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Chapter 1

Introduction and statement of
the problem

Many problems of optics involve the study of the optical response of a dielec-
tric film with a specific permittivity. For constant permittivity the problem
is of particular interest in linear optics [1], [2]. In the case of arbitrary vary-
ing field intensity independent permittivity traditionally the transfer matrix
approach [3] is used discretizing the film by a number of plane parallel dielec-
tric slabs of infinitesimal thickness with constant permittivity. The optical
response of each slab is described by a 2 x 2 matrix and the net response of
the film is obtained through matrix multiplication. Furthermore the Green’s
function method [4], the invariant embedding approach [5], and the wave
splitting theory [6] are known techniques in this respect. Recently, an iter-
ative approach, based on a pair of coupled differential equations generated
from Maxwell’s equations was proposed by Menon et al [7].

Within a transfer matrix method Sedrakian et al [8], [9] reduced the problem
of finding the reflection and transmission amplitudes for arbitrary polarized
plane waves to a set of first-order differential equations for the scattering
amplitudes.

In nonlinear optics, the Kerr-like nonlinear dielectric film has been the focus
of a number of studies [10]-[15]. With respect to the nonlinear Fabry-Perot
system, the present problem has been approached under special conditions
by several authors: Marburger and Felber [16] simplified the analysis by im-
posing boundary conditions which suppose the nonlinear slab is separated
from the linear media by perfect mirrors. Danikaert et al. [17] treated the



steady-state response of a nonlinear Fabry-Perot resonator including nonlin-
ear absorbtion and oblique incidence for transverse-electric and transverse-
magnetic polarized fields. Haeltermann et al. [18] and Vitrant [19] presented
a unified nonlinear theory for transverse effects of Fabry-Perot resonators
simplifying numerical calculations and providing a good understanding of
optical bistability. Yasumoto et al. [20] investigated the characteristics of
the directional coupler with Kerr type nonlinear gap layer by the orthogonal
collocation method, and analyzed the nonlinear grating couplers by using the
singular perturbation technique [21].

A considerable amount of interest in recent years has centered on the non-
linear media with the saturation of the nonlinear refractive index [22]-[25].

To the best of my knowledge, there exists no general solution to Maxwell’s
equations for space dependent and nonlinear (with respect to the field de-
pendence) permittivities. This is the reason to study the following problem.

-

&g

Figure 1.1: Configuration considered in this work. A plane wave is inci-
dent to a linear slab (situated between two linear media) to be reflected and
transmitted (including total reflection at y = 0).

Referring to Figure 1.1 the reflection and transmission of an electromagnetic
plane wave at a dielectric film between two linear semi-infinite media (sub-
strate and cladding) is considered. All media are assumed to be homogeneous



in z— and z— direction, isotropic, and non-magnetic. The permittivity of
the film is assumed to be characterized by a function €¢(y) + enr(E), where
enr(E) denotes the nonlinear part of the permittivity function.

A plane wave of frequency wy and intensity E?, with electric vector Eq par-
allel to the z-axis (TE) is incident on the film of thickness d. Since the
geometry is independent of the z-coordinate and because of the supposed
TE-polarization the fields are parallel to the z-axis (E = E,). The problem
is to find the solutions of Maxwell’s equations, neglecting higher harmon-
ics, for various permittivity functions e;(y) (linear, nonlinear, real-valued,
complex-valued) subject to the boundary conditions (continuity of E, and
OE. /0y at interfaces y = 0 and y = d).



Chapter 2

Description of the method
illustrated at a lossless
dielectric film

2.1 Transmission and reflection at a linear
lossless dielectric film

2.1.1 Reduction of the problem to a Volterra integral
equation

To elucidate the method the case of a linear dielectric film with a real-valued
permittivity is considered in this chapter [26].
The permittivity is modelled by

Eey, Y > d,
e(y) = e4(y), 0 <y <d, (2.1.1)
Es) y<07

with real constants e., €, and with £;(y) as a real continuously differentiable
function of y on [0, d].

Due to the requirement of the translational invariance in x-direction and
partly satisfying the boundary conditions the fields tentatively are written

4



as (£ denotes the unit vector in z-direction)

;
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[EseiPr=asy=ewol) ce ] y <0,

E(z,y,t) = (2.1.2)
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where E(y), p = /Eckosing, q., and ¥(y) are real and E, = |E,|exp(id,)
and F3 = |F3|exp(id;) are independent of y. The parameter ¢4 is assumed
to be real (transmission case) or purely imaginary ¢ (total reflection case)
in the following.

By inserting (2.1.2) and (2.1.1) into Maxwell’s equations the linear Helmholtz
equations, valid in each of the three media (j = s, f, ¢), read

82E;(x,y) N 02E;(z,y)

o2 oz T ke Ej(e,y) =0, j=s,fc (2.1.3)

where k2 = w2/c® and E;(z, y) denotes the time-independent part of E(z, y, t).

It should be noted that the assumed TE-polarization of the incident plane
wave and the form of the permittivity function e;(y) in middle layer are
essential for deriving Helmholtz equation (2.1.3) from Maxwell’s equations.

Scaling z, v, z, p, ¢., qs by the wavelength \y and ¢ by &g, respectively, equa-
tions (2.1.3) can be written as

0*E;(x,y) n O’ Ej(x,y)

0x? 0y?
where the same symbols have been used for unscaled and scaled quantities.
Using ansatz (2.1.2) in equation (2.1.4) one gets for the semi-infinite media

+ 47?25jE~j(x,y) =0, j=s,fc (2.1.4)

q]Z = 47T25j — p27 ] = 3,cC. (215)

For the film (j = f), it follows from equation (2.1.4), by separating real and
imaginary parts,

d*E(y) di(y)
i P ()

) + [An*es(y) — p*] E(y) = 0 (2.1.6)

and

d*9(y) L W) dE@Y)

E
) dy? dy dy

= 0. (2.1.7)



Equation (2.1.7) can be integrated leading to

ay)

E*(y) Iy

=, (2.1.8)

where ¢ is a constant that has to be determined by means of the boundary
conditions. Insertion of di/dy into Eq.(2.1.6) yields

d2E(y)+Q?(y)E(y)— ‘ =0, (2.1.9)

with
qj(y) = dr’es(y) — p*. (2.1.10)
As will be shown below, real g5 (transmission) implies ¢; # 0, pure imaginary

qs (total reflection) implies ¢; = 0. Introducing I(y) = E*(y), equation
(2.1.9) reads

()) N [_7( )dQI(y)

@) T3 7 FOWIEE) —dE ) =0 (2.11)

3

___]—5
)
Multiplying equation (2.1.11) by 47 %(y) one obtains

dI(y)
dy

)2 — 21(@%5? —Aq;(y) P (y) + ¢ = 0. (2.1.12)

(

Differentiating the equation (2.1.12) with respect to y leads to

dI(y) 21(y) | . dI(y) d1(y)
9 +2 +
dy  dy? dy  dy?
d3[ d 2 9 9 dl
21(y) d;gy) ! (chif;y))[ (y) + Sqf(y)[(y)% =0, (2.1.13)
hence
dil]y(f ) 4 2d(q£;y))l (y) + 4¢3 (y)I (y)d;—(yy) =0, (2.1.14)
and thus
B 1(y) +4d(q§(y)l(y)) B Qd(qfc(y))l( ) (2.1.15)
dy3 dy a dy 7 B

Representing £;(y) in the form e;(y) = €} + &;(y), where € is a constant,
equation (2.1.15) can be integrated with respect to I(y), to yield

d*I(y)

a0 + 4k (y) = =167 (y) I (y) + 87 /Oy %](T)dT—i-Cg, (2.1.16)

dr
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where #* = 47°} — p® and ¢, denotes another constant of integration. The
homogeneous equation d*I(y)/dy* + 4k*I(y) = 0 has the general solution

Io(y) = Acos(2ry) + Bsin(2xy), (2.1.17)

so that the solution of equation (2.1 16) reads [27]

2 —t
s [[amBO0
0

8 / dgf( )I()—167r ()I(t)), (2.1.18)

where the constant c; must be determined by the boundary conditions. The
Volterra equation (2.1.18) is equivalent to equation (2.1.3) for 0 < y < d.
According to equation (2.1.18) I(y) and Iy(y) satisfy the boundary conditions
at y = 0. Evaluating the first integral on the right hand side, equation
(2.1.18) reads [cf. Appendix A]

I(y) = Iy(y) + ﬁsm (ky) / K(y,t t, (2.1.19)

with

sin 2k (y — t) osin® k(y — t) des(t)
—8m ————— A : 2.1.20
2 ) 4 an ST ZOEAD (g ) g0)
If £4(y) =0, I(y) from equation (2.1.19) is identical to the exact solution of
the linear problem [cf. Appendix B].

K(y,t) =

The solution of equation (2.1.19) can be represented as a uniformly conver-
gent series of iterations [cf. Appendix C]:

I(y) = le(y), (2.1.21)
= /yK(y,t)[j_l(t)dt, j=1,2,... (2.1.22)

where 3 c
In(y) = Io(y) + 2—,:2 sin®(ky). (2.1.23)

With the solution I(y), determined by equation (2.1.21), the phase function
Y(y) is given, according to equation (2.1.8), by

Iy) = 9(d) + /dy]‘(i—:) (2.1.24)



2.1.2 Boundary conditions and associated relations

To evaluate I(y) and J(y) according to equations (2.1.19), (2.1.24), respec-
tively, it is necessary to determine the integration constants ¢y, ¢y by means
of the boundary conditions (E(y) and dE(y)/dy must be continuous at y = 0
and y = d). Hence

E(0) = F3e™ ™ (2.1.25)
dE(y) v ( ) .
0y ly=0 +i— = [y=0 £(0) = —ig; E(0) (2.1.26)
Ey+ E, = E(d)e@ (2.1.27)
_iwv@ 1t dE(y) 1 dﬁ( )
2Ege” V(@ = w dy ly=a +E(d)(1 — p—— ly—a). (2.1.28)

In general, subject to the restriction of real £(y), the cases ¢ > 0 (trans-
mission) and ¢ < 0 (total reflection) must be discriminated. In the first case
equation (2.1.26) implies

%;y) o= 0, (2.1.29)
%;y) P (2.1.30)
in the second case (¢s = iqs)
di—;‘y) ly=0= G E(0), (2.1.31)
%Zy) |y—0= 0. (2.1.32)

Thus, according to equations (2.1.8), (2.1.25) and (2.1.30) the constant ¢; is
given by
1 = —qs| Bs|* = —q.1(0) (2.1.33)

in the transmission case, and by
cp =0 (2.1.34)

in the total reflection case, according to equation (2.1.32). It should be noted
that this result does not depend on the particular (real-valued) permittivity
function.



Equations (2.1.27), (2.1.28) imply, introducing I = E?,

,_Lf 1 qdiy) Y 1doy) |\
By =7 {4qg[(d> ( dy !y:d) + I(d) (1 Tudy !y:d> } (2.1.35)

E? = 411 {4q;(d) <d;§ly) |y=d) +1(d) (1 + i%;y) \y:d) } (2.1.36)

4w _,

sind(d) = ——%———

4QCE0 ](d)

Evaluation of equations (2.1.35), (2.1.36) leads, by using equation (2.1.8),
(2.1.33), (2.1.34), to

(2.1.37)

1 dv — % F5]?) ¢ > 0,
B - = L@ W ) e ol (2.1.38)
“ 0, <0
and hence to
- Ta Qg > 07
R = (2.1.39)
1, ¢<0
where R = @—2'2, T = qsq'%f. In the transmission case the incident intensity
0 [d0]

E? is related to the transmitted intensity I(0) according to (cf. (2.1.35),
(2.1.8))

, 1 g Y wI(0)\’
E°‘1{4qu<d>( i bea) + 10 (1 1) } (2140

In the total reflection case the incident intensity FEZ is related to the trans-
mitted intensity /(0) according to (cf. (2.1.35), (2.1.8)), (2.1.32)),

B = i {4(1;((1) (d;(yw !y:d> +I(d)}. (2.1.41)

The phase shifts on transmission d; and on reflection ¢, are determined by
equations (2.1.24), (2.1.27) and (2.1.38) according to

d
5, = 9(0) = 9(d) + 1(0)qs / % (2.1.42)



in 5, — fédﬁ sin9(d), (2.1.43)

which implies, taking into account equation (2.1.37),

dI(y) ly—d
sind, = — dy — . (2.1.44)
2/ s
4QCEO I- qchg
for the transmission case and
I(d
0r = J(d) = 9(0) = arccos Q, (2.1.45)
2E,
I(d
0, = 20(d) = arccos % (2.1.46)
0

for the total reflection case [cf. Appendix D].

Contrary to the integration constant ¢; the integration constant co depends,
according to equation (2.1.16), on the permittivity function e¢(y).

2.1.3 Transmission (¢ > 0)
Solutions

Using equations (2.1.9), (2.1.16), (2.1.25) and (2.1.29), the constant of inte-
gration ¢y in equation (2.1.18) is determined by [cf. Appendix E]

¢y = 2|BEs|* (g2 + ¢7(0)) = 21(0)(¢Z + ¢7(0)). (2.1.47)

Taking into account equations (2.1.17), (2.1.25) and (2.1.29), fo(y) is given
by
To(y) = I(0) cos(2ky), (2.1.48)

with I(0) (= |F3]?) related to E? according to equation (2.1.40). Introducing
I(y) = I(y)/1(0) and using the relations of the foregoing subsection the

normalized intensity I(y) and the phase ¥(y) can be written as

1(y) :cos(2/$y)+w&n2(my)+ / yK(y,t)f(t)dt, (2.1.49)

10
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Figure 2.1: (a) Dependence of the field intensity I(y) (first iteration) inside
the slab on the transverse coordinate y for ¢, = ¢, = 1,5(} = 15,¢ =
0.357, B2 = 1,d = 1.5. Dashed curve corresponds to the periodic dependence
of e4(y) = €% + dcos?b(¥) for v = 55,b = 10. The solid curve corresponds
to the case of constant permittivity (y) = €% (6 = 0); (b) the difference
between the intensities from (a).

with x% = 4m¢} —p?, where equations (2.1.47), (2.1.48) have been used, and,
taking equations (2.1.24), (2.1.33), (2.1.37) into account,

dp
% ly=d

d
— _ +q5/ AT g (2.1.50)
VL | aa Ty P T0)

Y(y) = — arcsin

Equations (2.1.39), (2.1.40) together with equations (2.1.49), (2.1.50) allow
the optical response of the linear film to be calculated for arbitrary thickness
d, arbitrary angles of incidence ¢ and arbitrary permittivity ;(y). Equations

(2.1.40), (rewritten with normalized intensity I(y)), and (2.1.49) constitute
a generalization of Fresnel’s formulae in linear optics [28].

Numerical results

To illustrate the foregoing analysis a periodic dependence of ¢(y) such that
£¢(y) = ycos? b(y/d) is assumed.

The first and the second iteration of (2.1.49) lead to expressions for /(y) and
Y(y). The corresponding field intensity inside the slab is shown in Figures
2.1-2.3. In Figure 2.4 the phase J(y) is plotted.
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Figure 2.2: Dependence of the field intensity I(y) (second iteration) inside
the slab on the transverse coordinate y for the same parameters as in Figure
2.1.
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Figure 2.3: The difference between the field intensities after the first and
second iteration.

Using equation (2.1.40) the reflectivity R is given by

~

R=1- 164.4.1(d) . (2.1.51)

o~

(P |, )2 4 4(q.T(d) + q.)?

Plots of R are presented in Figure 2.5. The character of the obtained depen-
dence of R on the problem’s parameters (thickness d, angle of incidence ()
agrees in general with the ones obtained for periodic layers [29]. The region,
where R =~ 1 is analogous to Bragg reflection, well known in the dynamical
theory of X-ray reflection [30].

12
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Figure 2.4: Phase 9(y) inside the film, parameters as in Figure 2.1
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Figure 2.5: (a) Dependence of the reflectivity R on the layer thickness d for
the same parameters as in Figure 2.1; (b) dependence of the reflectivity R
on the angle of incidence ¢ for the same parameters as in Figure 2.1.

2.1.4 Total reflection (¢2 < 0)
Solutions

Using equations (2.1.9),(2.1.16),(2.1.25) and (2.1.31), the constant ¢ in this
case is determined by

¢z = 21(0)(¢7(0) + G°). (2.1.52)
According to equations (2.1.17), (2.1.25), (2.1.31), Iy(y) for the total reflec-

tion case is determined by

~ 7.1(0

To(y) = 10) cos(ry) + Y in 2y, (2.1.53)

with 7(0) (= |Fj3]?) related to E? according to equation (2.1.41).

13
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Introducing I(y) = I(y)/1(0) and inserting equations (2.1.52), (2.1.53) into
equation (2.1.19) one obtains

= I (4F(0) +¢5°)

I(y) = cos(2ky) + 1s sin(2ky) + sin®(ky)
K

(2
v N
+/ K(y,t)I(t)dt. (2.1.54)
0
The phase constant ¥J(0) = 9(d) is given by equation (2.1.45).

1y) Diff
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! |
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5! 01 o0z oa 704 o5 '

(a) (b)

Figure 2.6: (a) Dependence of the field intensity I(y) (first iteration) in-
side the slab on the transverse coordinate y for . = 2,e, = 1,5(} =3,p =
0.357, B2 = 1,d = 0.6. The full curve corresponds to the periodic depen-
dence of ¢(y) for v = 0.03,b = 10. Dashed curve corresponds to the case of
constant permittivity e;(y) = €} (v = 0); (b) difference between the intensi-
ties from (a).

Numerical results

To illustrate the procedure in this case, again the periodic dependence of
er(y) (Ep(y) = ycos®b(Y)) is assumed. The first and second iterations of
(2.1.54) yield I(y) for the total reflection case. The results are presented
in Figures 2.6, 2.7. The permittivity constant ¢, in substrate is less then
in cladding and film, thus the sinusoidal wave is (internally) reflected off an
interface so that total internal reflection occurs. The corresponding plot of
the electromagnetic field in three layers, where an evanescent wave is formed
in substrate, is shown in Figure 2.8.

14
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Figure 2.7: (a) Dependence of the field intensity I(y) (second iteration) inside
the slab on the transverse coordinate y for the same parameters as in Figure
2.6; (b) Difference between the field intensities after the first and second
iteration.

oy film cl addi ng

Figure 2.8: Dependence of the field intensity I(y) (first iteration) in cladding,
film and substrate on the transverse coordinate y for the periodic dependence
of e¢(y) and for the same parameters as in Figure 2.6.
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2.2 Transmission and reflection at a Kerr-like
nonlinear lossless dielectric film

2.2.1 Reduction of the problem to a Volterra integral
equation

In the following a permittivity according to (2.1.1) is assumed, but with a
Kerr-like nonlinearity inside the film

6f:5(}+§f(y)+aE2(y), 0<y<d, (2.2.1)

with a real Kerr constant a. Using the same arguments as in Section 2.1.1
(cf. equations (2.1.3), (2.1.4), (2.1.5)) one obtains in place of equation (2.1.6)

*E(y) di(y)
i e ()

2
) + [47°(e} + &5 (y) + aE*(y)) — p°] E(y) = 0.

(2.2.2)
In place of equations (2.1.19),(2.1.20) now the intensity is given by

I(y) = Iy(y) + % sin?(ky) + /Oy K(y,t, I(t))I(t)dt, (2.2.3)

with the kernel

sin 2k(y — t)

Ky, t,I(t)) = (874 (t) + 67%al(t)) +

L sin? k(y — t) deg(t)

2.24
K2 dt ( )

Compared with (2.1.20) the kernel now depends on I(¢) with the consequence
that iteration of (2.2.3) leads to a sequence (instead of a series)

I;(y) =Io(y)+/OyK(y,t,Ij_l(t))lj_l(t)dt, j=1,2,... (2.25)

where Iy(y) is given by equation (2.1.23). As shown in Appendix F this
sequence uniformly converges to the solution I(y) of equation (2.2.3)

I(y) = lim I;(y). (2.2.6)

Jj—00

The uniform convergence is proved using the Banach Fixed-Point Theorem
[cf. Appendix G]. The condition for convergence leads to a constraint for the
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parameters of the problem (definitions of ||Ny||, || Na]|, ||Zo]| see Appendix C
and F)
| N2/ Na |- o [ < 1. (2.2.7)

It should be noted that inequality (2.2.7) is only a sufficient condition. To
evaluate it, the function €(y) and the nonlinearity must be prescribed (an
example how (2.2.7) can be evaluated is given in Appendix H).

2.2.2 Transmission (¢ > 0)
Solutions

For real g, instead of equation (2.1.47) one obtains
¢y = 21(0)(qZ + q7(0) + 27%al(0)), (2.2.8)
so that equation (2.2.3) reads, taking into account equation (2.1.48),

(¢ + ¢7(0) + 27%al (0))1(0)

I(y) = I1(0) cos(2ky) + sin?(ky) +

/ DKt ) (B, (2.2.9)

with 7(0) (= |F3]?) related to E? according to equation (2.1.40).

The phase ¥(y) is given by

(—~ dil(y)) |y—d 4 4. 1(0)
. V) Y B s
Hy) = — dr. 221
(v) arcsin 105 —|—/y 1) T ( 0)

Numerical results

A periodic dependence of £¢(y) as for the linear case is assumed. The first
iteration of equation (2.2.9) is shown in Figure 2.9. For the special case v = 0
the results of the present method can be compared with the exact analytical
solution [31] ( cf. Figure 2.10).

By means of a parametric plot the reflectivity R and the phase on reflection 4,
can be evaluated straightforwardly. Results are depicted in Figures 2.11,2.12.
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1(y)

0.25 0.5 0.75 1 1.25

Figure 2.9: Dependence of the field intensity I(y) (first iteration) inside the
slab on the transverse coordinate y for a = 0.01, other parameters are the
same as in Figure 2.1.

1y) diff
0.75 0.006

0.7 0.005

0-65 0.004
0.6
0.003
0.55
0.002
0.5

0.45 0.001

Figure 2.10: (a) Dependence of the field intensity /(y) inside the slab on the
transverse coordinate y for e, = 1,e, = 1.7, 6(} = 1.3, =1063.5°0=10,v =
0,E2 =1,d = 1.5,a = 0.01. Solid curve corresponds to the exact solution
and dashed to the first iteration of equation (2.2.9); (b) the difference between
the curves from (a).

10R

Figure 2.11: Dependence of the reflectivity R on aFE2 and on the thickness d
fore. =1,e, = 1.7, 5(} =13, =63.5°7=0.
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Figure 2.12: Dependence of the phase of reflection ¢, on aE3 and d for the
same parameters as in Figure 2.11.

2.2.3 Total reflection (¢ < 0)
Solutions

If g, is pure imaginary, the integration constant ¢, is given by
¢ = 21(0)(g;” + ¢}(0) + 27°al (0)) (2.2.11)

so that the solution of equation (2.2.3) reads, taking into account equation
(2.1.53),

I(y) = I(0) cos(2ky) + q}l;i(O) sin(2ky) +

1(0)(q:* + ¢3(0) + 27%al (0))

sin?(ky)

+ / " Kyt I(0)()dt. (2.2.12)
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substrate film cl addi ng

-2

Figure 2.13: Dependence of the electric field (first iteration) inside the slab
on the transverse coordinate y for the same parameters as in Figure 2.6. Solid

curve corresponds to the linear case (a = 0), dashed curve to the nonlinear
case (a = 0.01).

Numerical results

Fixing the parameters of the dielectric slab and assuming periodic depen-
dence of £;(y) (4(y) = ~ycos?b(y/d)), the numerical results of the total
reflection case can be illustrated. The first iteration of equation (2.2.9) is
shown in Figure 2.13. Three dimensional picture of the dielectric slab is
presented in Figure 2.14. Again the evanescent wave is formed in substrate,
associated to total internal reflection.
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Figure 2.14: Dependence of the electric field (first iteration) in three layers
on the transverse coordinates y and z for . = 2,6, = 1,5(} = 1.6,p =
0.35m, B2 =1,d = 0.9,a = 0.01,y = 0.03,b = 0.1.

2.3 General remarks on the method

Before applying the method to more general permittivities (complex-valued
and saturating) it seems suitable to outline the ductus of the method on the
basis of the foregoing chapters.

The main steps are:

(I) Transformation of Maxwell’s equations to Helmholtz equations (2.1.3) by
assuming a harmonic time dependence,

21
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(I) transformation of Helmholtz equations (2.1.3) to a Volterra equation
(2.1.18) for the intensity /(y) inside the film by using a rather general ansatz
(2.1.2) for the field inside the film (E(y)e'®*+?W)),

(III) iteration of the Volterra equation to obtain an approximate solution for
the intensity I(y) inside the film (check of the condition of convergence in
the nonlinear case),

(IV) evaluation of the boundary conditions to determine the integration con-
stants ¢; (cf. equation (2.1.24)), co (in the Volterra equation) depending on
the permittivity e¢(y), the parameters ., ¢, and the angle of incidence ¢
(transmission or total reflection),

(V) using the approximate solution I(y) to deduce a generalized Fresnel
formula (cf. (2.1.40)) depending on ¢, ¢,

(VI) calculation of the phase function ¥(y) (cf. (2.1.24)), the phase shifts
O, 0 (cf. (2.1.42), (2.1.44), (2.1.45), (2.1.46)), and the reflectivity R (cf.
(2.1.39)) depending on ¢y, co

(VII) if necessary, further iterations of the Volterra equation to obtain better
approximations for R, d,., d;.

Some comments to the foregoing are appropriate:

(i) Subject to the ansatz the transformation according to step (II) seems
always possible; it does neither depend on the permittivity nor on the dis-
crimination between the transmission and the total reflection case.

The essential feature of transformation (I) is the transition from a nonlinear
differential equation for the intensity I(y) (cf. (2.1.12)) to a linear integro-
differential equation (cf. (2.1.16)) that is equivalent to a Volterra integral
equation (cf. (2.1.18)). Apparently, this procedure works for rather general
permittivity functions.

(ii) The integration constant ¢; does not explicitly depend on the permittivity
function (¢; = —¢s1(0) if g5 > 0, ¢; = 0 if g5 = i|gs]).

(iii) Comparison of the linear and nonlinear case shows that the structure
of the Volterra equation is not changed (cf. equations (2.1.19) and (2.2.3)),
whereas the kernel K and the integration constant ¢y are different (cf. equa-
tions (2.1.20), (2.2.4), (2.1.47), (2.2.8), (2.1.52), (2.2.11)).
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(iv) As will be seen in the following the main steps remain unchanged if more
general permittivities are considered. Changes occur for K and ¢, leading to
more complicated solutions /(y) and thus to J(y) (cf. equations (2.1.24) and

(3.1.4).
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Chapter 3

Transmission and reflection at
an absorbing dielectric film

3.1 Transmission and reflection at a linear
absorbing dielectric film

3.1.1 Reduction of the problem to a Volterra integral
equation

In this chapter the (linear) absorbing dielectric film is considered [32], [33].
The permittivity in the Helmholtz equation is modelled by a complex-valued
function according to

Eey Y > d,
e(y) =19 er=cr(y) +ier(y), 0<y<d , (3.1.1)
€s, Yy <0,
with real constants .., €, and real valued continuously differentiable functions
er(y),e1(y).

The fields are written in the same form as for the case with real-valued
permittivity, according to equation (2.1.2). Considering the case of normal
incidence [34] (p = 0), the parameter g; must be real, if negative ¢, is excluded
[34].
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Following the lines of the previous chapter one obtains in place of (2.1.6),(2.1.7)

PB(y) W)\ 1y
nd Po(y) | dd(y) dE(y)
Y Y Y 2
E 2 4 E(y) =0. 3.1.3
(y) T + B dy +4r7er(y)E(y) =0 (3.1.3)
Equation (3.1.3) can be integrated leading to (cf. equation (2.1.8))

EQ(y)%;y) = ¢; — 4r? /Oy er(T)E*(T)dr,

so that the phase is given by

o) = o)+ [ o —an [T [Ca@p0d (1)
= c e — : 1.

’ Ve B@ T e B0 S

Insertion of di(y)/dy according to equation (3.1.4) into equation (3.1.2) leads

to

PEG) (1 —4Am? [ e/(t)E?(t)dt)?

a2 T UmWEW) - ) =0, (3.1.5)
with
07, (y) = A*eR(y). (3.1.6)

As for real permittivity, real g5 (transmission) implies ¢; # 0.

Setting I(y) = E*(y) and representing ex(y) in the form eg(y) = €5 +Er(y),
where €% is a constant, one obtains from equation (3.1.5)

ddg(?%/) +4d(qu(dyy)f(y)) _ 2d(q§y(y))j(y)

1672 (y)(cr — An2 / S () I(#)d). (3.1.7)

Equation (3.1.7) can be integrated to yield

TI0) s 1(y) = <1672 1)+ 57° [ 20
dy 0

—|—647r4/0y51(t) (/ 1(2)I(z )dz)dt—167r cl/ er(t)dt + ¢y, (3.1.8)
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where r? = 472¢% and ¢y a constant of integration. The homogeneous equa-
tion d*1(y)/dy* + 4k*I(y) = 0 has the solution

Iy(y) = Acos(2ky) + Bsin(2ky), (3.1.9)

so that the general solution of equation (3.1.8) reads

1) = D) + [ ™20 (o~ 10r(o) 100
+87 / t %Z(z)f (2)dz +

647? /Otgl(z) (/Ozej(z')](z')dz’>dt— 167%¢c; /Otf:[(z)dz), (3.1.10)

where the constant ¢y must be determined by means of the boundary con-
ditions. Calculating some of the integrals on the righthand side of equation
(3.1.10) one obtains

I@)—Lﬁ»—lmﬂéyﬁfégiﬁéﬂwﬂwﬁ
+872 / ! sin” ’;g —Y) dg§t<t)[ (t)dt
647 /ygf(z)z(z) /y%/tSI(T)detdz, (3.1.11)

where

~ Y sin2k(y —t
In(y) = Ih(y) + 02/ %dt
0 K

Y 4in?2 _ t
—167r2c1/ w/ er(2)dzdt. (3.1.12)
0 2K 0

The integration constants ¢, co are determined analogously to the real case
but now taking into account equations (3.1.5), (3.1.8). Hence

G = _QSI<0)7
¢y = 21(0)(qZ + q7,(0)). (3.1.13)

3.1.2 Reflectance, transmittance, absorptance and phase
shifts

Conservation of energy requires that the absorptance A of the film be ex-
pressed by reflectance R and transmittance T according to [36]

A=1-R-T, (3.1.14)

26



with

L E%(0

T Z— E(2>, (3.1.15)
c 0
|E*

R= (3.1.16)
Eg

The intensities E2 and E? of the incident and reflected waves are related to
the transmitted intensity I(0) according to (cf. (2.1.35), (2.1.36), (3.1.4))

4 d 2N
X (%@) |yd)2 ¢s1(0) + 4n? [ e1(7)I(7)dr
=022 L )1+ 0 :
4 4q2I(d) q.1(d)
\ /
(3.1.17)
( d 2
. (%(y) |y:d> ¢s1(0) +4n? [ ef(m)(T)dr
2= (d) |1 0
4 4q21(d) q.1(d)
\ (3.1.18)
Equation (3.1.4) implies
dv ;
E%d)# ly=a= —q,E*(0) — 47° /6[(7’)E2(T)d7'. (3.1.19)

0

By insertion of equations (2.1.35) and (2.1.36) into equations (3.1.15) and
(3.1.16), using (3.1.19), the absorptance A can be written as

A:

d

4 9

L /E[(T)E (1)dr. (3.1.20)
0

The phase shift on reflection 4, is determined by equations (2.1.27), (2.1.28),

(3.1.14) and (3.1.16). Evaluation yields

_ E(d) dgé,y) |y:d
2. E3V1—-T — A

sin 6, = (3.1.21)

The phase on transmission d;, is equal to ¥(0) and can be obtained by inte-
grating equation (3.1.19) using equation (2.1.37). The result is

d < dI(y)
2 2 U
0 =9(0) = / 2570 + chOA(T)dT + arcsin —dy—‘y_d , (3.1.22)
E2(7) 4q.Eor/1(d)
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where

A(y) == qigg /éj(T)EQ(T)dT (3.1.23)

denotes the absorptance of a film of thickness y. The phase shift on trans-
mission can be also obtained according to equation (3.1.4).

3.1.3 Solutions

Introducing 1| (y) = I(y)/1(0) and using the relations of the foregoing sub-
section the normalized intensity 7(y) and the phase ¥(y) can be written as

f(y) = cos(2ky) + qu(()) sin?(ky)

2
+167r2q5/ sin2r(y / z)dzdt
0
t) -

1672 / 8““2*”"( w(OT(1)dt

5 [Ysin /ﬁ(y—t) deg(t) ~
t)dt
+om /0 2kK? dt ®)

v -~ Vsin2k(y —t) [*
6 / ()1 (2) / Sm";—y) / c/(P)drdtdz,  (3.1.24)
0 z K z

with #* = 47%}, where equations (2.1.48), (2.1.33), (2.1.47) ,(3.1.11), (3.1.12)
have been used, and, taking equations (3.1.19), (2.1.33), (2.1.37) into ac-
count,

7 A dI(y)
E? EZA = ly=
Hy) = / .57(0) 1 4. By A(T) dr + arcsin (—dy—|yd> . (3.1.25)

E2(7) 4q.Eo\/1(d)
Y
Equations (3.1.17),(3.1.20) together with equations (3.1.24), (3.1.25) allow
the optical response of the linear film to be calculated for arbitrary thickness
d, arbitrary angles of incidence ¢ and rather arbitrary complex-valued per-
mittivity €;(y). Equations (3.1.17), with the normalized intensity I(y), and
(3.1.24) constitute a generalization of Fresnel’s formulae in linear optics [28].
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Numerical results

Again a periodic dependence of £4(y) (€(y) = v cos?b(y/d)), and, for sim-
plicity, £; =const is assumed. Expressions for I(y) and J(y) can be obtained
evaluating the first iteration of (3.1.24). The corresponding field intensity in-
side the slab is shown in Figure 3.1. In Figure 3.2 the phase 9(y) is plotted.
The field intensity after the first iteration can be compared with the exact
numerical solution of the system of differential equations (3.1.2), (3.1.3). The
corresponding plots are shown in Figure 3.3. Plots of A and R are presented
in Figure 3.4. Using a parametric plot routine the absorptance A and the re-
flectivity R can be evaluated straightforwardly. Results are shown in Figure
3.5.

\/b. 2 04 06 08 7
0.25 ‘

Figure 3.1: Dependence of the field intensity I(y) (first iteration of equation
(3.1.24)) inside the slab on the transverse coordinate y for e. = 1, 5 =
1.7, 6% = 35,6, =01, By =1,d = 1,7 = 0.03,b = 0.1.

N A O

d

|
I
I
I
|
I
I
I
I
I
I
I
I
I
I
I
0.2 0.4 06 0.8 Y

Figure 3.2: Phase ¥(y) according to equation (3.1.25), parameters as in figure
3.1.
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Figure 3.3: (a) Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y for the same parameters as in figure 3.1. Solid curve
corresponds to the first iteration of equation (3.1.24) and dashed curve to
the numerical solution of the system of differential equations (3.1.2), (3.1.3);
(b) the difference between the curves from (a).

0.175
0.15
0.125
0.1
0.075
0.05
0.025

0.1 0.2 0.3 0.4 05 06 0.7 d

(a) (b)
Figure 3.4: (a) Dependence of absorptance A on the layer thickness d; (b)

Dependence of reflectance R on the layer thickness d. Parameters are as in
figure 3.1.
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Figure 3.5: (a) Dependence of absorptance A on the layer thickness d and E?;
(b) Dependence of reflectance R on the layer thickness d and E?. Parameters
are as in figure 3.1.
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3.2 Transmission and reflection at an absorb-
ing Kerr-like nonlinear dielectric film

3.2.1 Reduction of the problem to a Volterra integral
equation

Again the transmission case (g real) is considered with a nonlinearity of the
permittivity according to

e =er(y) +ierly) +aFE*(y), 0 <y <d, (3.2.1)

with a real constant a. Using the same arguments as in Section 3.1.1 one
obtains in place of equation (3.1.2)

d Zﬁy) — E( )(%) + [47%((£% + Zrly)) + aE*(y))] E(y) = 0. (3.2.2)

Equation (3.1.11) reads in this case

I(y)=fo(y)+/yw

0 Q% (_167253(75)1.@) — 127r2a[2(y)) dt

Y o2 ~
o [Ysin® k(y —t) deg(t)
I(t)dt
+om /0 2k?2 dt (®)

6t /0 Y (o) (2)d / ' S’m%z(#{ / y(r)drhdt, (32.3)

where Iy(y) is given by equation (3.1.12). As in section 2.2.1 the solution of
the nonlinear integral equation (3.2.3) can be represented as a limit of the
uniformly convergent sequence /;(y) [cf. Appendix I

I(y) = lim I(y), (3.2.4)
I;(y) :Io(y)—i-/oyf((y,t,fj1(t))fj1(t)dt, j=1,2,... (3.25)

where Iy(y) is given by equation (3.1.12) and where K can be written similar
to (2.2.4), taking into account (3.2.3) (cf. equation (3.2.7)). The uniform
convergence is again proved using the Banach Fixed-Point Theorem. The
condition for the convergence leads to a constraint for the parameters of the
problem (definitions of || V.||, [[Va]|, [[{oc]| see in Appendix I)

[Nl + 24/ N2l oc]| < 1. (3.2.6)
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3.2.2 Solutions

For real ¢,, the constants of integration ¢; and ¢, are given by the equations
(2.1.33) and (2.2.8) respectively, so that equation (3.2.3) reads, taking into
account equation (2.1.48),

I(y) = 1(0) cos(2ry) + (g; +45(0) +:27T2al(0))](0)

Ysin2e(y —t) [*
+167r2q5/ w/ er(z)dzdt
0 0

sin?(ky)

2K
N / TSI ) ez (01() — 120%1%(y) dt

2K
Ysin? k(y — t) deg(t)
8 I(t)dt
rem /0 2kK? dt (t)

647 /O D () (2)de / y%{ / (M (3.27)

with 7(0) (= |E3|?) related to EZ according to equation (2.1.40).The phase
Y(y) is given by (3.1.25).

Numerical results

Assuming the same periodic dependence of £¢(y), as in the linear case the
first iteration of (3.2.7) leads to expressions for the field intensity I(y) and the
phase ¥(y) of the dielectric film, which are plotted in Figures 3.6-3.7. Plots
of the field intensity I(y) after first iteration and of the numerical solution of
the system of differential equations (3.2.2), (3.1.3) are shown in Figure 3.8.
[llustrations of absorptance A and reflectivity R are presented in Figures 3.9
and 3.10. For larger E? the dependence of R on EZ is shown in Figure 3.11.
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Figure 3.6: Dependence of the field intensity I(y) (first iteration of equation
(3.2.7)) inside the slab on the transverse coordinate y for a = 0.01. The
other parameters are as in figure 3.1.
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Figure 3.7: Phase ¥(y) according to equation (3.1.25), parameters as in figure
3.1, a=0.01.
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Lie(y), Toum(y)
Lie(y) = Foum(y)
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Figure 3.8: (a) Dependence of the field intensity I(y) inside an absorbing
Kerr-like nonlinear dielectric slab on the transverse coordinate y for the same
parameters as in figure 3.6. Solid curve corresponds to the first iteration of
equation (3.2.7) and dashed curve to the numerical solution of the system of
differential equations (3.2.2), (3.1.3); (b) the difference between the curves
from (a).

1

Figure 3.9: Dependence of the absorptance A on E? and d for the same
parameters as in Figure 3.6.
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R

Figure 3.10: Dependence of the reflectivity R on E? and d for the same
parameters as in Figure 3.6.

Figure 3.11: Dependence of the reflectivity R on aE? and d for the same
parameters as in Figure 3.6.

36



Chapter 4

Transmission and reflection at
a lossless dielectric film with a
saturating permittivity

4.1 Reduction of the problem to a Volterra
integral equation

The permittivity of the film is assumed to be modelled according to

aF*(y)

——— d 4.1.1
Takrg) V< (4.1.1)

£f = 5? +&¢(y) +

with real constants 6?, a,r and a real-valued continuously differentiable func-
tion £¢(y). Using the same arguments as in Section 3.1 equation (3.1.2)
reads

d2fy(2y) —E(y) (%?)1 [47# (5(} +E4(y) + %) = pQ] E(y) = 0.
(4.1.2)
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In place of equations (2.1.19),(2.1.20) one obtains

42 Y de.
1) = 1) + 5 [ sn ety = 0 1y
2 1y
ST sin2k(y — 7)ep(m)I(T)dr
k- Jo
8r? [Y
- in2k(y — 7)I(7)d
| sin 2k(y — 7)I(7)dr
472

Kar?

/Oy sin2k(y — 7) In(1 + arl(7))dr, (4.1.3)

v 1
/ sin2k(y — 7)—————dr
0

1+ arl(r)

’/T2

Kar?
with ) )
~ 167 sin” Ky

Io(y) = lo(y) + (c2 — )W’
where fo(y) is given by equation (2.1.17). Following the same lines of calcu-
lation as for the linear case, the constant of integration ¢, in equation (4.1.4)
is determined by [cf. Appendix E]

(4.1.4)

ar?

272
2 = 210)2 + 3 0) - T
+8—7T2 (2 +2arI(0) + _ In(1+ aTI(O))) (4.1.5)
ar? 1+ arl(0) o
for the transmission case and
272
2 = 210)E + 0) - 1
+8—7T2 (2 +2arI(0) + _ In(1+ arI(O))) (4.1.6)
ar? 1+ arl(0) o

for the total reflection case.

Similar to the forgoing section 3.2.1 the solution of the nonlinear integral
equation (4.1.3) can be represented as a limit of the uniformly convergent
sequence /;(y), according to equations (3.2.4),(3.2.5), where K can be writ-
ten similar to (2.2.4), taking into account (4.1.3) (cf. equation (4.2.1)) [cf.
Appendix J]

The uniform convergence can be proved and the condition for convergence
implies (definitions of || Ny]|, || N2||, || V3| and || V4] see in Appendix J)

INol+ (L + QI N _
g

| N1 || + || Ve + (4.1.7)
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4.2 Transmission (¢° > 0)

4.2.1 Solutions

Using equation (2.1.48) for I(y) for the case of real ¢, and taking into account
the constant of integration cp, which is given by equation (4.1.5), equation
(4.1.3) yields

119) = 10)cos2en) + (210)a? + G0 -

872 1 1672 sin?
+2(2 + 2ar1(0) + —In(1 + arl(0))) — —= ) MY
ar

1+ arl(0) ar? 2K?2
4% [V de
+/€—7T2 i sin? k(y — 7) 857(_T>I(T)d7'
8r? [V -
_oT sin2k(y — 7)ef(T)1(T)
Kk Jo
82 [Y
- in 2 —7)I
| sin 2k(y — 7)1(T)
Am? [V 1
— in 2 —7)—————d
/<;a1”2/0 sin 2 (y T)l—l—arI(T) !
472

Kar?

/Oy sin2k(y — 7) In(1 + arl(r))dr,(4.2.1)

with 7(0) (= |E3]?) related to E? according to equation (2.1.40). The phase
Y(y) is given by (2.2.10).

4.2.2 Numerical results

Again a periodic dependence of £4(y) (£;(y) = ycos®b(y/d)) is assumed.
The first iteration of (4.2.1) leads to expressions for I(y) and J(y). The
corresponding plots of the field intensity are shown in Figure 4.1. The results
after the first iteration can be compared to the numerical solution of the
system of differential equations (4.1.2), (2.1.7). The corresponding plots are
in Figure 4.2. In Figure 4.3 the phase J(y) is plotted. A plot of the reflectivity
R is presented in Figure 4.4.
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Figure 4.1: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y and EZ for a = 0.01, r = 1000, e. = 1, g, = 1.7, E(} =
3.5,0=1.107, d=1,7=0.033,b = 0.1.
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Figure 4.2: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y for |F3|? = 0.1. Other parameters are as in figure
4.1. Solid curve corresponds to the first iteration of equation (4.2.1) and
dashed curve to the numerical solution of the system of differential equations
(4.1.2), (2.1.7).
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Figure 4.3: Phase function 9(y, E2) according to equation (2.2.10) inside the

slab. Parameters as in figure 4.1.
Figure 4.4: Dependence of the reflectivity R on the layer thickness d and on

the incident wave intensity E? Parameters as in figure 4.1.
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4.3 Total reflection (¢*> < 0)

4.3.1 Solutions

Using equation (2.1.53) for Io(y) for the case of pure imaginary ¢, and taking
into account the constant of integration ¢, which is given by equation (4.1.5),
equation (4.1.3) yields

I(y) = 1(0) cos(2ky) + (jsl;fo 8721%(0)

1+ arl(0)

) sin(2ky) + (2](0)((}3 + q7(0))

872 1 1672\ sin? ky
— (24 2arI(0 ——— —In(1 1(0))) —
+ar2( +2ar(0) + 1+ arl(0) a1 +arl(0))) arQ) 2K?
A2 [V de
+—:2 i sin? I{(y—T)—gcjgf_T)[(T)dT
8n? [V -
T [ sin 2k(y — T)Ep(T)I(T)dT
K Jo
82 [V
— in2xk(y — 7)I(7)d
], sin 2k(y — 7)I(T)dr
472 [V 1
- in2k(y — 7)———+—d
KZCLTQ/(; sin 26(y T>1—|—CLT[<T> ’

47

Kar?

/Oy sin2k(y — 7)In(1 + arl(r))dr, (4.3.1)

with 7(0) (= |E3]?) related to E? according to equation (2.1.41). The phase
constant ¥(0) = 9J(d) is given by equation (2.1.45).

4.3.2 Numerical results

The numerical results are shown for a periodic dependence of €¢(y) (E¢(y) =
vcos?b(y/d)). The field intensity inside the slab after the first iteration of
(4.3.1) is shown in Figure 4.5. The results after the first iteration can be
compared to the numerical solution of the system of differential equations
(4.1.2), (2.1.7). The corresponding plots are in Figure 4.6.
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Figure 4.5: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y and EZ for a = 0.01, r = 1000, €. = 1.7, g, = 1, E(} =
35,0 =1.107, d = 1,7 = 0.033,b = 0.1.
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Figure 4.6: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y for |F3]? = 0.1. The other parameters are as in figure
4.5. Solid curve corresponds to the first iteration of equation (4.3.1) and
dashed curve to the numerical solution of the system of differential equations
(4.1.2), (2.1.7).
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Chapter 5

Transmission and reflection at
an absorbing dielectric film
with a saturating permittivity

5.1 Reduction of the problem to a Volterra
integral equation

For absorbing media the permittivity in the Helmholtz equation is modelled
by
aE?(y)

1+ arE?(y)
with real constants 5(}, a,r and real-valued continuously differentiable func-

tions €g(y),er(y). Using the same arguments as in Section 3.1.1 equation
(3.1.2) is replaced by

dey(Qy) — E(y) (%(yy)) . [47r2 (gg +Er(y) + %)} E(y) = 0.
(5.1.2)

5f:€?c+§R(y)+i51(y)—l— , 0 <y <d, (5.1.1)
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In place of equation (4.1.3) one obtains

42 (Y de
1) = hiw) + 5 s uty — ) L 17y
K% Jo dr
2 Y
—8l sin 2k(y — 7)er(T)I(T)dT
Kk Jo
82 [Y
- in 2 —7)I(7)d
el sin 2k(y — 7)I(7)dr

Am? [V 1
_ in?2 B R |
/<aa7’2/0 sin 2r(y T)l—l—arI(T) T

b In(1 + d
n2k(y — 1 1
/mTQ/O sin 2k(y — 7) In( arl(T))dr

6t /0 Y () (2)dz / ysm%%t){ / c(DdrY (5.1.3)

where Iy(y) is given by

. 1672 sin? Ky
L(y) = I _ SRy
oy) = lo(y) + (2 = —5)—

Y 4in?2 — ¢
—167‘(‘261/ w/ er(z)dzdt. (5.1.4)
0 2k 0

The constant of integration ¢y in equation (5.1.4) is determined by equation
(4.1.5).

Following the arguments of the forgoing section the solution of the non-
linear integral equation (5.1.3) can be also represented as a limit of the
uniformly convergent sequence [;(y) [cf. Appendix K]. The uniform con-
vergence is proved and the condition for convergence now yields (definitions
of [| N[l | Na |, [ Nsll, | Na]l and [[N]| see in Appendix K)

[N+ [N+ ([ Nel| +

N. 1 N.
r

5.1.1 Solutions for the transmission case

Using equation (2.1.48) for Io(y) for of real ¢, and taking into account the
constant of integration ¢y, which is given by equation (4.1.5), equation (4.1.3)
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reads

I(y) = 1(0) cos(2ry) + (21(0)(¢? + ¢3(0)) — %

812 1 1672 sin® ky

—(2+ 2arl(0) + ——— —In(1 1(0))) —
+ar2( * ar<)+1+arl(0) n(1 +arl(0))) ar2) 2K?
Ysin2k(y —t) [*
—16%201/ %/ er(2)dzdt
0 2k 0
4m? (Y de.
,.;J_7r2 i sin? k(y — T)—Eéiﬂ I(T)dr
82 [Y ~
[ sin 2k(y — T)Ep(T)I(T)dT
k- Jo
8r2 [V
—— in2k(y — 7)I(7)d
| sin 2k(y — 7)1 (7)dT
4% (Y 1
— in2k(y — 7)———+—d
mw"?/o sin 2+ (y T>1+arl(7') ’
42

/Oy sin2k(y — 7) In(1 + arl(1))dr

647 /0 L () (2)dz / y%{ / e (r)dr}dt, (5.1.6)

with 7(0) (= |E3|?) related to E? according to equation (2.1.40). The phase
Y(y) is given by (2.2.10).

5.1.2 Numerical results

For illustration again a periodic dependence of £;(y) is assumed (;(y) =
vcos?b(y/d)). The first iteration of (5.1.6) leads to expressions for I(y) and
Y(y). The corresponding field intensity inside the slab is given in Figure
5.1. The results after the first iteration can be compared to the numerical
solution of the system of differential equations (5.1.2), (3.1.3) for the fixed
parameter |F3|?. The illustration is shown in Figure 5.2. In Figure 5.3 the
phase J(y, E?) is plotted. Pictures of absorptanse A and of reflectivity R are
presented in Figures 5.4-5.5. Again, €; =const is assumed for simplicity.
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Figure 5.1: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y and E? for a = 0.01, r = 1000, e; = 0.1, e. =1, g, =
1.7, 5(} =0,0=1.107, d=1,v7=0.033,b = 0.1.
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Figure 5.2: Dependence of the field intensity I(y) inside the slab on the
transverse coordinate y for |F3]? = 0.1. The other parameters are as in figure
5.1. Solid curve corresponds to the first iteration of equation (4.2.1) and
dashed curve to the numerical solution of the system of differential equations
(4.1.2), (3.1.3).
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Figure 5.3: Phase function 9(y, E?) according to equation (3.1.25) inside the
slab. Parameters as in figure 5.1.

Figure 5.4: Absorptsance A depending on the layer thickness d and on the
incident wave intensity E2 for the same parameters as in figure 5.1.
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Figure 5.5: Reflectivity R depending on the layer thickness d and on the

incident wave intensity E? for the same parameters as in figure 5.1.
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Chapter 6

Summary and outlook

A rather general iterative approach was presented to solve the Helmholtz
equation for a dielectric film with various permittivities. The solutions for
the linear case and for the nonlinear case have been expressed in terms of
a uniformly convergent series and a uniformly convergent sequence of iter-
ations of the Volterra equation, respectively. The main emphasis was on
the derivation of the relationship between the Helmholtz equation (with a
specific permittivity) and the associated Volterra integral equation.

The following integral equations were obtained:
(a) If the permittivity of the film is given by

er =5 +E1(y), (6.0.1)

where E(} is a real constant and £;(y) is a real-valued continuously differ-

entiable function, the intensity /(y) is determined according to equations
(2.1.19), (2.1.20)

~ )
f(y)zfo(y)+20—22sin2(ny)+/ K(y,t)I(t)dt, (6.0.2)
0
with
sin2k(y — t) - sin? k(y — t) deg(t)
K(y,t) = —8m*———"—2&(t) + 47° 0.
(1) = 8w 2V = D) 4 42 KV DS (g03)
and the integration constant
¢y = 21(0)(q2 + ¢7(0)) (6.0.4)
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for the case of real ¢, (transmission), and
&2 = 2A(O)(E + 2(0)) (6.05)
for the case of pure imaginary ¢; = i (total reflection);
(b) if the permittivity of the film is modelled by
er = €4 +Er(y) +icr(y), (6.0.6)

where €x(y),er(y) are real-valued continuously differentiable functions, the
intensity I(y) is determined according to equations (3.1.11), (3.1.12) (if p =
0)

Ysin2k(y —t) -
1) = hio) -7 [ 2205 1
0
Vsin? k(y — t) deg(t)
4 I(t)dt
e /0 K2 dt ®)
v Vsin2k(y —t) (7
647! / er()I(2) / Sm";(—y) / () drdtds, (6.0.7)
0 z Kk z
where
~ Ysin2k(y —t
o) = I+ 2 [ 2=y
O /{
Ysin2k(y —t) [*
—16%201/ M/ er(z)dzdt, (6.0.8)
0 2k 0
with
&2 = 20(0)(? + ¢(0)); (6.09)

(¢) if the permittivity of the film is given by
er = ch +Er(y) +icr(y) + aE*(y), (6.0.10)

where a is a real constant, the intensity I(y) is determined according to
equation (3.2.3) (if p = 0)

I(y) = Io(y) — 87 / L BT
+dn? / ! sin” Kg al) dggt(t)l (t)dt

647! /0 Y () (2)dz / ’ %{ / e (r)drydi

Y sin2k(y — t
—67r2a/ %]%(y)dt, (6.0.11)
0
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where Iy(y) is given according to equation (6.0.8) and the integration constant
co for the transmission case is given by

¢y = 21(0)(qZ + q7(0) + 27°al (0)); (6.0.12)

(d) if £7(y) = 01in (c), then the following permittivity can be considered

er = €5+ &¢(y) + aE(y), (6.0.13)
and, the intensity I(y) is determined according to equations (2.2.3), (2.2.4)
. v
I(y) = I(y) + 20% sin®(ky) + / K(y,t,1(t))I(t)dt, (6.0.14)
0

with the kernel

K(y,t,1(t)) = —8r2sm2ru=tz () 4 gp2sinrly=t) der (1)

" g at (6.0.15)
2D g2 (1),
where the integration constant c, is given by
¢y = 21(0)(¢Z + ¢7(0) + 27%al(0)) (6.0.16)
for the case of real ¢, (transmission) and
2 = 21(0)(q2 + ¢3(0) + 27°al (0)), (6.0.17)

for the case of pure imaginary ¢, (total reflection);

(e) if the nonlinearity of the permittivity of the film is saturating and if

£r(y) =0 in (c), then £y is given by

al?(y)
1+ arE%(y)

The intensity I(y) is determined according to equations (4.1.3), (4.1.4)

1) = Io(y) = = [ sin2ety — E()1(7)

A2 [V 3
T sin? k(y — 7) —dgf(T) I(T)dr

dr
8m? [V
- in 2 —7)I(1)d
), sin 2k(y — 7)1(7)dT

42 Y 1
- in2k(y — 1) ——d
IiCLT’Q/O sin 2+ (y T)l—i-arl(r) T

er =€+ E(y) + (6.0.18)

k2 /o

472

Kar?

/y sin 2k(y — 7) In(1 + arl(7))dr, (6.0.19)
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where Iy(y) is given according to equation

- 1672 ) sin? Ky
2rK?

e (6.0.20)

The constant of integration ¢, in equation (6.0.20) is determined by

8m21%(0

ey = 21(0)(qZ + ¢7(0)) — 1—|—a—rl(()>)

1
1+ arl(0)

8 2
+— (2 + 2ar1(0) +
ar

—In(1 +ar[(0))) (6.0.21)

for the transmission case and

ca = 21(0)(¢2 + ¢3(0)) — %

8 2
+— (2 + 2ar(0) +
ar

1

Ha—rl(()) —1In(1 + ar](O))) (6.0.22)

for the total reflection case;
(f) if the permittivity of the film is modelled by

aF*(y)

—_ 6.0.23
1+ arE?%(y)’ ( )

er =€y +Erly) +ier(y) +

the intensity I(y) is determined according to equations (4.1.3), (4.1.4) (if
p=0)

1) = Toly) = = [ sin2e(y = 210
+4K—ﬂj ’ sin? k(y — 7) —ng(T)

I(7)d
0 dr (7)dr

2 1y
S sin 2k(y — 7)I(7)dr

rK Jo

Am? [V 1
_ in?2 B S
marQ/O sin 2r(y T)1+6L7’I(T) T

dr® [ n —7)In(1 + d
in 2 1 I
f@arz/o S1 /i(y T) ( ar (T)) T

647! /0 T () (2)dz / sin2rly = 1) ¢ / HNdrldt,  (6.0.24)
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where Iy(y) is given according to equation

< 1672 sin® Ky
L(y) = I _ S~y
oy) = lo(y) + (2 = —5)—

Y o 2 . t
—1672¢, / sin2n(y — 1) / er(2)dzdt. (6.0.25)
0 0

2K

The constant of integration ¢, for the transmission case in equation (6.0.25)
is equal to

c2 = 21(0)(q; + ;(0)) — %
+i—:j (2 + 2arI(0) + 1—|—+r[(0) —In(1+ CLT[(O))) ' (6.0.26)

If the intensity I(y) has been determined the phase ¥(y) is given by (cf.
equation (3.1.4))

Wy) = I(d) + /d Fory i /d e /O (OBE)dE,  (6.027)

where (cf. equation (2.1.37))

al(y) |y—a
sind(d) = ——2 " (6.0.28)
4QCE0 I<d)

and c; is general to —¢sI(0) and to zero for the transmission case and the
total reflection case, respectively.

As shown above, the agreement between the approximate analytical solu-
tions and the exact numerical solutions is satisfactory. Thus it seems that
the method proposed can serve as a means to optimize certain parameters
(material and/or geometric) for particular purposes.

Furthermore it seems that the method can be applied to a rather large class
of different (real, complex, linear, nonlinear) permittivity functions. For a
example for the film exhibiting the local Kerr-like nonlinearity the constant
a was assumed to be real in the foregoing, but it can also be complex [cf.
Appendix L.

This leads to the question where this method is not applicable.

First, as outlined above, certain parameters must be small in order to use
the first iteration of the Volterra equation as a good approximation.
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Second, TE-polarization and the dependence ¢ = £(y, |F(y)|?) is essential;
—_—
otherwise V - E # 0 so that Helmholtz equation (2.1.4) is not valid.

Third, it is not clear yet how reflection and transmission of a plane TM-wave
can be treated since a system of two coupled Helmholtz equations must be
considered [37], [38].

Finally it should be remarked, that the approach can be applied to a wide
field of further investigations concerning the great number of different pa-
rameter combinations which all apply to interesting theoretical and practical
situations.
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Appendix A

On the evaluation of the
integral in (2.1.18)

The second integral from (2.1.18) reads

Y o _ t g~
A= 8%2/ sin 2ri(y — 1) dt/ dgf(T)[(T)dT
0 0

2K dr
y = Y sin 2k (1 —
e [ [P0,
0 T . K
Y JF 12 _
= 87T2/ dgé(T)I(T)dT (_sm /;(y2 T))
0 T K
Ysin® k(y — 1) deg(7)
= 8r? I(1)d A0.1
i /0 2K2 dr (7)dr ( )

For £/(y) =0 ( €r(y) = €(y)) equation (2.1.18) is a special case of equation
(3.1.11) . Thus the relation

. sin’k(y —t)  An? (1 —cos2k(y —t)\
: 2K? K2 2

2 —t)—1
ppecos2nly 1]

(A.0.2)

R

holds, and, equations (3.1.11) and (2.1.19) - (2.1.20) are consistent (if £/(y) =
0).
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Appendix B

On the evaluation of the
limiting case £(y) = 0 for the
linear dielectric lossless film

If £4(y) =0, equations (2.1.19), (2.1.20) yield

N |E5|*(q2 + ¢7(0))

I(y) = | B3] cos(2y) 5 sin?(ky). (B.0.1)
K
After some algebra one obtains
2 _ |E3|2 2 12 2 2
I(y) = E*(y) = —5— (¢; sin® qpy + g cos” qyy) (B.0.2)

S

hence the result is consistent with equation (37), Section 5 " The linear case”
from [31].
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Appendix C

Proof of the uniform
convergence of series (2.1.21)
by induction

Denoting the norm by || Iy ||= maxo<y<q |lo(y)| and || K ||= maxo<y<a |K(y, )]
the iterations [;(y) can be estimated according to

. yj
()| <l Lo [l K | T (C.0.1)
For j = 1 equation (2.1.22) implies
y
e <I bl [ IKGod <LKy (©02
0

Assuming that (C.0.1) holds one obtains

) Y 4
()] <Il Io [ K [+ / St (C.03)

which yields the required estimate (C.0.1). Thus (C.0.1) is valid for all j,
leading to

LOTES TP D DR e P P T

Hence series (2.1.21) converges uniformly on [0, d] according to the Weier-
strass uniform convergence criterion.
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Appendix D

On the evaluation of the phase

on reflection 9, for the total

reflection case

According to the formula E, = |E,|exp(id,), the phase on reflection 0, for

the total reflection case is given by

o, = 29(d),
where equations (2.1.27), (2.1.39) were used.
Actually, according to |E?| = |E?|,

E, = Eye'"

and thus
Ey + Eye = E(d)e™ @,

This equation implies

Ey + Eycosé, = E(d) cosI(d),
Eysiné, = E(d) sind(d),

hence ) )
Eysin 6, sin 0, Oy
tan —

an v(d) Ey+ Eycosd, 14 cosd, 2’

and thus equation (D.0.1), disregarding the periodicity of tan.
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Appendix E

On the evaluation of the
constant of integration c»

The constant of integration ¢, depends on the permittivity function inside
the film €;(y) and on the parameter g;. It can be calculated for every case
independently, but always in the same manner, that can be exemplified by
the case of the lossless linear dielectric film.

Considering equation (2.1.16) at y = 0, the constant of integration cy is
determined by

1(y)
dy?
According to equation (2.1.9), the second derivative of the field E(y) at y =0

is given by

+ 447(0)1(0). (E.0.1)

Cy =

*E(y) ‘ ;

dyZ =0 = Eg(o) - 4q12”(0)E2(0) (EOQ)

In case of real ¢ (transmission) equation (E.0.2) yields, taking into account
equations (2.1.25), (2.1.29),

¢y = 2|Es*(qF + ¢7(0)) = 21(0)(¢Z + ¢7(0)). (E.0.3)

For the pure imaginary ¢s (total reflection) the constant of integration ¢y is
determined by

¢ = 2B + 4}(0)) = 21(0)(3 + ¢3(0)). (E0.4)

where equations (2.1.31), (2.1.34) have been used.
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Appendix F

Proof of the uniform
convergence of sequence (2.2.6)

The nonlinear operator F' is considered:
F(I) := Iy(y) + NI + NoI?, (F.0.1)

where N7 and N, are linear bounded integral operators in the Banach space
Clo,d] and Iy(y) is given by equation (2.1.23). Let

Nllp = /Oy Klw(t)dt, NQQO = /Dy Kg(p(t)dt, (FO2)

with
sin2k(y —1t) _ 5o ,C082k(y —t) — 1 def(t)
Ky o= (- 2Ry Y £) -2
= 7 (1) — 27220 20 2 LAEAD)
6 2
Ky = (=2 % sinon(y — ). (F.0.3)
The norms ||Ny]], || V2| are defined by
y v
| Ny [|= max / Kt || Ny [|= max / || d. (F.0.4)
0<y<d J, 0<y<d J,

Then equation (2.2.3) can be rewritten in operator form

I(y) = F(I)(y). (F.0.5)

In order to prove that the equation (F.0.5) under certain assumptions has
only one solution the following quadratic equation is considered

2= Io [l + | Null 2+ || N2 || 22, (F.0.6)
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where || I || is defined in Appendix A. This equation has two positive roots
if and only if the following conditions are satisfied:

(TN =1 =4 No ([l Lo [I>0, [N [l< 1. (F.0.7)
These inequalities imply
[ Ni | +2v/ Na || - [ o || < 1. (F.0.8)

Let r and R be the smallest and the largest root of equation (F.0.6), respec-
tively. In order to satisfy the conditions of the Banach Fixed-Point Theorem
[cf. Appendix GJ, [39] it must be checked whether operator F' maps the ball
Sr(0) ={y € C[0,d] : |ly|| < R} (and S,(0)) to itself. If I(y) € Sg(0) then

I EC) <l Lo I+ 1N+ N2 (1T

(F.0.9)
<| do | + 1l Ny || R+ || N2 || B? = R.

Thus F(I) € Sg(0). Hence equation (F.0.5) has at least one solution inside
Sgr(0). Fis contractive [39] in S,(0), because, if I, Ir € S,.(0), then

| F(I1) — F(L) =]l Ni(Iy = I2) + Nao(IF = I3) ||
SIN L =L [f+ N2 ([ L= L2 ([ o+ L2 |
SHNU VL = Lo [ +2rf Ny [ 1= 1o |
= (I Nl +2r| Ny D) (1= Lo |l
Thus the inequality
| Ny || +2r || Mo ||< 1 (F.0.10)

holds and thus the contraction of F'. Inequality (F.0.10) is satisfied if (F.0.8)
holds. Hence one can conclude [39] that the iteration procedure (2.2.5),
(2.2.6) converges uniformly on [0, d] inside the ball S,.(0).

The set of the balls, where the iteration procedure converges uniformly, can
be increased. Let us consider p from the interval r < p < R. Following the
foregoing arguments it must be checked whether operator F' maps the ball
S,(0) to itself. If I(y) € S,(0) then

FE) <l o [F 0N+ N2

(F.0.11)
<[ Lo [l + [ N[ p+ || No || p* < p.
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This inequality holds if » < p < R. Thus for p from the interval

= [ N | == TN D=4 N [ Do
2N, | =7

S N+ TN P AT N 1 L |

= ARA ’

(F.0.12)

F(I) € 5,(0). Hence equation (F.0.5) has at least one solution inside S,(0).
According to inequality (F.0.10), contraction of F' holds for p from the fol-
lowing interval

1= | M | =/ A= [N )2 =4[ N |- | Lo || 1= [ Ny ||
<p<L ———7——

<p< . (F.0.13)
2 (| No | 2| No ||
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Appendix G

The Banach Fixed-Point
Theorem

The Banach fixed-point theorem represents a fundamental convergence the-
orem for a broad class of iterations methods.

The operator equation

u = Au, ueM (G.0.1)
can be solved by means of the following iteration method
Upy1 = Aly, n=0,1,..., (G.0.2)

where ug € M. Each solution of (G.0.1) is called a fixed point of the operator
A

Theorem (The fixed-point theorem of Banach). We assume that:
(a) M is a closed nonempty set in the Banach space X over K, and

(b) the operator A : M — M is k-contractive, i.e., by definition,
|Au — Av|| < k|lu — | (G.0.3)
for all u,v € M, and fixed k, 0 < k < 1.

Then, the following hold true:
(i) Existence and uniqueness.

The original equation (G.0.1) has exactly one solution u, i.e., the operator A
has exactly one fixed point u on the set M.
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(ii) Convergence of the iteration method.

For each given uy € M, the sequence (u,,) constructed by (G.0.2) converges
to the unique solution of equation (G.0.1).

(iii) Error estimates.

For all n =0,1,... there is the so-called a priori error estimate
ot — wll < K1 = ) — ol (G.0.4)
and the so-called a posteriori error estimate

i1 = wll < B = k)" s = wnll. (G.0.5)

(iv) Rate of convergence.

The following is true for all n = 0,1, ...
[ttn1 — ul] < Ellunta — un- (G.0.6)

This theorem was proved by Banach in 1920. The Banach fixed-point theo-
rem is also called the contraction principle [39].
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Appendix

lity

inequa

f

1011 O

On the evaluat

(2.2.7)

As an example, function £/(y) in (2.2.1) and the parameters are chosen ac-

cording to

(H.0.1)

(y) =

ing

= 2.3,a = 0.01. Regardi

0
F=

61.32, I(0)

0.32, according to (2.1.17), (2.1.23). The kernels K;,K5, defined by (F.0.3),

can be estimated by

l,e, =1 =1.7,¢
, one obta

1,0 = 1.107, E,

and d

0.319, so that ||1o]| =

1S Co

1SS1011 case

the transm

: K from (F.0.3).

Figure H.1
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872 42
K, = T in 2k (y — t) cos® 0.1t +

sin? k(y — t) sin 0.1¢ cos 0.1t

30 1502
< 5T o010+ T w(y — ), (H02)
—C . 1N K — .U.
=k 15052 y=—u
672 672
K| = |22 sin 26(y — )] < —— (H.0.3)
K K

As shown in figure H.1, K;(y,t) > 0,0 < y,t < d holds. Hence the norm
|IN1|| (cf. (F.0.4)) can be calculated to yield ||N;]] = 0.34. According to
(H.0.3), (F.0.4) one obtains || Na|| = 0.078. Inserting ||1o]|, [[V1]], [[V2]| into
(2.2.7) this inequality is fulfilled, so that the sequence of iterate solutions
I;(y) of equation (2.2.6) converges uniformly.
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Appendix 1

Proof of the uniform

convergence of sequence (3.2.4)

The nonlinear operator F' is considered

F(I) := Ioc(y) + Ni(I) + No(I) + N3(I) + Ny(I),

(L0.1)

where Ny, Ny, N3 and N4 are bounded integral operators in the Banach space

C'[0,d]. These operators and Iy.(y) are given by

Ni(1) = —8775 i 2wty ~ )z ()
Ny(I) = _6“; /0 " sin2k(y — 1) 12(7)dr
Ny(I) = 4775 /0 " sin? k(y — T)dggT(T)J(T)dT
Vi) =2 [ @it )1

where constant ¢, is from equation (2.2.8) and

by t,2) = /81“2“ { / R
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The norms || Ny, [Nz, [[Nall, [ Nall, [[ Zoc|| are defined by

||N1||:_OI£15<Xd/ |sin2k(y — 7)| - |ER(T)|dT
Gar? Y
1Nzl = — Orgggd/o | sin 2y —7)|dr

4 Y IE
HN3H = i max / ’Sin K/(’y 7')| | 8R(7—)‘d7_

K2 0<y<d dr
2474
[ Nal| = 0<y<d/ l€1(2)] - |¥(y, t, z)|dz
H10c|| = max [loc|. (1.0.4)

Then equation (3.2.3) can be rewritten in operator form
I(y) = F(I)(y). (L0.5)
Let us consider R such that ||I|| = nax, I(y) < R. In order to satisfy the con-
y

ditions of the Banach Fixed-Point Theorem [39] it must be checked whether
operator F' maps the ball Sg(0) to itself. If I(y) € Sg(0) then

IEDI < ol + 1IN+ [N + NS+ NGl
< Mol + NI+ [[N2||[ R < R, (10.6)

with
[Nl = ([N + (N3] A+ |V (1.0.7)

This inequality holds for R from the interval
1— [Nl = /(1 = [INA][)2 = 4[[Na [ Zoc]

21N sk
_ 1= N+ O = TN = AN, [ e 108
21N, 0.
and imply
AN AT ES! (10.9)

For this R F(I) € Sgr(0). Hence equation (I1.0.5) has at least one solution
inside Sg(0). F' is contractive [39] in Sg(0), because, if I;, Iy € Sg(0), then

|1F (L) = F(L)|| = [N = L) + No(I7 — I3
< NGy = L[| + [ Na|[[lh = L[|y + L]
<INy = Ll 4+ 2R Na|[[|1n — Lo

= ([[N:l[ + 2R| N, DI 11 — L]

(1.0.10)
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Thus the inequality
IN.|| + 2R|| N2 < 1 (I.0.11)

holds and thus the contraction of F. Inequality (I1.0.11) is satisfied if (1.0.9)
holds. Hence one can conclude [39] that the iteration procedure (3.2.4),
(3.2.5) converges uniformly on [0, d.
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Appendix J

Proof of the uniform
convergence of iteration
sequence for (4.1.3)

The nonlinear operator F' is considered

F(I) = Toa(y) + M)+ No() + -No(1) + 5 No(1) + 5 Ns(D), (7.0,

where Ny, No, N3, Ny and N5 are bounded integral operators in the Banach
space C[0,d]. These operators and [ys(y) are given by

Ni(I) = % /Oy sin® K (y — T)déZiT)I(T)dT
No(I) = —8% Oysin2/<c(y —T)ef(T)I(T)dT

82 [V
N3(I)=—— | sin2k(y —7)I(7)dT
k- Jo
4m? (Y 1
Na(D) =" | sin2u(y —7)———d
i) ka J, sin 2y T)l—i—arI(T) T
42 [V
Ns(I) = —/ sin2k(y — 7) In(1 + arl(7))dr
ka Jo
1672 sin? Ky

s (J.0.2)

Ios(y) = Io(y) + (ca — gy

where constant ¢ is from equation (4.1.5).
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The norms [| Ny, [[N2l, [ Nall, | Nall, [ Ns[], [l os|| are defined by

b vy o de
|!N1!I——ma></ s w(y — )] | 2 ar

K? 0<y<d

13l = 5T amae [ Jsin? s(y — 7| [ ()l
Q—Horgazcd sin® k(y — 7)| - |E4(7)|dT
|IN3|| = — max/ |sin® k(y — 7)|dT

K 0<y<d
|\N4H_—max/ |sin2k(y — 7)|dT

Ka 0<y<d
HNg,H——max/ |sin2k(y — 7)|dT

Ka 0<y<d

[Hos || = max [1o]. (J.0.3)

The norms ||Ny||, || N5|| of the operators Ny(I) and N;(I), respectively, are
equal. In following for the both norms only the determination ||NV,|| will be
used.

Equation (4.1.3) can be rewritten in operator form

I(y) = F(I)(y). (J.0.4)
Let us consider R such that ||/|| = Jnax I( ) < R. In order to satisfy the con-

ditions of the Banach Fixed-Point Theorem [39] it must be checked whether
operator F' maps the ball Sg(0) to itself. If I(y) € Sg(0) then

1
HECO < WMoslt+ [N L+ NI - I+ (N3 L]

1 1
— || V.
+r2H all- 1+ ar min I(y)
0<y<d

1 1
< [Hosll + Nl B+ [ Naf| - B+ —[[Na]| - B+ —5 || Nal]

1
+ N -ar]1]

+%||N4|| "R<R.  (J.0.5)

HfoS||+—||N4||+(HN1||+||N2||+ (||N3||+aHN4||))-R<R. (J.0.6)

This inequality holds if

|1 Zos|| + 2| V4]|
N: all N,
— (|INy]] + || V| + [alalNaly

<R, (J.0.7)
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| V1| + || V2| + (J.0.8)

N. N,
INol + all Nl _ |
r

Thus for R, which satisfy condition (J.0.7), F(I) € S,(0). Hence equation
(F.0.5) has at least one solution inside Sg(0).

The iteration procedure for (4.1.3) convergence on [0, d] uniformly, if operator
F' is contractive [39]. To prove the contraction of F' the following difference
is considered

F(I) — F(L,) = Ny(I) — L) + No(I; — I) + Ng(%(h — 1)) +
N4(Il —Ig)—i—Ng,([l —IQ), = (JOQ)

IF(1) = F)I < IMIlA = Bl + 1Nl I11 - B +
1 1 1
INGI- (5 = )|+ =5 N = B)| + 5 Ns(h = B)| - (3.0.10)

The following terms are considered to be estimated:

) 1N = )] < max 2 [ Jsin20(y - 7]

dr =

1 1
‘1 + arly(7) 14+ arly(T)

arly(T) — arly(T)
/'S“”"“ -l ‘(Ham( N+ arLy()

dr

max
0<y<d Kkar?

< - max—/ |sin2k(y — 7)|d7 - ||, — L||, (J.0.11)

r o<y<d K
hence . N
H§N4([1 L[ < T4 | = Ll (J.0.12)
il _ < _
%) I- LNo(I - 1) Orgafdw / | sin 2%(y — 7)) -

In(1 + arly (7)) — In(1 + arly(7))| dr. (J.0.13)

Let us consider the difference of In in the equation (J.0.13)

14+ arl
In(1+arly) —In(1 + arly)| = lnTaﬂl
CL’I"([l—IQ)
=|n{l4+ ——]| < I — I .0.14
(14 5L < - (10,14




which implies

al| Ny

1 1
5 Ns(l = I < 5 - Nl ar - 11y = Bl = S0~ Bl (2.015)

Thus from equation (J.0.10) one obtains

N. N, N,
| 3H+H 4H+GH 4H)
T T T

|1 — L]

[1F(11) = F(L) || < ([[No]| + [Nl +

= (N1 + [IN2 ] +

Ns|| + (1 +a)||V.
[BA (r WNY v = g .0.16)

According to inequality (J.0.16), contraction of F" holds if the following con-
dition is satisfied

N. 1 N,
INol+ (L + DIV _

Nl + 1] + -

(J.0.17)

Hence one can conclude [39] that the iteration procedure for (4.1.3) converges
uniformly on [0, d].
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Appendix K

Proof of the uniform
convergence of iteration
sequence for (5.1.3)

The proof of the uniform convergence of iteration sequence for (5.1.3) follows
the lines of the proof in Appendix E. The additional term, associated to the
imaginary part of permittivity function £;(y), must be taken into account.
After some algebra, the final condition of uniform convergence reads

N 1 N,
| Ns|| + (1 +a)|| 4||<1

IVl + 1)+ v+ PR S oy

where
I3 = 2 [ () o2 (K02)
el =— Olgigxd i er(z y,t,2)|dz, 0.

with ¥(y, t, z) from equation (1.0.3).
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Appendix L

Complex constant of
nonlinearity for the Kerr-like
nonlinear case

For the Kerr-like nonlinear dielectric film with a complex constant of nonlin-
earity a = ag + ia; the permittivity in the Helmholtz equation is modelled
by a complex-valued function according to

er=es(y) + (ar +iar)E*(y), 0 <y < d, (L.0.1)
with real constants ag, a;.

Following the lines of section 3.1.1 one obtains in place of equations (3.1.2)),
(3.1.3))

P*E di(y)\”
# — E(y) (%) + [An*es(y) + arE*(y)] E(y) =0 (L.0.2)
wnd P0(y) . di(y) dE(y)
Y Y Y 2 3
E 2 4 E = 0. L.0.
(y) v + . dy + 4n’arE*(y) = 0 (L.0.3)
Equation (L.0.3) can be integrated leading to (cf. equation (3.1.4))
Yy
EQ(y)—dﬁ(y) =c — 47r2a1/ E*(7)dr,
dy 0

so that the following steps of the method can be done leading to the corre-
sponding Volterra equation.
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