presence of an external magnetic field �B along the z-axis,
each such nucleus has its spin states split in energy which is covered in more detail
in Sec.2.5.3. In most NMR experiments, a fixed RF frequency is employed and the
external magnetic field is scanned until the above resonance condition is met.

NMR spectrum is extremely rich in information about the nuclear spin density, the
measurement of the nuclear spin-lattice relaxation rate T1 which gives information
about the low-frequency behavior of the spin fluctuations[82], the spin-spin relaxation
time 1/T2, molecular motions (such as diffusion and perfusion), and susceptibility
effects. It provides information about the electronic environment local to that nu-
cleus. It has proved to be a powerful tool to investigate the local spin dynamics
in magnetic molecules, and a considerable body of results has accumulated over the
past 10 years mostly on dependence of the proton spin-lattice relaxation rate (1/T1)
on T and �B [83].
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2.5. Spin dynamics and relaxation

2.5.3. Nuclear Magnetic moments

Nuclear magnetism of a nuclear spin system originates from the microscopic magnetic
field associated with a nuclear spin �I, this magnetic field exist because a nucleus such
as a proton has electric charges. The spin angular momentum and magnetic moment
vectors are related to each other by:

�μ = γ�I (2.47)

where γ is a physical constant known as the gyromagnetic ratio, which is nucleus-
dependent. For 1H, γ = 2.675x108 rad/sT. I is nuclear spin quantum number 5.

To activate macroscopic magnetism from an object it is necessary to line up the
vectors. By exposing the object to a strong external magnetic field �Bz along a
certain axis �z, the phenomenon of magnetic resonance results from the interaction of
the magnetic moment �μ of an atomic nucleus with the external magnetic field.

2.5.4. Basics of pulse NMR

The Hamiltonian of a nuclear spin �I placed in a magnetic field �Bz is given by:

H = −�μ · �B = �γ�I · �Bz (2.48)

where γ is the gyromagnetic ratio, and the eigenstates |m > are the 2I + 1 projec-
tions of the spin along �z axis, and having energies Em, m = −I,−I + 1, . . . , I + 1, I,
separated from each other by the Zeeman splitting Em+1 − Em = �γBz, Which cor-
responds to the Larmor frequencies ω = γBz for the classical precession. Transitions
between adjacent Zeeman levels can be produced by introducing a time-dependent
field �Brf (t), provide that the matrix elements 〈m |Brf |m+ 1 〉 �= 0, i.e. �Brf is not
parallel to the direction �z. Considering for simplicity a spin I = 1/2 and taking
�Brf = Brfcos(ωN t)�x, the expectation value of the z component of the magnetic
moment will oscillate in time at a frequency ωRabi = γBrf (Rabi oscillations).

< μz(t) > =< μz(0) > cos(ωRabit) (2.49)

This means in a classical picture that, if �μ(0) = �γI�z, after a time tπ/2 = π/(2γBrf )
the magnetic moment has been turned 90 away from �z axis and lies in the xy plane.
For this reason, the application of such an alternating field of frequency ωN for a
time tπ/2 is called ”π/2-pulse”. The rotation angle can in fact take any value, by
choosing the appropriate duration and strength of Brf . After a π/2-pulse the state of

5If we look at the periodic table, we can extract the general rules: Even mass nuclei that have even
number of neutron have I = 0 (not interesting from the NMR point of view), even mass nuclei
that have odd number of Neutrons have an integer spin quantum number and odd mass nuclei
have half integer spin quantum number.
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2. Quantum theory of Molecular Magnetism

the system is |ψ 〉 = 1/
√

2( |+1/2 〉+ | −1/2 〉), and the time evolution caused by the
Hamiltonian (2.48) is equivalent to the classical Larmor precession of the magnetic
moment within the xy plane, which produces a rotating magnetic field that can be
detected via the electromotive force induced in a pick-up coil with axis parallel �x . In
practice the same coil is used to produce Brf and to detect the Larmor precession.

2.5.5. Electron spin resonance (ESR)

Electron spin resonance (ESR) is also known by the name electron paramagnetic res-
onance (EPR). It was first observed in 1944 by a Soviet physicist, Y.K. Zavoysky, in
experiments on salts of the iron group of elements. ESR has made possible the study
of such phenomena as the structural defects that give certain crystals their color, the
formation and destruction of free radicals in liquid and solid samples, the behavior
of free or conduction electrons in metals, and the properties of metastable states
(excited states that are long-lived because energy transfer from them by radiation
does not occur) in molecular crystals.

ESR serves as a valuable tool to experimentally probe the intrinsic spin dynamics
of many systems. It is a very helpful method and provides more precise data even on
the molecular orbital of the unpaired electron. In which a strong static magnetic field
is applies to induce a splitting between the energies of different electronic spin states.
An oscillating microwave field is applied to induce transition between these states,
and one sweeps a second weak magnetic field until one finds the transition where
radiation is absorbed by an electron-spin transition, and measures this absorption of
radiation polarized perpendicular to the field direction which gives rise to an ESR
spectrum. However, neither study was able to resolve spin-spin splitting from three
electrons, or nuclear hyperfine structure using the low-frequency EPR [84] or only
powder samples [85].

ESR measures the interaction between the spin density, which is the difference
between the densities of the spin up and spin down electrons, and the spins of the
nuclei in the molecule. This also indicates that closed shell molecules do not exhibit
ESR spectra, because in this case the spin up equals the spin down density. The
key problem in electron-spin resonance is, on one hand, to construct a mathematical
description of the total energy of the interaction in the ligand field plus the applied
magnetic field and, on the other hand, to deduce the parameters of the theoretical
expression from an analysis of the observed spectra. The comparison of the two sets
of values permits a detailed quantitative test of the microscopic description of the
structure of matter in the compounds studied by ESR.

The theoretical description of electron spin resonance is the following: In the stan-
dard Faraday configuration, the ESR absorption intensity at frequency ω is propor-
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2.5. Spin dynamics and relaxation

tional to the Fourier transform of the transverse spin-spin correlation function of the
total spin operator S [86, 87] given by

I(ω) =
∫
dteiωt < S+(t)S−(0) > (2.50)

where the static magnetic field points along the z axis and �S =
∑

i
�Si is the total

spin operator of the system under consideration. The Hamiltonian governing the spin
interaction is

H∼ = geβe
�B · �S − gNβN

�B · �I − �S ·A · �I (2.51)

where ge, gN are the electronic and nuclear g-factor, respectively, βe, βN the Bohr
(electronic) and nuclear magnetons, �B the magnetic field at the atom, �S the electron
spin, �I the nuclear spin, and A the hyperfine interaction tensor, which can separated
into an isotropic part, independent of the molecules orientation in the magnetic field,
and an anisotropy part, dependent on the molecular orientation.
Inserting a complete set of eigenstates |ψ 〉 of H∼ in Eq.(2.50), the ESR intensity
follows as

I(ω) =
1
Z

∑
u,v

e−Ev/T δ (ω − (Eu − Ev)) |〈ψu |S− |ψv 〉|2 (2.52)

If the Hamiltonian H∼ Eq. (2.51) parallel to the z axis. In Eq.(2.52), I(ω) only re-
ceives contributions from matrix elements between eigenstates with equal total spins
Su = Sv. Then all states with Sz

u = Sz
v − 1 will contribute to form a δ-peak at

frequency ω = B. At zero temperature, the application of a magnetic field B, taken
as large enough to overcome a spin gap possibly presents at B = 0, leads to a ground
state with finite magnetization, S0 �= 0, and the states with Sz

u = Sz
0 − 1 yield the

δ-peak.
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3. Anti-ferromagnetic molecular rings {Cr8} and
{Cr7M}

In this chapter, we study magnetic rings closely related to the new tetragonal crystal
form of [ Cr8 F8 Piv16 ] ≈ {Cr8} [88], which contains eight ChromiumIII ions (SCr =
3/2), that lie at the corners of a regular octagon, figure 3.1. Each edge of the octagon
is bridged by one fluoride ion and two privalate ligands. There is a large cavity at the
center of the ring. Susceptibility measurements suggested an AF interaction between
the CrIII ions (J = 1.5 meV), resulting in an energy gap of about 0.8 meV [89] between
the ground state (S = 0) and the first excited state (S = 1). Carretta et al. [89] have
reported the results of inelastic-neutron-scattering (INS) measurements performed
in zero magnetic field on a fully deuterated polycrystalline sample of {Cr8}. This
spectroscopic technique provides direct access to the energies and wave functions of
the cluster’s different spin states. Thus it is contributing information that can be
very useful to build a comprehensive picture of the magnetic anisotropy in molecular
magnets [90, 91].

We also report the study of spin ring systems comprising ions of different chemical
elements. The breakthrough was already achieved with the synthesis of heterometallic
{Cr7M} wheels [29], where one of the Chromium ions of the original {Cr8} ring
[92, 93, 94, 95] is replaced by another element M=Mn, Fe, Co, Ni, Cu, and Zn. The
possibility of a systematic study of these compounds has initiated first investigations
on these compounds as there are susceptibility measurements [29] as well as neutron
scattering on {Cr7M} wheels with M=Mn, Zn, Ni [51].

We explore and discuss the results of the Heisenberg exchange parameters from
earlier susceptibility measurements by means of complete diagonalization (Sec. 3.1)
for different molecular rings, where our results agree with first estimates given in
Ref. [29], with the noticeable difference that we find that the exchange parameters
of the iron ion to its neighboring chromium ions is rather different from the origi-
nal chromium-chromium exchange, whereas it remains practically unchanged for the
other paramagnetic ions.
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3. Anti-ferromagnetic molecular rings {Cr8} and {Cr7M}

Figure 3.1.: The {Cr8} wheel. Eight CrIII ions are arranged on a ring and coupled
by antiferromagnetic exchange interactions.

3.1. Hamiltonian and observables

These systems are characterized by the existence of localized unpaired electrons,
usually located on metallic ions. The properties of the material are governed by the
interaction between the unpaired electrons on neighbor centers, which may be viewed
as an effective interaction between site-centred spins, and well mapped and described
using the Heisenberg spin Hamiltonian with Zeeman term of applied magnetic field
along the z-axis

H∼ = 2J1

N∑
i=2

�Si · �Si+1 + 2J2

(
�S1 · �S2 + �S1 · �SN

)
+ gμBB

N∑
u

Sz∼ (u), (3.1)

where N = 8, and the total spin operator S =
∑N

i Si.
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3.1. Hamiltonian and observables

3.1.1. Symmetry used in heterometallic {Cr7M} wheels

Molecular symmetry originates in the fact that there exist symmetry operations trans-
forming the molecule into a symmetric configuration identical with the initial one and
the total Hilbert space of the Hamiltonian 3.1 can be decomposed into mutally or-
thogonal subspaces. The symmetry elements (axis, plane, inversion center) remain
unchanged. In order to study the magnetic properties of the different antiferromag-
netic spin rings, we have used the symmetry operation given by equation (2.16) for
{Cr8} and for heterometallic {MCr7} wheels we have used the symmetry represented
in Figure 3.2.
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Figure 3.2.: Schematic representation of symmetry operations used in our calcula-
tions to study the molecular magnetic rings of heterometallic {Cr7M}
wheels.

The spins are mirrored, the operator T∼M is represented by:

T∼M |m1,m2,m3,m4,m5,m6,m7,m8 〉 = |m1,m8,m7,m6,m5,m4,m3,m2 〉, (3.2)

where the quantum number k Eq.(2.18) is equal to 0 or 1.
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3. Anti-ferromagnetic molecular rings {Cr8} and {Cr7M}

3.2. Exact diagonalisation of Cr8 and {Cr7M}

The Hamiltonian (3.1) for heterometallic systems with a finite number of spins can
be expressed in a basis such as (3.2) and then diagonalized exactly to obtain all the
eigenvalues and eigenstates.

3.2.1. {Cr8}
The complete Hilbert space for {Cr8} rings contains 48 = 65536 states. In a case
where the anisotropy term is negligible in the equation (3.1) and the applied magnetic
field can be assumed to point into z-direction for vanishing anisotropy, the Zeeman
term automatically also commutes with H∼ Heisenberg, S∼z and S∼

2. Since M is a good

0 1 2 3 4 5
S

-50

-40

-30

-20

E
/|J

|

Figure 3.3.: Calculated low-energy eigenvalues as a function of total spin quantum
number S for a {Cr8} ring described by the Heisenberg spin Hamiltonian.
The spectrum shows that the ground state is in S = 0.

quantum number the Zeeman term does not need to be included in the diagonaliza-
tion but can be added later. The figure 3.3 represent the energy spectrum for the
molecular cluster rings {Cr8} containing eight CrIII ions with (SCr = 3/2). It shows
that the lowest energy levels (ground state) are not degenerate with total spin S =
0, and resulting energy gap of about 1.6 meV between the |S = 0 > ground state
and the |S = 1 > first exited state [92].
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3.3. Low-field susceptibility

3.2.2. Heterometallic {Cr7M} wheels

The symmetry operation used to study the {Cr7M} wheels is represented in Fig-
ure 3.2. For example, the complete Hilbert space contains 47 ∗ 5 = 81920 states for
FeII-Cr7 . The low-energy part of the spectrum for different physical systems {MCr7}
(with M=Zn, Fe, NI, Cu ) is represented in Figure 3.4.
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Figure 3.4.: Low-energy eigenvalues as a function of total spin quantum number S for
a {MCr7} ring (with M=Zn, Fe, NI, Cu) described by the Heisenberg spin
Hamiltonian. The spectrum shows that the ground state is in S = 1/2
for {FeCr7} and {NiCr7}, and S = 1, 1.5 for {CuCr7} and {ZnCr7},
respectively.

3.3. Low-field susceptibility

The low-field susceptibility M/B as well as TM/B of {CuCr7}, {ZnCr7}, {NiCr7},
and {FeCr7} are shown in Figures 3.5-3.8. For the theoretical fits a g-value of
g = 2.1 has been used for the molecular ring {NiCr7}, and in all the other cases we
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3. Anti-ferromagnetic molecular rings {Cr8} and {Cr7M}
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Figure 3.5.: Variation of M/B and TM/B as a function of temperature T for
{CuCr7}: The experimental data are given by black stars. The theo-
retical fit is depicted by a solid curve for J1 = J2 = 8.4 kB K; B = 1 T
and g = 2.
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Figure 3.7.: Variation of M/B and TM/B as a function of temperature T for
{NiCr7}: The experimental data are presented by black diamonds. The
theoretical fit for J1 = J2 = 8.25 kB K is given by a red solid curve and
for J1/kB = 8.5 K and J2/kB = 7.425 K by a green solid curve [96].
B = 1 T and g = 2.1.

assumed g = 2.
Reexamining the available experimental susceptibility data [29] in terms of complete
numerical diagonalization of the Hamiltonian, we find the same qualitative behavior
as in Ref. [29]. Depending on the spin of the dopant the resulting ground state spin
S assumes the following values: S = 1/2 for M = Fe, S = 1 for M = Cu, S = 1/2
for M = Ni, S = 1 for M = Mn, and S = 3/2 for M = Zn.

3.4. Results and discussions

• {Fe-Cr7}: The complete chemical formula is [{nBu2NH2}{Cr7FeF8(O2CCMe3)16}].
Mössbauer spectroscopy indicates that only FeII ions are present [29]. The spec-
trum of this system is represented in Figure 3.4-d. The plot of T ∗M/B shows
a value close to zero at low temperatures and a maximum in plot M/B versus
T at 30 K, Figure 3.5-3.8. This means that there is a weak anti-ferromagnetic
interaction between the metal ions of this system. The theoretical fit curve
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Figure 3.8.: Variation of M/B and TM/B as a function of temperature T for
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theoretical fit for J1 = J2 = 7.1 kB K is given by a dashed curve, and for
J1/kB = 8.47 K and J2 = J1/2 by a solid curve. B = 1 T and g = 2.

using an isotropic Heisenberg model is given by a red and blue solid line for
J1 (Cr-Cr) = J2 (Fe-Cr) = 7.1 kB K and J2 (Fe-Cr) = 1/2 J1 (Cr-Cr) with
J1/kB = 8.47 K, respectively, for the low magnetic field B = 1 Tesla and the
value of g = 2 (estimated from EPR spectra and by means of vector coupling
approach) [29, 97]. We found that the fit with J2 = 1/2J1 seems to be better
than with J2 = J1, Figure 3.8.

• {Ni-Cr7}: The complete chemical formula is [{Me2NH2}{Cr7Ni F8(O2CCMe3)16}].
In fact, the M/B versus T curves (Figure 3.7), indicate an antiferromagnetic
interaction for Cr-Cr and Cr-Ni ions and an S = 1/2 ground state. The theo-
retical fit results in J2 = J1 = 8.19 kB K, for g = 2.

• {Zn-Cr7}: The Zn ion in this system is diamagnetic, therefore the ring sim-
ulated in this case contains seven spins and there is no interaction between
Cr-Zn, J2 = 0. The experimental data is fitted with the theoretical curve for
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3.4. Results and discussions

J1/kB = 8.4 K (Figure 3.6). The plot of T ∗M/B versus T curves shows a
value close to a zero at low temperatures.

exchange parameters

Compounds J1 (kB K) J2 (kB K) Curves

FeCr7 8.47 1/2 J1 Red solid
FeCr7 7.1 =J1 Blue dashed

CuCr7 8.4 =J1

ZnCr7 8.4 0

NiCr7 8.25 =J1 Red solid
NiCr7 8.5 0.9J1 Green solid [96]

Table 3.1.: Results of the exchange parameters J2 and J1 in antiferromagnetic molec-
ular magnetic rings of heterometallic {Cr7M} wheels

In table 3.1, we report the results of the exchange parameters J2 and J1. All sus-
ceptibility curves are compatible with antiferromagnetic exchange [98]. In the first
example of {CuCr7}, figure 3.5, a common exchange interaction explains the exper-
imental data. This exchange is the same as in {Cr8} [92], thus unchanged in the
heterometallic compound. The second example of ZnCr7, figure 3.6, constitutes a
spin chain since the Zn ion is non-magnetic. Thus the original Cr-Cr interaction
is not altered whereas the coupling to the Zn ion is J2 = 0. The third example
deals with NiCr7, Figure 3.7. Here we find that the experimental data can either
be described by common, but slightly reduced exchange interaction, or by an almost
unchanged Cr-Cr interaction and a 10 % smaller Cr-Ni exchange. This has also been
reported in Ref. [99]. The last example of FeCr7, figure 3.8, shows the biggest devia-
tion from the assumption of an common and almost unchanged exchange parameter.
Although a single exchange constant provides a reasonable fit to the experimental
data [29], a better approximation is given if one assumes that the Cr-Cr exchange is
not much altered whereas the Cr-Fe exchange is reduced to half the size of the Cr-Cr
exchange.
It should be mentioned that the value of the exchange interaction in this com-
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3. Anti-ferromagnetic molecular rings {Cr8} and {Cr7M}

pound is close to the value obtained in tetragonal crystal form of [Cr8F8Piv16],
(J = 1.5 meV = 17.4 K kB) ∗ 1/2 = 8.7 kB K [92, 93].

3.5. Conclusion

In conclusion we have presented the exchange parameters of molecular magnetic rings
of heterometallic {Cr7M} wheels where M=Fe, Cu, Zn and Ni with spin S = 2, S =
1/2, S = 0 and 1, respectively. In order to study these different systems we have used
a mirror symmetry operation around the doping ion. We have evaluated the different
energy spectra and used these energy eigenvalues to adjust the curves of T ∗M/B
and M/B versus T with the measured data. We find, that in the case of {FeCr7},
the iron-chromium exchange is different from the chromium-chromium exchange in
contrast to the other cases.
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4. Spin-lattice relaxation time T1 in heterometallic
{Cr7M} wheels

At low temperatures molecular magnets act as individual quantum nanomagnets
and can display super-paramagnetic phenomena like macroscopic quantum tunnel-
ing, ground state degeneracy, level-crossing. . . etc. The coupling between magnetic
molecular levels and the environment such as phonons or nuclear spins are a crucial
issue to understand these phenomena. Furthermore, the measurement of the pro-
ton spin-lattice relaxation rate, T−1

1 , also called longitudinal relaxation time, is a
powerful tool to investigate the spin dynamics, and to understand the degeneracy
as well as level crossing effects [100, 101, 102], accuring at some critical field values
B for which two levels of the magnetic spectrum intersect. For instance, the early
observation of a strong field dependence of 1/T1 at high T [103], in one dimensional
anti-ferromagnetic linear chains has revealed a long-time persistence of the various
spin-spin time correlation functions [104].
In this chapter, we investigate T−1

1 for the heterometallic {Cr7M} wheel systems.
We first need to discuss briefly the basics and some general aspects of T1 in the
context of magnetic molecule systems. Hence, we will provide a general theoretical
framework of the interaction between the nuclear spin and the electron spin. We will
use the calculated energy levels, eigenstates of the different rings and the values of
the exchange interaction, well obtained from the fit of the magnetic susceptibility
from chapter 3, to describe semiquantitatively the behavior of T−1

1 versus applied
magnetic field B and temperature T. We will close the chapter with discussing the
results and a summary.

4.1. T1 in molecular magnets

4.1.1. Measurement of T1

The relaxation time T1 represents the ”lifetime” of the first order rate process that
returns the magnetization to the Boltzmann equilibrium along the Z axis, Figure 4.1.
If at any time the longitudinal magnetization is not equal to Mz0, it will exponentially

51



4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

approach the equilibrium value. The time constant for this exponential approach to-
ward Mz0 is T1. This time can be measured by various techniques (exp: NMR,
Inversion Recovery Fourier Transform (IRFT ), Progressive Saturation (PSFT )).
The magnitude of the relaxation time depends highly on the type of nuclei1 and on
other factors like the physical state (solid or liquid state), on the viscosity of the
solution, the temperature . . . etc. In other words, the relaxation time depends on
the motion of the molecule.
The measurement of the nuclear spin-lattice relaxation rate provides an effective
technique for determining the low frequency part of the dynamics of the paramag-
netic ions in magnetic molecules. It provides a powerful tool to investigate the spin
dynamics, since the nuclei probe the fluctuation spectrum of the local field induced
at the nuclear site, by the hyperfine interaction with the localized magnetic mo-
ments. For example in one-dimensional (1D) magnetic chains, T−1

1 measurements
have proved the long time diffusive behavior of the two spin correlation function at
high temperature [102]. Furthermore, in magnetic systems, the slowing down of the
spin fluctuations, on approaching from high temperature side the phase transition to
long range order, is manifested by a divergence of T1

−1 [105].

M

−1

1

M  (1 − e  )
0

Mz

tT0

0

Figure 4.1.: Typical relaxation curve of the magnetization.

At equilibrium, the net magnetization vector lies along the direction of the applied
magnetic field B0 and is called the equilibrium magnetization M0. In this configu-

1nuclei with spin 1/2 and low magnetogyric ratio have usually long relaxation times whereas nuclei
with spin > 1/2 have very short relaxation times
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4.1. T1 in molecular magnets

ration, the Z component of magnetization, Mz, equals Mz0. Mz is referred to as
the longitudinal magnetization. There is no transverse (MX or MY ) magnetization.
It is possible to change the net magnetization by exposing the nuclear spin system
to radiation of appropriate frequency. If enough energy is put into the system, it is
possible to saturate the spin system and make Mz = 0. The time constant which
describes how Mz returns to its equilibrium value is called the spin lattice relaxation
time (T1), Figure 4.1. The equation governing this behavior is: if at time t = 0 the
longitudinal magnetization is zero, the magnetization at time t after its displacement
will be

Mz = M0(1 − e−t/T1) (4.1)

If the net magnetization is placed along the −Z axis, it will gradually return to its
equilibrium position along the +Z axis at a rate governed by T1. The equation
governing this behavior as a function of the time t after its displacement is:

Mz = M0(1 − 2e−t/T1) (4.2)

The spin-lattice relaxation time (T1) is the time to reduce the difference between the
longitudinal magnetization (Mz) and its equilibrium value by a factor of e .

If the net magnetization is placed in the XY plane it will rotate about the Z axis at
a frequency equal to the frequency which would cause a transition between the two
energy levels of the spin. This frequency is called the Larmor frequency.

4.1.2. Theoritical estimation of T1

In the ground state, all nuclear spins are disordered, and there is no energy difference
between them. When we apply a strong external magnetic field B, they orient either
against or with it, there is always a small excess of nuclei (population excess) aligned
with the field than pointing against it. Upon application of the external magnetic
field we create an energy difference between nuclei aligned and against B. Each level
has a different population, and the difference between the two is related to the en-
ergy difference which is produced by the Boltzmann distribution. To explain certain
aspects of NMR, we need to refer to circular motion and we define the precession or
Larmor frequency, ωN .

According to the standard formula of Moriya [106], our theoritical modeling is
based in the coupling between magnetic molecular levels of the system and nuclear
spins. The total Hamiltonian Hdipolar of a system described with dipole-dipole inter-
action between nuclear spin I and the fluctuations of the electron spin Si(lattice) is
defined as [107]:

Hdip.(Si, I) = G∼
zI∼

z +G∼
+I∼

− +G∼
−I∼

+ (4.3)
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4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

with the operators G± and Gz discribing the electron spin defined by

G∼
± =

∑
i

[
D0(i)S∼

±(i) +D∓1(i)S∼
z(i) +D∓2(i)S∼

∓(i)
]
,

G∼
z =

N∑
i=1

[
2
3
D0(i)S∼

z(i) +D+1(i)S∼
+(i) +D−1(i)S∼

−(i)
]
,

where

• D0(i) = αi(3 cos θi − 1),

• D±1(i) = αi sin θi cos θi exp(∓iϕi),

• D∓2 = 1/2αi sin2 αi exp(∓2iϕi)

are the usual geometrical factors of the dipolar interaction, αi = 3γNγS/(2r3i ). θi

and ϕi are the polar coordinates of the vector �ri describing the relative positions of
the two spins.

Since the protons do not bond directly to the spins Si of the ions, figure 4.2, we
assume that the contact hyperfine interaction is negligible compared to the dipolar
interaction. This is confirmed by the observation that the 1H NMR line is broadened
but not shifted by the magnetic interaction with ionic moments [83]. That means,
in order to describe the nuclear spin-lattice relaxation time, in a magnetic system
in the presence of a correlated spin dynamics, it is more convenient to express the
nuclear T1 in terms of the components of the electronic spins. We suppose that the
fluctuation mainly arises due to the exchange interactions and omit the effect of the
lattice vibrations. T−1

1 is given by [106]:

1
T1

=
(
1 + e−�ωN /kBT

)∫ +∞

−∞
<< G∼

+(t)G∼
−(0) >> e+iωN tdt (4.4)

where ωN is the nuclear Larmor frequency (resonance frequency) ωN =γNB.
The average term << G∼

+(t)G∼
−(0) >> describes the electron spin, which corresponds

to a sum of exponentially decaying functions and can be obtained by expressing the
correlation function, as in the following formula

<< G∼
+(t)G∼

−(0) >> = Tr
{
e
−βH∼e

iH∼t/�
G∼

+e
−iH∼t/�

G∼
−
}
/Tr

{
e
−βH∼

}
. (4.5)

The decay << G∼
+(t)G∼

−(0) >> is not a single exponential. It can be written in
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4.1. T1 in molecular magnets

I

J2

J
1

S

I

S
T

1

Figure 4.2.: Electron-Nucleus interactions.

terms of the matrix elements of the local spin components between eigenvectors of
the total spin system

<< ei
H∼t

� G∼
+e−i

H∼t

� G∼
− >>=

1
Z

∑
μ

< ψμ|ei
Eμt

� G∼
+e−i

H∼t

� G∼
−|ψμ > e−βEμ ,

where

H∼ |ψμ >= Eμ|ψμ >

⎧⎨
⎩

μ = 1, . . . ,Dim Dim: dimension of Hilbert space
|ψμ >=

∑
�mμn,kμ

C�mμnkμ |�mμn, kμ > k: shift quantum number
n = 1, . . . , N N: number of spin

(4.6)

From chapter 2 the product basis |�mμ,n, kμ > are given by:

|�mμ,n, kμ >=
1√
N

N−1∑
j=0

(
e

i2πk
Nc T∼m

)j
|�mμ,n >

{
T∼m : shift operator.
Nc number of cycle,

with
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4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

|�mμn >= |mμ1,mμ2, . . . ,mμN > .

Substituting the result in (4.4), one obtains

1
T1

=
1
Z

(
1 + e−�ωN /kBT

) ∫ +∞

−∞

∑
μ,ν

ei
Eμt

� < ψμ|G∼+|ψν > e−i Eνt
� < ψν |G∼−|ψμ > e−βEμe+iωN tdt,

(4.7)

which can also be written as

1
T1

=
1
Z

(
1 + e−�ωN /kBT

)∑
μ,ν

e−βEμ < ψμ|G∼+|ψν >< ψν |G∼−|ψμ >

∫ +∞

−∞
ei

Eν−Eμ
�

t+iωN tdt.

(4.8)

Using Fourier transformation, the integration can be represented by a δ−function,
the equation (4.8) can be easily put into the form

1
T1

=
2π
Z

(
1 + e−�ωN /kBT

)∑
μ,ν

e−βEμ < ψμ|G∼+|ψν >< ψν |G∼−|ψμ > δε

(
ωN − Eν − Eμ

�

)
(4.9)

Where:

δε is the delta function;
ωN =γNB and γN = gN

μN
�

;
γN : gyromagnetic ratio;
gN : Landé factor of nuclear � 5.5854;
μN : nuclear magneton = 5.0508 10−27 A m2;

1
T1

=
1
Z

(
1 + e−�ωN /kBT

)∑
μ,ν

e−βEμ

(
| < ψμ|G∼+|ψν > |

)2
δε

(
gNμNB − ΔE

�

)
(4.10)

The spin-lattice relaxation is a resonant process [107] which ideally should only occur
if the transition energy Eμ − Eν in the spin system matches the nuclear Lamor
frequency. Nevertheless, the interaction of the whole system with its surrounding
broadens levels. In addition the experimental resolution is limited. We therefore
allow transitions which deviate up to ε from strict energy conservation. This can
be supported by transforming the δε(ωN − Eμ−Eν

�
) using the Lorentzian function
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4.2. Level crossings in heterometallic wheels

(
δε(x) = ε/π

x2+ε2

)
or by a Gaussian distribution function

(
δε(x) = 1

ε
√

π
e−

x2

ε2

)
. Such

a function could in principle depend both on temperature and on applied field [108,
109]. Using a Gaussian function in the Eq. (4.10) can be written as

δε(gNμN ∗B − ΔE) =
1

ε
√
π

exp
{
−(gNμN ∗B − ΔE)2

�2ε2

}
(4.11)

We have neglected such possible dependencies and use the same function with ε that
is constant and independent of both B and T .
The energy levels of the total system are given by

Eμ = Eμ(B = 0) + geμBBMμ (4.12)

and likewise

ΔE = Eν(B = 0) − Eμ(B = 0) + geμBB(Mν −Mμ) (4.13)

with:

ge:Landé factor of the electron;
μB : electron magneton: 9, 274 10−24 A m2;

Substituting the equations (4.11) and (4.13) into equation (4.10) yields the spin latice
relaxation rate which can be written as

1
T1

=
1

Zε
√
π

(
1 + e−�ωN /kBT

)∑
μ,ν

e−βEμ

(
| < ψμ|G∼+|ψν > |

)2

exp
{
−(gNμN ∗B − Eν(B = 0) − [Eμ(B = 0) + geμBB(Mν −Mμ)])2

�2ε2

}
(4.14)

Equation(4.14) is our final expression which shows that 1
T1

depends on applied mag-
netic field and temperature which we will discuss in Sec. 4.3 and 4.4 .

4.2. Level crossings in heterometallic wheels

The phenomenon of level-crossing and the situation of degeneracy between levels has
interested many scientists in recent years. A famous theorem of quantum mechan-
ics states that the interaction of two energy levels of a physical system is infinitely
unlikely as a single parameter is varied [110]. The degeneracies that lie on the compo-
nents Bx or Bz axes in the magnetic field space sec. 2.5.1 can be understand in terms
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4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

of symmetry allowed level crossings as per the von Neumann-Wigner theorem [111],
but the newly discovered ones [80] lie off the axes, and cannot be so understood,
which raises fundamental problems of quantum dynamics. However, in many cases
it has been found that the relaxation time saturates at some temperature. Below
this temperature, quantum fluctuations become important and tunneling phenom-
ena may cause the system to relax [112]. In the antiferromagnetic spin ring system
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Magnetic Field
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H
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Level crossings
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S=1, Ms=−1

S=2, Ms=−2

Figure 4.3.: Energy levels vs. magnetic field for the lower energy eigenvalues for the
lower three values of total spin S (0,1,2), for the AFM ring system of
{Cr8}.
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1 vs B in heterometallic {MCr7} wheels

with a S = 0 singlet ground state and a S = 1 triplet excited state, an external
applied magnetic field B removes the residual degeneracy of the triplet state and in-
duces multiple level-crossings at specific magnetic field values. However, the ground
state of the compound changes from S = 0 to S = 1 at B1, from S = 1 to S = 2
at B2, and so on. Because of the anisotropy, the values of Bi depend on the angle
between B and the molecular axis z [92, 93].

In figure 4.3, we represent the dependence of the energy levels on magnetic field
B for the lower three values of total spin S (0, 1, 2), for the AFM ring system of
{Cr8}. The spectrum shows the two level crossings which we try to investigate in
this work through proton spin-lattice relaxation rate.

4.3. T−1
1 vs B in heterometallic {MCr7} wheels

The proton spin-lattice relaxation rate of the mother substance {Cr8} has been inves-
tigated experimentally in great detail [108, 109], but predominantly as a function of
temperature for certain small applied magnetic fields. In the following, having deter-
mined the Heisenberg exchange parameters of several heterometallic {MCr7} wheels,
chapter 3, we investigate the behavior of the relaxation rate as a function of magnetic
field according to the formula (4.14), given in sec. 4.1.2. In this formula, we allow
transitions which deviate up to ε from strict energy conservation using the Gaussian
distribution function, in which we neglecte dependencies of ε on B or T and use the
same value ε = 0.2 K for all calculations of T−1

1 versus B, and different once for the
case of T−1

1 versus T, Sec. 4.4. For technical reasons, the calculation was performed
for the lower five total spin quantum numbers S using the 20 lowest energy eigen-
states of the spectrum of the compound under consideration, figures 3.3 - 3.4, chap. 3.

The magnetic field dependence of proton T−1
1 and static magnetization M accord-

ing to the formula (2.33) at fixed temperature T of the compound {Cr8} for g = 2 is
reported in Figure 4.4. T−1

1 shows three very well-defined peaks centered around the
critical field values (Bc): 6.8, 14.9, and 21.49 T. These values correspond very closely
to the fields where the thermodynamic steps were observed in magnetization, which
are a consequence of quantum level crossing, Figure 4.4. When B → Bc a resonance
condition occurs between the nuclear spin system and the magnetic molecule as a
whole. The width of this peak is determined by the constant ε Eq. (4.14). T−1

1 values
are dependent upon magnetic field strength, increasing field strength gives increasing
T−1

1 , which means, at this specific strong magnetic field B values we have also levels
crossing between exited states which have influence in the proton T−1

1 and give a
short relaxation time.
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1 as function of the applied field normalized to the coupling J1.
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Figure 4.6.: Top panel: Zeeman splitting of the low-lying levels of {ZnCr7}. The
crossing fields are highlighted and the values of the two lowest fields
given. Bottom panel: (T = 0)-magnetization (steps) and relaxation rate
T−1

1 as function of the applied field normalized to the coupling J1. The
small peaks in the green box correspond to the crossing between the
exited states.

The proton spin-lattice relaxation rate T−1
1 and static magnetization M versus

applied magnetic field B for {CuCr7}, {ZnCr7}, {NiCr7}, and {FeCr7} are shown in
Figures 4.4 - 4.8. A g-value of g = 2.1 has been used for {NiCr7}, in all other cases
g = 2 has been assumed.
In Figures 4.6 and 4.7, T−1

1 show some small peaks at low applied magnetic field,
these peaks are probably corresponding to transitions between exited levels. Reduced
proton spin-lattice relaxation rates T−1

1 occur at certain level crossings, Figures 4.7
and 4.8.
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Figure 4.7.: Top panel: Zeeman splitting of the low-lying levels of {CuCr7}. The
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given. Bottom panel: (T = 0)-magnetization (steps) and relaxation rate
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4.4. Temperature dependence of T−1
1 in {Cr8}

The temperature dependence of T−1
1 is also of great interest. Specifically, one can

follow the spin dynamical behavior starting from the high-T regime, where the spins
are uncorrelated, down to the lower temperatures where the correlations are governed
by the strong exchange interactions. Mainly for the antiferromagnetic ring systems,
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Figure 4.9.: The proton spin-lattice relaxation rate T−1
1 as function of the tempera-

ture T, for the anti-ferromagnetic ring system of {Cr8}.

it has been found that the temperature dependence of T−1
1 resembles the behavior

of the product Tχ, where χ(T) denotes the zero-field magnetic susceptibility [108].
The experimental data for T−1

1 for the AFM ring {Cr8} are shown in Fig. 4.9 for four
choices of B [108]. In Figure 4.10 we present our data for the corresponding values
of the spin-lattice relaxation rate obtained using the equation, Sec. 4.1.2:

1
T1

=
A

Zε
√
π

(
1 + e−�ωN /kBT

)∑
μ,ν

e−βEμ

(
| < ψμ|G∼+|ψν > |

)2
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4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

exp
{
−(gNμN ∗B − Eν(B = 0) − [Eμ(B = 0) + geμBB(Mν −Mμ)])2

�2ε2

}
, (4.15)

where A is a fitting constant independent of both B and T . The results are rep-
resented by solid curves with different values of the parameter A and ε, which are
constants determined by a best-fit procedure for the {Cr8} antiferromagnetic ring,
and the results are given in Table 4.1 with the corresponding values of ε. We note
that the temperature dependence of the spin-lattice relaxation rate is not adequately
described by the common formula (4.15) at high T, this can be related that the cal-
culation was performed just with the twenty low-energy levels of the five low number
of subspaces with spin quantum number S (S=-1, 0, 1,2 and 3 respectively) for the
antiferromagnetic ring system {Cr8}. To describe the high temperature part we need
the complete energy spectrum in our calculations. In Table 4.1 we give the values of
the parameters for the {Cr8} anti-ferromagnetic ring.
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Figure 4.10.: The proton spin-lattice relaxation rate T−1
1 as function of the temper-

ature T, for the anti-ferromagnetic ring system of {Cr8}.

It should be mentioned that the parameter A varies, and this can be related to the
quality of our Hamiltonian used in which the anisotropy term is neglected.
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B(T) A ε

0.72 0.9x105 0.2
1.2 105 0.2
2.67 6.4x105 0.08
0.46 2.9x105 0.2

Table 4.1.: The values of the parameters obtained from the best fit of 1/T1 data using
Eq. (4.15).

4.5. Results and Discussions

In the first part, we discussed the magnetic field dependence of the proton spin-lattice
relation rate T−1

1 and of the end, we discussed the estimation of the T dependence of
T−1

1 with our formulas (4.14) and (4.15), in which we have neglected the dependence
of ε on B and T . We have used the same value ε = 0.2 K for all calculations of
T−1

1 versus B, Eq. (4.14), and different once for T−1
1 versus T , Eq. (4.15). In the

following we discuss the behavior of the relaxation rate as a function of magnetic field
for a typical small temperature of T = 1.5 K [99]. This function highlights the be-
havior of the magnetic system at low-lying (dominantly ground state) Zeeman level
crossings, since there resonant cross relaxation occurs. Experimentally such data
are rarely accessible due to the fact that the level crossing fields are often outside
the producible field range. In the case of {Cr8} [99] and Fe10 [53] these data could
nevertheless be measured thanks to moderate exchange constants. One important
result of these measurements is that the values of the level crossing fields for even-
membered Heisenberg rings follow the Landé interval rule [53], which is nowadays
understood as rotational modes [64], rotation of the Néel vector [113, 114] or tower
of states [113, 115].

The behavior of the relaxation rate and static magnetization as a function of mag-
netic field for a typical small temperature of T = 1.5 K for {Cr8} and heterometallic
{MCr7} are given in Figures 4.4 - 4.8. An obvious difference between {Cr8} and
the heterometallic MCr7 wheels is demonstrated by the fact that all of the discussed
wheels have ground states with non-vanishing total spin. Therefore, for {FeCr7}
(Fig. 4.5), {ZnCr7} (Fig. 4.6), {CuCr7} (Fig. 4.7), and {NiCr7} (Fig. 4.8) resonant
relaxation occurs already at very low magnetic fields, which expresses itself in the
pronounced maximum seen around B = 0 in Figs. 4.5 - 4.8. The second deviation
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4. Spin-lattice relaxation time T1 in heterometallic {Cr7M} wheels

from the behavior of {Cr8} consists in pronounced differences of the maximum rates
at higher Zeeman level crossings in the cases of {CuCr7} and {NiCr7} [98]. Within
the employed framework and the assumed approximations the relaxation at the cross-
ing between S = 1 and S = 2 in {CuCr7} (Fig. 4.7) appears to be rather small. The
same is true for the relaxation at the crossing between S = 5/2 and S = 7/2 in
{NiCr7} (Fig. 4.8).

Details about the NMR measurements of temperature dependence of the proton
spin-lattice relaxation rate (T−1

1 ) can be found in Refs. [116, 83]. The experimental
data for T−1

1 versus temperature for different B are given in Figure 4.9. The general
behavior found in AFM rings is that T−1

1 is approximately proportional to χ T, where
χ is the magnetic susceptibility. However, a long-standing unexplained feature is that
for a number of AFM rings T−1

1 shows a strong peak at temperature of the order of
J/kB . The peaks are superimposed with our calculation, using our formula (4.14)
which has its origins from Moriya theory, sec. 4.1.2. The results are represented
by solid curves in Figure 4.10. The coefficient A are determined when the data for
diferent values of B are fitted separately, given in Table 4.1. It is noted that the
parameter A varies and also ε, possibly due to the quality of our Hamiltonian where
we neglected the anisotropy term. The interested reader is referred to Refs. [108, 109]
for more discussing about temperature and field dependencies of T−1

1 .

4.6. Conclusion

To conclude, we have presented a theoretical description of the proton spin-lattice
relaxation rate T−1

1 at low temperature and employed in molecular heterometallic
{Cr7M} wheels where M = Fe, Ni, Cu, and Zn. In all rings the curves of T−1

1 vs ap-
plied magnetic field B are peaked at values close to the fields for which the thermody-
namic steps were observed in the magnetization. This means that the level crossings
and the nearly degenerate molecular levels of different rings are strongly coupled to
the movement of nuclear spins. Furthermore, for {CuCr7} and {NiCr7} unexpectedly
reduced proton spin-lattice relaxation rates T−1

1 occur at certain level crossings. Ex-
perimental confirmation to see whether this behavior could be experimentally verified
or whether the additional anisotropic terms in the Hamiltonian [92, 93, 94, 29, 51]
alter the picture completely would be very interesting for the validation of theoretical
models. One of the main physical ingredients in this study has been the understand-
ing from the beginning that due to the discrete character of the magnetic energy
spectra and the phenomene of ground state degeneracy in molecular magnets, one
needs to take into account the broadening effects of the interaction of the molecular
levels and nuclear spins.
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5. Magnetic properties of the new dodecanuclear
{ Ni12}

In the preceding chapters we have described the magnetic properties of molecu-
lar rings of heterometallic Cr7M Wheels. In this study the new dodecanuclear
[Ni12CO3(OMe)12(OAc)9(trans-tach)6] cluster containing up to 370 atoms, Figure 5.1,
will be investigated.
First, we establish the magnetic properties of these interacting spin systems using
a theoretical description based on the Heisenberg model and, second, we present
ESR spectroscopy measurements in this compound, in which we can estimate the g-
value and the zero field splitting. This compound was recently presented by Geoffrey

Figure 5.1.: Structure of [Ni12CO3(OMe)12(OAc)9(trans-tach)6] molecular magnets,
where: Ni+2=green, O=red, N=light blue sticks, C=grey.
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5. Magnetic properties of the new dodecanuclear { Ni12}

J. T. Cooper et al. (University of Glasgow, UK and Ames Laboratory, Iowa State
University, USA). {Ni12} comprises a central CO2−

3 anion bridging three {M4OMe4}
cubanes [117], further linked by nine acetate anions and six trans-tach molecules.
The nickel content in the crystalline materials was determined by Flam Atomic Ab-
sorption experiments which show that the mixed clusters contain the same ratio of
metals as the starting reaction mixtures.

Figure 5.2.: Structure of {Ni12} molecular magnets. The 12 Ni ions with spin 1 are
represented by large green spheres.

5.1. Theoretical model

The Hamiltonian of the {Ni12} spin system in the presence of a uniform external
magnetic field B along the z-axis is given by

H∼ =
N∑

u �=v

Juv
�S(u) · �S(v) +D

N∑
u

S∼
2
z(u) + gμBB

N∑
u

S∼z(u), (5.1)
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5.2. Energy spectrum of Ni12

where the first term denotes the isotopic Heisenberg Hamiltonian in which Juv is a
symmetric matrix containing the exchange energy parameters between nearest neigh-
bor spins at sites u and v. The matrix elements Juv are positive for anitiferromagnetic
interaction. The individual spin operators �S(u) and �S(v) are the 12 intrinsic spins
with S =1 and they are given in units of �. The second term describes the single-site
anisotropic contribution. Due to the large size of the molecule, the anisotropic direc-
tions are simplified to be all equal to the z axis and the strength D is taking the same
for all sites u. The third part is a Zeeman term which describes the interaction with
the external magnetic field B and single spectroscopic splitting factor g. Neglecting
the other directions of anisotropy axis and the strength D as well is taking the same
for all sites. The Hamiltonian commutes with the square �S2 and the z-component
S∼z of the total spin. According to the symmetries existing in the molecule, we can
only use the two symmetry operations represented in Figure 5.3, mirror symmetry in
the tetrahedra and the rotational symmetry of the tetrahedra with π/3. The both
operations are given by the symmetry operator T∼ being defined as

T∼ |m1,m2,m3,m4,m5,m6,m7,m8,m9,m10,m11,m12 〉
= |m9,m10,m11,m12,m1,m3,m2,m4,m5,m6,m7,m8 〉. (5.2)

The common eigenstates for the operator H∼ are shifted into another. The symmetry
operations there are repeated 6 times, until we have arrive at the eigenvalue equa-
tions. Then the complete Hilbert space can be decomposed into mutually orthogonal
subspaces, where all energy eigenvalues and eigenvectors can be computed.

5.2. Energy spectrum of Ni12

We have used different exchange parameters, a ferromagnetic one in the tetrahedra
and an anti-ferromagnetic one between them, Figure 5.3. Note that the operator H∼
is defined on a Hilbert space of dimension 312 = 531441.
We have evaluated the complete energy spectrum for the physical system Ni12 using
numerical exact diagonalisation. The low-energy part of the spectra with and without
anisotropy, are represented in Figure 5.4. Our calculations indicates that the ground
state has a spin S = 0 without anisotropy (D = 0), and show degenerate ground
state with spin S = 2 in the present of anisotropy (D/kB = −2.75K).
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5. Magnetic properties of the new dodecanuclear { Ni12}
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Figure 5.3.: Schematic representation of the symmetry operations and the exchange
couplings used in our calculation for the molecular magnet {Ni12}. Op.1:
rotation of the tetrahedra by π/3 and Op.2: mirror symmetry inside.
Assignement of the exchange parameters J1−4 to the Ni12 spin system:
J1: red, J2 blue, J3 yellow, and J4 green.
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5.3. Temperature dependence of low field susceptibility in Ni12
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Figure 5.4.: The low part of energy spectrum for the magnetic molecular {Ni12}.
Using the interaction (J1 = 1.8J , J2 = J , J3 = 0.21J , and J4 = 1.6J)
described in Figure 5.3: D = 0 (l.h.s) and D = −0.55J with J/kB = 5K
(r.h.s)

5.3. Temperature dependence of low field susceptibility in
Ni12

Low-field magnetic susceptibility data of {Ni12} in the range 2 - 290 K are dominated
by antiferromagnetic intramolecular exchange, both antiferromagnetic and ferromag-
netic exchange is observed, resulting in a maximum of T χ at 27 K, see Figure 5.6. In
order to compare with the measured susceptibility we have used the equation (2.36).

In Figure 5.5 experimental data (diamonds) is shown for the temperature depen-
dence of the magnetic susceptibility in the range below 70 K. With the Hamilto-
nian model Eq. (5.1) we have been able to determine a set of four exchange con-
stants that give rise to results for the temperature-dependent susceptibility in quite
good agreement with experimental results (see Figure 5.5): J1, between adjacent Ni
positions of neighboring Ni4O4 tetrahedra (inter-tetrahedra, mediated by the car-
bonate and two acetate bridges), J2, between the two inner-face Ni positions (two
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5. Magnetic properties of the new dodecanuclear { Ni12}

oxo and one carbonato bridges); J3, between inner-face and outer-face Ni positions
(one oxo and one methoxo bridge per Ni-Ni contact); J4, between the two outer-
face Ni centers (two methoxo bridges). The best theoretical fit between the cal-
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Figure 5.5.: Variation of M/B as a function of temperature T for {Ni12}: The
experimental data are given by black squares. The theoretical fit is
depicted by red solid curve for g = 2.165, with J1/kB = 9.9 K,
J2/kB = −5.5 KJ3/kB = −1.1155 K, J4/kB = −8.8 K; D/kB = −2.75 K
and B = 0.1 T.

culated and measured susceptibility χ for the temperature range below 100 K is
depicted by red solid curve within a Heisenberg model that adopts the numerical
values of the four exchange constants J1−4, resulted for the antiferromagnetic inter-
tetrahedras (J1/kB = 9.9 K) and ferromagnetic intra-tetrahedras with strong varia-
tions of the individual exchange energies, reflecting ferro/antiferromagnetic composi-
tion between the involved exchange pathways, this leads to the following parameters
(J2/kB = −5.5 K, J3/kB = −1.1155 K, and J4/kB = −8.8 K ), D/kB = −2.75 K
and g = 2.165. It should be noted that Larry Engelhardt and Marshall Luban find
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5.4. Magnetization vs magnetic field in Ni12

the following parameters (J1/kB = 17.5 K, J2/kB = −9.5 K, J3/kB = −1.9 K, and
J4/kB = −22 K ) by means of Quantum Monte Carlo [118].
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Figure 5.6.: Variation of TM/B as a function of temperature T for {Ni12}: The
experimental data are given by black squares. The theoretical fit is
depicted by a solid curve for J1 = 9.9 K, J2 = −5.5 KJ3 = −1.1155 K,
J4 = −8.8 K; D = −2.75 K; B = 0.1 T and g = 2.165.

5.4. Magnetization vs magnetic field in Ni12

After determining the exchange parameters fitting the low-field magnetic suscepti-
bility we used the numerical calculation for the Hamiltonian so as to provide the full
set of energy levels of Eq. (5.1). We find that in the absent of a magnetic field the
ground state is degenerate and has a spin of S = 2 with anisotropy D/kB = −2.75K,
and the energy gap to the first excited state (S = 1) is 1.65 kB K. We suppose now
that T is maintained constant and we study the Zeeman splitting of energy levels as
B is increased.
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5. Magnetic properties of the new dodecanuclear { Ni12}

The hight field magnetization for powder sample {Ni12} has been independently mea-
sured in pulsed magnetic field by Paul Kögerler (Ames University) as well as at the
facility of the High Magnetic Field Laboratory (OHMFL) by Hiroyuki Nojiri (To-
hoku University). The results of these two measurements are different, which is due
probably to the quality of the powder sample used.

In Figure 5.7 we show magnetization as a function of applied external magnetic
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Figure 5.7.: Variation of magnetization as a function of applied magnetic field B for
{Ni12}: The experimental datas are given by the red and the blue colors.
The theoretical fits are depicted by the solid curves.

field. The measurements which were performed at T =2 K are represented by blue
squares (Tohoku University) and red circle (Ames University), the solid line corre-
sponds to Eq. (2.33). We find that our fit is close to the measurement of Hiroyuki
Nojiri (Tohoku University). Note that we were able to reproduce low field proper-
ties, Figure 5.6 using a simple Heisenberg Hamiltonian Eq. (5.1) but to get better fit
for magnetization and understand the hight field properties, we suggest to use more
elaborate models using anisotropy and include field-dependent parameters [8].
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5.5. ESR measurements in {Ni12}

5.5. ESR measurements in {Ni12}

A detailed analysis of the ESR measurement, using pulsed magnetic fields up to 30 T,
was performed by the group of H. Nojiri, in the Institute for Material Research,
Tohoku University (Japan). Far-infrared (FIR) radiation with frequency range of
95 - 381.5 GHz are supplied by an optically pumped FIR laser, Gunn oscillators and
backward traveling wave tubes.

The results of the temperature dependence of the ESR spectra at 190 GHz are plot-
ted in Figure 5.9. The signal shows a typical Lorentzian line shape. In Figure 5.8 we
represent the radiation dependence of ESR spectra at T=1.5 T. Figure 5.10 shows
the dependences of the observed ESR resonance frequencies Sub (circles) and Main
(squares) on the magnetic field.

Figure 5.8.: Frequency dependence in EPR measurement.
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5. Magnetic properties of the new dodecanuclear { Ni12}

Figure 5.9.: Temperature dependence

Figure 5.10.: The figure shows the dependence of the observed EPR resonance fre-
quencies with magnetic field B, where Main (blue squares), correspond
to Δ Sz =1 and the Sub (red circles) to Δ Sz =2.

76



5.6. Results and Discussions

We note that in figure 5.10 two different slopes can be assigned to the data, one
corresponding to Δ M =1 (blue squares) and the (red circles) to Δ M =2. These
dependencies can be explained by looking at the Zeeman level scheme of the simple
Heisenberg model as it is represented in Fig. 5.11. The g-value can be easily deduced
from the slope of the curves and gives a value around 2.2.
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Figure 5.11.: The figure shows schematically the Zeeman level splittings in the
Heisenberg model together with the assignments of allowed transitions
for Δ Sz =1 (Main) and the Δ Sz =2 (Sub).

5.6. Results and Discussions

This chapter has two purposes. First, we have demonstrated that a treatment of the
Heisenberg model on a Ni12 cluster leads to results in agreement with the measured
magnetic susceptibility. Both antiferromagnetic and ferromagnetic exchange inter-
actions are observed, ferro-interaction in the tetrahedra and an anti-ferromagnetic
one between them. As discussed in Sec. 5.3, we have fitted the computed results to
the experimental data by adjusting the exchange interaction Jij (i�=j), such that the
computed susceptibility agrees with the experiment. The best fit reproduced using
four exchange parameters J1/kB = 9.9 K, J2/kB = −5.5 K, J3/kB = −1.1155 K,

77



5. Magnetic properties of the new dodecanuclear { Ni12}

J4/kB = −8.8 K, D/kB = −2.915 K, and g = 2.165 according to the Figure 5.3.
The results of our exchange parameters describe well low field susceptibility, it fails
to reproduce the high-field magnetization, Figure 5.7, which is due probably to the
quality of our Hamiltonian using simple anisotropy D parallel to the easy axis z.

The second purpose of this chapter is to explain ESR spectroscopy in Ni12, which is a
very helpful method and provides more precise data even on the molecular orbital of
the unpaired electron. The results of ESR measurements in the compound Ni12 show
a movement of the peak in the 190 GHz, Figure 5.9. At low temperatures T, only a
few levels contribute, therefore the influence of anisotropy is large. At high T, very
many levels contribute in the compound and the anisotropic contributions average
out, Figure 5.10. In Figure 5.9 the slope of the curves shows a value of g around 2.25
is quite reasonable and the zero-field splitting 2.4 K. It should be mentioned that
this value is very large for this compound, because the gap between the ground state
and the first exated state is about 1.65 K, and the pentuplet is 2.45 K. Usually g is
isotropic for Ni, and then we must take into account the other anisotropy axis in our
model. But since the total dimension of Hilbert space is 531441 levels, therefore we
could not do calculation including different directions of anisotropy parameter terms.
It should be noted that, due to some ferromagnetic interactions in the three tetra-
hedra of the compound, we have basically no low-lying gaps and the levels are very
dense. Therefore, this reason why the magnetization curve is featureless, Figure 5.7.
To clarify this phenomenon, futher work is needed.

5.7. Conclusion

In conclusion, we have studied in detail the magnetic interactions in the {Ni12} clus-
ter, which shows ferromagnetic interaction in the tetrahedra and a anti-ferromagnetic
one between them. We have provided a comprehensive description of the mag-
netic susceptibility and the high-field magnetization. We have presented ESR spec-
troscopy measurements in {Ni12}, which gives an estimation for a g-value around
2.2 K and zero field splitting around 2.4 K, which we are not able to describe only
with anisotropic contribution with directions simplified to be all equal to the z axis.
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6. Wheel-shaped tungstophosphate
[Cu20Cl(OH)24(H2O)12(P8W48O184)]

25−(Cu20P8W48)

This study reports and examines the magnetic properties of the new large wheel-
shaped tangstophosphate [Cu20Cl(OH)24(H2O)12(P8W48O184)]25− (Cu20P8W48), Fig-
ure 6.1, in short Cu20 which was recently synthesized [119]. This study has been
undertaken because studies of the magnetic exchange in simple polynuclear param-
agnetic clusters are a topic of current focus in magnetochemistry [120]. The solid
solution like structure of Cu20 allows studies of catalysis, ion exchange, gas storage,
and medicine.

Figure 6.1.: Structure of [Cu20Cl(OH)24(H2O)12(P8W48O184)]25− (Cu20P8W48)
molecular magnets. Where: Cu+2=20 small green, O=red, Cl=violet,
P=yellow, W=bright vilet.

The electrochemical characterization and electrocatalytic properties of this system
was investigated by Cyclic Voltammetry (CV) and Controlled Potential Coulometry
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6. Wheel-shaped tungstophosphate

(CPC) in pH 0 and pH 5 media [121]. They found that in both media the cyclic
voltammograms are dominated by the current intensities of processes attributed to
the reduction of Cu2+ centers. Controlled potential coulometry indicates that all the
Cu2+ centers within the supramolecular complex remain electroactive.

The model we adopt for describing the magnetic properties of the molecule clus-
ter Cu20 is the Heisenberg spin Hamiltonian together with a Zeeman term of an
applied magnetic field along the z-axis given by

H∼ =
N∑

u �=v

Juv
�S(u) · �S(v) + gμBB

N∑
u

S∼z(u), (6.1)

where the individual spin operators are those for intrinsic spin S = 1/2 given in units
of �, and g is the spectroscopic splitting factor.

Due to the complexity of this system with a very large size of the molecule and

Figure 6.2.: Structure of {Cu20} molecular magnets.

consequently also of the related Hilbert space with dimension of 220, we approximate
the spin system by a smaller one. Then, using numerically exact diagonalization of the
Heisenberg model, we calculate the energy spectrum for various possible couplings,
and compare our findings to the available low-field susceptibility data as well as to
high-field magnetization measurements.
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6.1. Approximation with single spin 1/2 impurity

6.1. Approximation with single spin 1/2 impurity

The deliberate use of substitutional impurities in the compounds has been a topic of
great interest because of their a valuable tool for controlled studies [122, 123, 124].
Doping of nommagnetic Zn ions in antiferromagnetic CuO2 planes is known to lead to
a surprisingly large reduction of Tc (Tc orthorhombic-to-tetragonal structural tran-
sition) [124] and induces local strangered magnetic moments around the impurity
sites [123]. It has now become quite standard to analyze the local magnetic mo-
ments around static magnetic and nonmagnetic impurities in an aniferromagnetic
background for deeper understanding of the correlated states [125, 126].
The low-temperature thermodynamics low-field susceptibility exhibits a Curie-like
behaviour (χ ∝ 1

T ), which suggests a non-negligible impurity contribution [127].
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Figure 6.3.: single spin 1/2 impurity plus one singlet-triplet gap of 15K.

Eventually, we have approximated the system {Cu20} with a single spin 1/2 im-
purity plus one singlet-triplet gap of 15K. Figure 6.4 shows an excellent agreement
between theory and experiment for the applied magnetic field dependence of the
magnetization.
For the temperature dependence of the low-field susceptibility, we were not able to
reproduce the fit so well because higher-lying levels are missing, Figure 6.5.
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Figure 6.4.: Magnetization vs applied magnetic field B for {Cu20}.
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Figure 6.5.: low-field susceptibility vs. temperature.
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6.2. Approximations with 4 spins 3/2 and 8 spins Cu 1/2

6.2. Approximations with 4 spins 3/2 and 8 spins Cu 1/2

The distance between the 3 Cu ions in the triads is only 2.81 Å. We assume that they
interact strongly and can be treated as one effective spin. We suppose that the three
spins would survive magnetic only if all Cu ions of the triads couple ferromagnetically,
which we can approximate with one spin S = 3/2. From this, we can easily model
the system with 4 spins 3/2 and eight central ”cage” Cu ions, as shown in Figure 6.6.
The operator H∼ corresponding to this approximation is defined on a Hilbert space
of dimension 44 x 28 = 65536. Using the numerical exact diagonalization method,
we have been able to estimate the numerical values of the two exchange constants
(J1 = 20 K and J2 = 15 K) which provide a reasonable temperature-dependent
susceptibility in good agreement with the experimental results, Figure 6.7.
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Figure 6.6.: Schematic representation of symmetry operation (rotation of the X ion
by π/4) and the exchange coupling used in our calculation for molecular
magnetic {Cu20}
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Figure 6.7.: Variation of M/B as a function of temperature T for {Ni12}: The
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depicted by solid curve for AFM interactions: J1 = 20 K and J2 = 15 K
black solid curve, B = 0.1 T and g = 2.

6.3. Symmetry of Cu20 with 20 spins 1/2

We idealize the structure as 20 Cu ions which are situated at the vertices of regular
triads and squares, Figure 6.8. The ion spins interact with each other via an istropic
Heisenberg exchange and with a uniform external magnetic field B whose direction
defines the z axis, Eq. (6.1), which yield the operator H∼ defined on the Hilbert space
of dimension 220 =1048576.
We suppose that the triads interact with the cage just with one spin Fig. 6.8, which
mean that we can used symmetry of the 2 other spins around the interacted one.
According to this approximation and the symmetries existing in the molecule, we
can use only two symmetry operations represented in Figure 6.8: mirror symmetry
in the triads and rotational symmetry of the triads by π /4. Fortunately, we may
finally decompose the complete Hilbert space into the mutually orthogonal subspaces,
where all energy eigenvalues and eigenvectors can be computed, using complex*16
numbers requiring 9 GB RAM.
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Figure 6.8.: Schematic representation of symmetry operations and the exchange cou-
pling used in our calculation for a molecular magnetic {Cu20} with
20 spins 1/2. Op.1: rotation of the triads by π/4 and Op.2: mirror
symmetry inside. The exchange parameters used: J1: green, J2 red, and
J3 blue.

6.4. Conclusion

In this work we have investigated the magnetic properties of Cu20P8W48. Due to the
very large size of the molecule, we have approximated the spin system by a smaller
one. First with single spin 1/2 impurity plus one singlet-triplet system with a gap of
15 K. Second, we have approximated with 4 spins 3/2 + 8 spin 1/2 where we found
that the best fit is ferromagnetic interaction in the triads which are antiferromagnetic
to the eight central ”cage” Cu and antiferromagnetic inside of the cage.
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7. Summary and conclusion

Molecular magnetic clusters are a fundamental interest, which offer the prospect of
new applications and also allow to test basic theories of magnetism. In this work we
have simply presented a few examples, in which we have investigated there magnetic
properties: Wheel-shaped tungstophosphate [Cu20Cl(OH)24(H2O)12(P8W48O184)]25−

(Cu20P8W48) , dodecanuclear cluster [Ni12CO3(OMe)12(OAc)9(trans-tach)6], and the
heterometallic {Cr7M} wheels, in which one of the CrIII ions of Cr8 has been replaced
by an ion M (M ≡ Fe, Cu, Zn, Ni, ion) with this extra-spin acting as local probe for
the spin dynamics. Such systems have been synthesized recently and they are well
described using the Heisenberg spin Hamiltonian with a Zeeman term of an applied
magnetic field along the z-axis. Using the numerical exact diagonalization method,
we have calculated the energy spectrum and the eigenstates for different compounds,
and we have used them to study the magnetic properties and thermodynamic prop-
erties such as magnetization and susceptibility.

First, we have presented the concept of the theoretical modeling method for cal-
culating in detail the magnetic properties described by the Heisenberg model of
interacting spins. We have provided a comprehensive description of the magnetic
susceptibility and reexamined the available experimental data [29] and presented the
exchange parameters of molecular magnetic rings of heterometallic {Cr7M}. In order
to study these different systems we have used a mirror symmetry operation around
the doping ion M, we have evaluated the different energy spectra and used these
energy eigenvalues to adjust the curves of T ∗M/B and M/B versus T , with the
experiment ally measured data. The data of different rings were well fitted using two
exchange parameters. Our key results are that the magnetic ground state depends
highly on the value of the extra spin quantum number M and in the case of {FeCr7}
the iron-chromium exchange is different from the chromium-chromium exchange in
contrast to the other cases. A detailed analysis of the magnetic propertis in do-
decanuclear {Ni12} shows that both antiferromagnetic and ferromagnetic exchange
interactions contribute, ferro-interaction in the tetrahedra and a anti-ferro. one be-
tween them. However, we have provided a description of the magnetic susceptibility
and the high-field magnetization. For wheel-shaped tungstophosphate {Cu20}, due
to the complexity of this system with a very large size of the Hilbert space with a
dimension of 220, we have approximated the spin system by a smaller one. Then,
using numerically exact diagonalization of the Heisenberg model, we have calculated
the energy spectrum for various possible couplings, and compared our findings to the
available low-field susceptibility data as well as to high-field magnetization measure-
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ments.

The spin dynamics of the heterometallic {Cr7M} has been characterized through
the proton spin lattice relaxation rate, T−1

1 . A detailed of a theoretical account of
what the proton spin-lattice relaxation rate T−1

1 probes in magnetic molecule sys-
tems has been performed, via general arguments based on Monriya’s theory. We have
defined the quantity T−1

1 as the various spectral functions of the magnetic molecule
evaluated at the nuclear Larmor frequency ωL, and investigated this quantity as a
function of the applied magnetic field at low temperature regimes, as well as a func-
tion of temperature at low field in molecular {Cr8}, heterometallic {Cr7M} wheels,
and we have explained accordingly the above findings.

Indeed, in all rings the curves of T−1
1 vs the applied magnetic field B for low tem-

peratures shows a strong enhancement at values close to the fields where the steps
were observed in the magnetization at low temperature which correspond also to the
resonant relaxation. This means that the level crossing and the nearly degenerate
molecular levels of different rings are strongly coupled to the movement of nuclear
spins. However, it appears that {CuCr7} and {NiCr7} show an unexpectedly reduced
relaxation rate occuring at certain level crossings, which would be very interesting
and helpful to see whether this behavior could be experimentally verified or whether
the additional anisotropic terms in the Hamiltonian [92, 93, 94, 29, 51] alter the pic-
ture completely. For the temperature dependence of T−1

1 , we have reproduced just
the low temperature part of the experiment results in {Cr8}. Note that we were
not able to reproduce the high temperature part and that for the reason of time
calculation, where we was limited to the lowest part of the spectrum and just for the
five lowest subspaces of spin quantum number S, we neglected dependencies of ε on
B or T in the equation (4.14). Netherless, there are still open theoretical questions
comparing to the experimental evidence of T−1

1 . For example, the difference that
seems to exist between molecules with spins S = 1/2 and molecules with S > 1/2,
and the temperature dependence of frequency ω [108], in which the spin-phonon in-
teraction seem to play role. What mediates the dynamics in resonant tunneling of
magnetization? What determines the magnetic reorientation barrier?.

The most remarkable conclusion of the present work is that our model for pro-
ton T−1

1 based on Moriya’s theory, describes well the behaviors of T−1
1 vs applied

magnetic field B which are peaked at certain level crossings for all different het-
erometallic rings, and we find a good agreement between our theoretical data with
the experiment for the temperature dependence. Future work will focus on studying
dynamical effects of quantum mechanical in the vicinity of the level crossing and to
compare our approach with the topological theory of reference [108], in which they
employed a number of simple symmetry arguments and considering several specific
cases, including the spin-phonon interactions, and geometrical coefficients about the
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distances and the various angles of the protons with respect to the electronic spin
sites.

The next few years are certain to see an increased effort in the direction of magnetic
molecular clusters, the hope of course is that magnetic structures can be designed
according to the desired magnetic properties. A particularity important issue is to
find well characterized compounds for which one could obtain precise information
on both the ground state and the excited states of a strongly coupled paramagnetic
system. This goal is not close at all, it requires further understanding of the interplay
of magneto-chemistry and magnetic phenomena, which can be clarify with Density
Functional Theory (DFT) or other ab-initio methods [128, 129, 130, 131, 132], in
which the ground state energy of many electron system depends only on a electronic
density.
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A. Basic of Feynman thermodynamic path-integral

This appendix gives a brief general review of the basic theory of path-integral used
in quantum Monte Carlo. The path-integral method allow for simulations at non-
zero temperatures, without the necessity for considering individual excited states and
without construction of trial wave functions. The Static and dynamical properties of
a quantum system in thermal equilibrium are obtainable from the thermal density
matrix e−βH∼ , chapter 2. The expectation value of an operator A∼,

< A∼ > =
1
Z

Tr
{
A∼ρ(�r,�r

′
;β)

}
(A.1)

where ρ(�r,�r
′
;β) is the position-space density matrix given

ρ(�r,�r
′
;β) = 〈�r | e−βH∼ |�r′ 〉 (A.2)

and

Z = Trρ(�r,�r
′
;β) = Tr

(
e
−βH∼

)
(A.3)

where �r ={r1, . . . ,rN} and ri is the position of the ith particle.

the fact that H∼ usually contains two possibly non-commutating parts Ω∼ and Υ∼ ,
representing the kinetic and the potential energy operators, presents serious problem
for the calculation of the density matrix. A very common approach to solve this
problem is to separate the two part of the Hamiltonian. Using the exact operator
identity one gets

exp
(
−β(Ω∼ + Υ∼)

)
= exp

(
−βΩ∼

)
exp

(
−βΥ∼

)
exp

(
−β

2

2

[
Ω∼,Υ∼

])
(A.4)

This equation can be rewritten

exp
(
−β(Ω∼ + Υ∼)

)
= exp

(
− β

M
Ω∼

)
exp

(
− β

M
Υ∼

)
exp

(
− β2

2M2

[
Ω∼,Υ∼

])
(A.5)

and it has been shown by E. Trotter [133] that the commutator term becomes much
smaller than the others for M → ∞ and can thus be ignored, one does not have to
worry:

exp
(
−β(Ω∼ + Υ∼)

)
= lim

M→0

[
exp

(
− β

M
Ω∼

)
exp

(
− β

M
Υ∼

)]M

+O

(
β3

M2

)
(A.6)
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A. Basic of Feynman thermodynamic path-integral

This equation is correct to the order ( β3

M2 ). The parameter M is usually called the
number of timeslics. More detailed description can be found in references [134, 135,
136, 137].
Using Trotter’s approach, the partition function can be written as

Z = Tr

[
lim

M→0

[
exp

(
− β

M
Ω∼

)
exp

(
− β

M
Υ∼

)]M

+O

(
β3

M2

)]
(A.7)

with Ω∼ = �
2

2m and Υ∼ =V(�r)

For slowly varying potentials, Takahshi and Imada have shown that replacing the
potential energy term by an effective potential reduces the computing time signifi-
cantly [137, 138, 133]. They introduced

H∼ 0 = Υ∼ +
1
24

(
β

M

)2 [
Υ∼ ,

[
Ω∼,Υ∼

]]
(A.8)

which is identical to the case presented here

H∼ 0 = V (�r) +
�2

24m

(
β

M

)2 (δV (�r)
δ�r

)2

(A.9)

Using this approach, an equation equivalent to Feynman’s approach [139] for the
partition function of a one particle system in position space can be written [140]

Z =
∫ ⎡

⎣ M∏
γ=1

d�r(γ)

⎤
⎦ M∏

α=1

[
〈�r(α+ 1) | exp

(
− β

M
Ω∼

)

|�r(α) 〉x〈�r(α) | exp
(
− β

M
Υ∼

)
|�r(α) 〉

]
+O

(
β3

M2

)
(A.10)

=
(
Mm

2πβ�2

)3M/2 ∫ ⎡
⎣ M∏

γ=1

d�r(γ)

⎤
⎦[

exp

(
−

M∑
α=1

Mm

2β�2
(〈�r(α+ 1) | − �r(α))2

− β

M

M∑
α=1

V (�r(α))

)]
+O

(
β3

M2

)
. (A.11)

For M → ∞ this formula becomes exact and coincides with the famous formula of
Kac and Feynman [141]. The number of times M is the source of the relative error of
the simulation. While the kinetic energy term is proportional to M/β, and potential
energy term is proportional to β/M . To achive a uniform convergence of both parts
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of Eq.(A.11), the quotient β/M is kept constant. This results in a higher number of
timeslices for low temperatures and in an increasing computational effort.
For a system of N electrons in an external potential, the Feynman path integral can
be written as [140]

Z =
(

1
N !

)M ∫ ⎡
⎣ M∏

γ=1

N∏
i=1

d�ri(γ)

⎤
⎦ M∏

α=1

det(A(α,α + 1))

exp

[
− β

M

M∑
α=1

V (�r1(α), . . . , �rN (α))

]
+O

(
β3

M2

)
(A.12)

with the NxN -dimensional matrix

(A(α,α + 1))k,l =

{
〈�rk(α) | exp

(
− β

M
p2

2m |�rl(α+ 1) 〉
)

: Sk = Sl

0 : Sk �= Sl

(A.13)

Sk,l = ±1/2 denotes the spin of the electron.
This is the famous mapping from a quantum system to a classical system.
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B. Spin function and spin-orbit coupling

This appendix gives a brief general review of the spin function of one electron and
spin orbital coupling.

Spin orbital of a one-electron system

ψ(�r)ψ(σ) = ψn,l,ml
(�r)ψ(σ) (B.1)

= Rn,l(r)Y l
ml

(θ, φ)︸ ︷︷ ︸
atomic orbital

ψ(σ) (B.2)

Spin function

ψ(σ) ≡ |sms >

{
ms = 1

2 : α
ms = −1

2 : β
(B.3)

�S∼
2|Sms > = s(s+ 1)�2|Sms > with s =

1
2

(B.4)

Sz∼ |Sms > = ms�|Sms > with ms = ±1
2

(B.5)

S±∼
|Sms > = (s(s+ 1) −ms(ms ± 1))1/2

�|Sms ± 1 > (B.6)

(B.7)

Spin-orbit coupling results on account of the interaction of the electron’s magnetic
spin moment �μs

�μs = − e

2me
g�S = γeg�S (B.8)

Caused by the circulating charged particle. Only certain orientations between �l and
�s are allowed given by the vector sum

�j = �l + �s,

{
j = l + s, l + s− 1, . . . , |l − s|
ass = 1/2 → j = l ± 1/2

(B.9)
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mj = ml +ms (B.10)

�j
∼

2
= jx∼

2 + jy∼
2 + jz∼

2 (B.11)

j+∼
= jx∼

+ ijy∼
(B.12)

j−∼
= jx∼

− ijy∼
(B.13)

�j
∼

2|jmj > = j(j + 1)�2|jmj > (B.14)

jz∼
|jmj > = mj�|jmj > (B.15)

j±∼
|jmj > = (j(j + 1) −mj(mj ± 1))1/2

�|jmj ± 1 > (B.16)

(B.17)

operator of spin-orbit coupling

Hso∼ = ξ(r)�l∼.�s∼ (B.18)

where

ξr = − e

2m2
ec

2

1
r

δV (r)
δr

(B.19)

Many electron atoms

The total orbital angular momentum and its projection are expressed through the
sums

�L =
∑

i

�li (B.20)

Lz =
∑

i

lzi (B.21)

and they are quantised through the quantum numbers L and ML, respectively

< �L > =
√
L(L+ 1)� (B.22)

< Lz > = ML� (B.23)
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L =
∑

i

li

and ML = −L,−L+ 1 . . . ,−1, 0,+1, . . . , L− 1, L (B.24)

L =
∑

i li and ML = −L,−L+ 1 . . . ,−1, 0,+1, . . . , L− 1, L
The same for the total spin angular momentum �S, its projection Sz and the corre-
sponding quantum numbers S and MS . Atomic spin-orbitals various configuration
functions

|ψu(ML,MS) 〉 → |ML,MS 〉 (B.25)

These are eigenfunction of the operators of the projection of the total orbital angular
momentum L∼z and the projection of the total spin angular momentum S∼z.

Lz∼ |ψu(ML,MS) 〉 = MLu� |ψu(ML,MS) 〉 (B.26)

Sz∼ |ψu(ML,MS) 〉 = MSu� |ψu(ML,MS) 〉 (B.27)

A proper linear combination of these functions

|L,ML, S,MS 〉 =
∑

u

Cu |ψu(ML,MS) 〉 (B.28)

yields the proper eigenfunctions of the operators L∼
2 and S∼

2 as required for eigenfunc-
tions of many-electron atoms

L∼
2 |L,ML, S,MS 〉 = L(L+ 1)�2 |L,ML, S,MS 〉 (B.29)

S∼
2 |L,ML, S,MS 〉 = S(S + 1)�2 |L,ML, S,MS 〉 (B.30)

The combination coefficients can be determined as follows. By substituting the ex-
pansion we have

L∼
2
∑

u

Cu |ψu 〉 = L(L+ 1)�2
∑

u

Cu |ψu 〉 (B.31)

and by multiplying from the left side by the bra vector 〈ψv | a homogeneous system
of linear equations is obtained.∑

u

Cu

[
〈ψv |L∼2 |ψu 〉 − L(L+ 1)�2δvu

]
= 0 (B.32)
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and analogously ∑
u

Cu

[
〈ψv |S∼2 |ψu 〉 − S(S + 1)�2δvu

]
= 0 (B.33)

The solution of these equations is straightforward. The linear combination of the
configuration functions means, in fact, a configuration interaction. This is one way
of overcoming the one-electron approximation.

Hund’s rules

μ = gJ

√
J(J + 1)μB (B.34)

except 4f4, 4f5, 4f6 systems
with Landé factor

gJ = 1 +
J(J + 1) + S(S + 1) − L(L+ 1)

2J(J + 1)
(B.35)

S,J,L correspond to the total spin angular momentum, the total orbital angular mo-
mentum and total angular momentum, respectively, of the ground state.
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[57] Klaus Fabricius, Ute Löw, K.-H. Mütter, and Peer Ueberholz. Complete solu-
tion of the antiferromagnetic heisenberg rings with n = 12–16 sites. Phys. Rev.
B, 44:7476, 1991.
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H. Bögge, D. C. Crans, E. Krickemeyer, S. Janssen, H. Mutka, A. Müller, and
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