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1 Introduction

In recent years, the generation of solitary waves in bulk material with pho-
torefractive (i. e. intensity dependent) permittivity has been the subject of
intense experimental and theoretical investigations ([1] - [4]).

In particular, planar waveguides of photorefractive media have been studied
theoretically ([5] - [8]) and experimentally ([9], [10]) .

Langbein et al. [11] considered TE-polarized guided-wave solutions of a slab
waveguide with arbitrary intensity-dependent dielectric functions by means
of the first integrals of the Helmholtz equations. However, the field solutions
are not determined explicitly, but discussed qualitatively by means of phase
path diagrams.

To the best of my knowledge, there are no analytical approximations of
the electric field in planar and cylindrical waveguides taking into account
boundary conditions which lead to a dispersion relation and assuming a core
of photorefractive material with external field.

In this work, the propagation of a TE-wave in a symmetric slab waveguide
with real field dependent permittivity is investigated, where solutions of the
exact Helmholtz equations are presented with the help of a Green function
and approximated by an iteration method.

Approximate solutions and power flow are studied explicitly in the case of a
photorefractive permittivity with an external field applied to the core of the
waveguide. This kind of photorefractive permittivity is of special interest, be-
cause the magnitude of the light induced change of the linear permittivity, in
this work expressed in terms of a parameter «, can be varied experimentally
very easily by changing the external field. Since |a| < 0.05 [12], the depen-
dence of the power flow on « is investigated by linearization with respect to
a.

Whereas Snyder et al. [13] consider circular symmetric solutions of Maxwell’s
equations with azimuthal polarization in a bulk Kerr medium by numerically
solving the associated scalar wave equation, Smirnov et al. [14] investigate
analytically azimuthal polarized solutions of a cylindrical waveguide, taking
into account the associated dispersion relation (further references concerning



the cylindrical waveguide cf. [14]).
In this work, the cylindrical waveguide with a core of photorefractive per-
mittivity with external field instead of a Kerr permittivity is considered,

where particular attention is focused to the cutoff radius of the cylindrical
waveguide.

1.1 Planar waveguide

In this subsection, a planar waveguide with real and constant permittivity

€1 r<—R (exterior)
g = €9 —R<x <R (interior) (1)
€1 r >R (exterior),

is considered ([15], [16], [17]), where for later purposes the ratio 7y of power
flow in the core to the total power flow and the associated cutoff approxima-
tion is studied.

The electric field in each of the three domains is determined by the wave
equations

AJ_E + AHE + w260,u0 €iE = 0. (2)
: 2 27.2 1L, . .
Since w” = cgk” = Jk , the space coordinates of the wave equation are
oMo
dimensionless after dividing Eqs. (2) by k%
1 - 1 — —
EAJ_E + ﬁA”E + EiE: 0. (3)

Assuming transverse electric (TE) polarization and using an ansatz

—

E(x,2) = Eyu(x)e™*é,, (4)

where FEjy is a real constant and u(z) is a real function of the transverse
coordinate z, Eqgs. (3) read

u (6= )u =0, i=1,2 (5)

b}



where the prime denotes the derivative with respect to = := kx. The ef-
fective refraction index v is dimensionless, as well as £ and R := kR. For
convenience, the tildes are omitted in the following.

Introducing

K} :i=7%—¢e1 >0, Kyi=¢e3—7 >0 (6)

and assuming e to be field-independent, the solutions of Eq. (5) are given
by exponential and trigonometric functions, respectively. Even and odd field
modes have to be discriminated.

1.1.1 Even modes

The solution u(zx) of Egs. (5) reads

( €+I€1x
6+I€1R x S _R
wz) = cos(a) lz| <R (7)
cos(kaR) -
e F1T
( e—mlt vz I

so that the tangential component of the field is continuous at |z| = R.

The tangential component of the magnetic field is continuous if «’ is contin-
uous at || = R, leading to the dispersion relation
K
g = tanksR — — = 0. (8)
K2
It determines the possible pairs {v, R} (cf. Fig. 1) and thus the solutions
(7). The radius R as a function of ~ is given by

koR, = il + arctanﬂ, v=20,2,4,..., 9)
2 K9

where v denotes the mode number. Solutions only exist if tan ko R > 0, hence

< wR, < (y+1)g, v=0,24,... (10)

us
V—
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If e5 > €1 and k1 /k < 1 (cutoff approximation), Eq. (8) leads to (see A.1.1)
s K1 K12
R, = v= + — O(— 11
wR, = 05+ 4 o™ (1)
where v = 0,2,4, ... (even values of v belong to even modes) and

ko= Ve —er . (12)

1y

Figure 1: Solution R = R(7) of (8) and (16); & =1;e9 =4

From the experimental point of view, the ratio ng of the power flow in the
core to the total power flow is of interest in order to estimate the guidance
of waves. This ratio 7y is given by

Ry 2
2
f_RVdCL’U 1 @

T i R N 13
1o [ dxu? 1+ k1R, K2 (13)

It can be evaluated for each of the branches of the dispersion relation (cf.
Fig. 1). In the cutoff limit x; — 0, the power ratio vanishes according to

N N 4 [ T

7



Thus if v = /1 + 7 where 7 < 1 and v = 0 (fundamental mode), then
no = 1o(7) decreases linearly towards zero, whereas 1y(7) vanishes according
to a square root law for all higher modes.

In contrast, in the far cutoff limit ko — 0, due to the divergence of R, the
ratio 7o tends to 1, thus the total power flow is in the core.

1.1.2 0Odd modes

In this case the solution u(z) of Eqgs. (5) is given by

( e+n1x
_€+51R r S _R
u@) = SmD R (15)
sin(ko R) -
e~ rT
\ e~k vz R

so that the tangential component of the field is continuous at |z| = R.

The continuity of u" at || = R leads to the dispersion relation

g = —cotraR — ae— (16)
K2
It determines the possible pairs {v, R} (cf. Fig. 1) and thus the solutions
(15).

If e9 > &1 and k1 /k < 1 (cutoff approximation), Eq. (16) leads to Eq. (11),
where v = 1,3,... and & is given by (12).

The power flow through the core for odd modes equals the corresponding
power flow for even modes, thus 7, is given by (13) and the associated cutoff
limit is given by (14) where v is odd.



1.2 Cylindrical waveguide

In this subsection, a cylindrical waveguide is considered with a permittivity

€9 0<r<R (core)
g = (17)
€1 r > R (cladding)

where €1 and g4 are real and constant with respect to space coordinates ([15],
[16], [17]).

Substitution of an € ,-polarized wave
E = E,(r,z) €, = Eyul(r) erkz €y (18)

(with u(r) a real function) in the wave equation (3) leads to the Bessel
equation

or? ror r?

where vk is the propagation constant of the wave.

2
(8 +12—i)u+k2(5i—72)u:0 (19)

Using the abbreviation (6), (19) can be written as

1 1
'+ u - Su+ khu = 0 (r <R) (20a)
r r
" 1 / 1 : 2
u' + —u = —u + (k) u = 0 (r > R) (20b)
r r

where the prime denotes the derivative with respect to 7 = kr. 7 and R := kR
are dimensionless, and the tildes are omitted in the following considerations
for convenience.

Equations (20) are solved by

J1(kar)
T1(5aR) r <R (core)

u(r) = Kafour) (21)
Ki(mR) r> R (cladding)

where Ji(r) is the Bessel function of the first kind and K is the McDonald
function. K(r) decreases exponentially if r — oo, thus u = wu(r) vanishes
far away from the core (cf. Fig. 2).



- - y - r
1 3 4 5 6

Figure 2: u = u(r) according to (21); R=2; ¢; = 1;e9 =4

The continuity conditions of the electric and magnetic field have to be taken
into account. They can be expressed as
w(R—0) = u(R+0), u'(R—0) = u'(R+0), (22)
where the first condition is already fulfilled by (21). The second condition is
equivalent to the dispersion relation
Ji(kaR) Ki(k1R)
Ko = Rl17F57 = .
Jl(HQR) Kl(lilR)

(23)

For later considerations, the linear dispersion function ¢ is introduced:

g(v,R) = koR J{(koR) Ki(k1R) — k1R K{(k1R) Ji(koR) (24a)
= ligR J()(HQR) Kl(lilR) + HlR Ko(lilR) J1<I€2R) (24b)

Then (23) is equivalent to g = 0 (see [17], [15]). Equation (23) determines
pairs {R,~} (cf. Fig. 3).

Replacing the derivatives J| and K7 in (23) by J; and Jy resp. K; and K
and taking into account the asymptotic behavior

Ko(z) ~ w <;)m (z — 0) (25a)

Ko(z) ~ —ln(%F:p) (x —0) (25b)

10
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Figure 3: Solution R = R(7) of (23); 1 = 1;69 =4

([16], (37-72 b) and (37-86), p. 715; C' ~ 0,577 (Euler constant), I' := e%),
(23) reads

J()(KQR)
Jl(lng)

if kiR < 1. It is apparent from inspection of (26) that if k; — 0 (cutoff
limit), the cutoff radius must satisfy

'R
HJQR il

— (iR’ In (26)

Jo(kR) =0 or R, = % (27)

where £ is introduced according to (12) and jo, denotes the v** positive zero
of Jo. f v =1,y =1, 5 =4, then Ry =~ 1.4 (cf. Fig. 3).

The ratio of the power flow in the core to the power flow in the cladding is
given by

/RU2 - dr 1 — J()(IiQR) JQ(HQR)

Pco L 0 _ ‘]12<’€2R)

Py / 21 dr 1 _ Ko(’fllj) K>(k1R)
R Kl (K,lR)

11



and vanishes in the cutoff limit k1 R — 0 according to
P, 1
o

P—d 1 (lilR <K ].)
1 + 2In §FRIR

where the asymptotic behavior (25b) and (25a) of the McDonald functions
and Jo(k2R) — Jo(kR,) = 0 has been taken into account. As a consequence,
the ratio 7y of the power flow in the core to the total power flow vanishes
according to

P., 1
P.+pP, 1
0 ol 21n <§FK1R)

In 3.1.2, modifications of this behavior due to a photorefractive permittivity
are discussed.

N = (R <1). (28)

12



2 Planar waveguide with
photorefractive permittivity

In the following, a permittivity according to

€1 r<—-R (exterior)
g = { e + af(u?) —R<z <R (core) (29)
€1 r >R (exterior)

is considered, where ; and e, are independent on u? and the spatial coordi-
nates and f is a real function.

The electric field is determined by the wave equations

u' + kiju + aB(u) =0 (lz| < R) (30a)
u' — Klu =0 (lz| > R) (30b)

where
B(u) = u f(u?) (31)

denotes the inhomogeneous part of the linear differential equation.

Introducing the linear differential operator

L = 0% + k3, (32)
Eq. (30a) reads
Lu+aB(u) = 0. (33)
It can be solved by means of a Green function G defined by
LG(s,z) = —0(s—x), —R<z <R (34a)
G(R,z) = G(—R,z) = 0. (34Db)

The Green function is given by

sin[ke (R + )] sin[ke (R — s)]
Cles) — Ko sin(2kaR) - )
’ sin[ke (R — )] sinfks (R + s)]

Ko sin(2kaR)

13



Using the second Green’s formula, the solution of (33) is determined by the
integral equation (see A.2.1)

R
u(z,R) = « /Rds G(s,z)- B(u(s)) + f(x) (36)

where, taking into account the Dirichlet boundary condition (34b),

R

flz,R) = /Rds <G(s,x}Lu(s) - u(s)LG(s,x))

= [Gul]}—%R — [u G/]]—%R

0 0
= —u(R) %G(s,x) . + u(—R) %G(s,x) . (37)
The continuity of v’ at © = R,
W(R) = —ky , (38)
together with
0 R
u'(R) = « —/ ds G(s,x)- B(u(s)) + f(R)
or J_p R
following from (36), leads to (see A.2.2)
9(75 R) - QF(VaRﬂO =0 (39)
where 1
R S
g =—- - —fH), (40)
and
1 (" s
Pl Riu) = — 2 [ gs S BRSO g oy (41)

Ko J_g sin[2k9 R

By iterating Eq. (36) according to

R
Ups1(T) = a/_Rds G(s,z) - B(un(s)) + f(x), n=12,...(42a)

w@) = f() (42b)

14



one obtains a sequence {u,(z;y" 1, R®~V)} that converges uniformly to
the exact solution of Eq. (36) (see 2.3). The associated dispersion relations
read

9", R™) = a F(4",R";u,) = 0. (43)

By investigating the convergence of iteration (42) (see 2.3), it can be shown
that solutions 7™ resp. R™ of (43) exist and that [y — | — 0 and
|IR™ — R| — 0 as n — oo if |/ is sufficient small.

Thus the sequence ¥ resp. R™ approximates the solution 7 resp. R of the
exact dispersion relation (39), leading to a proof of the existence of solutions
7 resp. R of the exact relation (39).

By means of the approximate solutions 7Y and R, the second iteration
function uy(yV, RM 2) and the ratio n of the power flow in the core will be
determined (see below 2.1.1 and 2.1.4 resp. 2.2.1 and 2.2.2).

Since vV and R approximate the exact solution 7 resp. R if a is small,
for obvious reasons it is useful to expand v(!), RY) and wuy(x) with respect to
a around a = 0. With this results, the ratio n of power flow in the core to
the total power flow can be investigated by means of an expansion n = n(«)
for fixed v resp. R.

The linear approximation of 7 = n(«) will be expressed by functions Fj
and E; (see below (45a) and (54a) for even modes and (72a) and (79a) for
odd modes) which depend on the nonlinear (photorefractive) part B of the
dielectric function.

If approximate relations are plotted, B(u) is assumed to model a photo-
refractive permittivity with external field oriented parallel to the optical c-
axis which is assumed to be parallel to the z-axis:

B(u) = —ﬁ (44)

Taking into account (4), ordinary polarized waves are considered.

Since all following considerations refer to () and R, the superscript (M is
omitted for convenience.

15



2.1 Even modes

Even modes are defined by symmetric functions u with u(R) = u(—R) = 1.
Evaluation of Eq. (37) yields (see A.2.1)

f@) = w(z) =

COS Ko (37a)

cos koR’

thus (40) and (8) are identical.

Taking into account the symmetry of u, function F according to (41) is given
by

Flu) = _%g /0 - ds%mu(s)) (41a)

(see A.2.2).

After inserting the start function wu; according to (37) and function B ac-
cording to (44) in (41a) (see A.2.3), it is convenient to introduce a function

1 KoT
Fi(kox,kaR) = 3 ds uy(s) B(uy(s)) (45a)
0
’ 2
e (=)
- fi—% 0 ds cos s 2 (45b)
1 + t <COSI€2R)
_ 11 P P 4
- a2 (KJQZL‘ — /Py arctan| otan(/@m)]> (45c¢)
where
cos’(kpR) 1

 cos2(kgR) +t 1+ tu}(0)’

Inserting (45) and (8) into (43), the first approximation of the dispersion
relation reads

tan(keR) — — — aFj(koR) = 0 (46)

where Fl(ngR) = Fl(HQR, KJQR).

Equation (46) determines triples { R, ~y, o} represented in Fig. 4. If v is fixed,
then positive «v increases, whereas negative a decreases the radius R = R(«).
In contrast, if R is fixed, positive a decreases v = ().

16
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0.8

Y

1 1.2 1.4 1.6

Figure 4: Solution R = R(7) of (46); t =0.1, a =0, £0.1; ey = 1;e5 =4

In the following, solutions of the dispersion relation (46) are analyzed for
la| < 1 and fixed 7 resp. R by calculating a series of R = R(«) resp. of
v = () with respect to a where terms of second order « are neglected.
In 2.1.1, this linear relationships will be used to determine an expansion of
function us(x) with respect to a.

Let v be fixed and |a] < 1.
To determine the dependence of R on «

R(a) = Ry, + Rya+ O(OzZ)

where v = 0,2,4, ..., function g is expanded as
_ dg )
9(R(a)) = g(Row) + a Ry, 9R + O(a”)
R=Ro,

and inserted into Eq. (46). After comparing equal powers of « one obtains

koRo, = vo 4 arctan (47)
2 Ko

17



and

Fi (k2 R,
ko, = Lalneffor) (48a)

1 99
Ko O R=Ry,

= COSQ(KJQR(),,) Fl(/ngo,j) (48b)
1

= — (v + arctan - — Py arctan[\/Poﬂ] (48¢)
12 2 Ko Ko

where
cos’(koRoy) 1

COSZ(K,QROV) +1 N 14+ t[]_ + :_z] ’

2

PO = P()(KQROV) =

Since Fj is positive (see Eq. (45 b)), Ry, is positive, too, for arbitrary even
mode number v.

Let R be fixed and |a] < 1.
The lowest order term 7, of the expansion

(@) = Y +ma+ O0(a?)
is determined by g(7) = 0 or
tanma R = i (49)
Rg
where

’70 — €1, (50&)

i

Rz = \/ea—8. (50b)

Obviously, it is not possible to represent vy explicitly. The first order term
~1 is given by

Fi(v) cos®(RaR) Fi(”eR) 1
"= % MRTTTIRR . (51
7 [y=ro

Due to the dependence on 7, it cannot be represented explicitly.

To investigate the cutoff limit, let x;/k < 1 and |o| < 1.

18



Neglecting all terms of second order, the cutoff radius is given by
T 1 K1
R, =v-—-|1 — — 2 =0,2,4,...). 52
i, = v g (Leams) + 2o © ). G2

Comparing with (11), the change due to photorefractive permittivity depends
very sensitive on t if ¢ < 1.

Fig. 4 shows that in the cutoff limit, the radius of the fundamental mode

does not depend on «. This special property of the fundamental mode can
also be derived from (52) with v = 0.

2.1.1 The second iteration function us(x)

Starting from (42a), the second iteration function is given by (see A.2.7)

COS Ko

() = cos ko R,
« [ — cos(kax) sin(keR) Fi(kaR) + cos(kaR) sin(kox) Fi(kaR, Iigx)]
+ a cos(kax) cos(kaR) |:E1(K/2R> — BEy(kaR, ko) +  O(a?) (53)

where function F} is given by (45) and E} is defined by

1 KT
Ei(kow, koR) = ?/ ds uf(s) B(ui(s)) (54a)
2 Jo
1 2T sin s %
- 2 / b B (54p)
2 0 2 1+t( CE)SSR)>
cos(ka
111, [Ttiesimn
B fER =) (1)
2 + cos?(k2R)

with Fy(koR) := E1(koR, ke R). Obviously, E; is positive.

Fig. 5 compares the field solution us = us(x) according to (53) with the
numerical solution of (30a) where a = 40.1. The agreement is satisfactory.

Let v be fixed and R = Ry, + aRy, + O(a?).
The second iterate solution uy(x) can be expanded as

Us(, sR) = — 22T Hkow, kaRoy) + O(?) (55a)

cos ko Rg,

19



uz2

-0.75 -0.5 -0.25

Figure 5:  wus = us(x) according to (53) (solid line) and numerical solution
of (30a) (dashed line); t = 0.1, 61 = 1; 9 = 4; a=+0.1; v = 1.669. ..

where

H(FLQQ?, RQROV) =
cos(keRoy) <sin(ﬁ2x) Fi(koz, ko Ry,) + cos(kax) |:E1<K/2ROV) — El(/@x,@ROV)]) )
(55b)

To investigate the sign of H, first it can be stated that Fj(kex, ko R) >0
according to (45b). Furthermore, according to (54c)

11 1 t 2 2 R .
E]_(FQQROV)—E]_(H,QI" "4’;2ROI/) - 1n< + tcos (Hixj_/tcos (,‘4{,2 0 ))

> 0.
K3 2t -

If the fundamental mode v = 0 is considered, than ksx is restricted to the
interval 0 < kox < KoRg, < m/2, thus sin ko > 0 and cos koz > 0. Finally,
taking into account cos(kaRo,) = (—1)"/?ky/k, one obtains

H(kox, kaRy,) > 0 (v =0). (56)

Therefore if 7 is fixed, then positive « increases both the amplitude and the
half width of uy(z) (see Fig. 6).

20



u2

-0.75 -0.5 -0.25 0.25 0.5 0.75

Figure 6: wuy = ug(x) according to (53); t = 0.1, « = 0, £0.1; v = 1.669...,
&1 = 1;82 =4

Let R fixed and v = 79+ ay; + O(a?).
Taking into account

Ko — T = — g 4 O(a?), (57a)
K2

ki — Rl = %a + 0(a?), (57b)
1

the expansion of us(z) with respect to o around o = 0 is given by

COS RaX

us (ko) = P + a H(Raz,B2R) + O(a?) (58a)
where
H(Fax,RaR) := coskar coskaR (T(/{_QR) - T(/Tﬂ,/-?gR))
+ sinFzx sinka R Felft By (K_ﬂ’?f)/{_l_}%/{_?x Fi(fFR) (58b)
and
T(mr.7R) = Bi(mr,mR) — et A k) oo

1+ %R

Ife; =1,e0 =4 and R = 0.8, H is negative, thus the amplitude is decreasing
with increasing a (cf. Fig. 7).

Functions us(a = 0) = w; in Fig. 6 and 7 refer to v = 1.669... resp. R = 0.8
and are identical since {R, v} = {0.8, 1.669...} is a solution of the linear

21



alpha=-0.1

alpha=+0.1

Z0.75 -0.5 -0.25 0.25 0.5 o0.75

Figure 7:  wuy = wus(x) according to (53); t = 0.1, « = 0, £0.1; R = 0.8,
g1 = 1;82 =4

dispersion relation (8) (cf. Fig. 1). uy depends more sensitive on « if v is
fixed.

2.1.2 The amplitude uy(0)

A special feature of even modes is the amplitude u(0). The linear approxima-
tion of the second iteration’s amplitude uy(0) is obtained by straightforward
evaluation of (55a) and (58a), leading to the following formulas (59) and (61).

On the other hand, with the help of (30a) and the boundary conditions (64a)
and (64b), in 2.1.3 an implicit equation that determines the exact amplitude
up := u(0) is derived. Next, this implicit equation can be approximated for
fixed v resp. R in order to find an expansion of uy with respect to o around
a = 0. Neglecting terms of second order, the result is identical to (59) resp.

(61).

22



Let 7 fixed and |a| < 1.
It is apparent from inspection of (55a) and (55b) that

_ 1 2 2
ug(0) = 7008(/{230”) (1 + «a cos®(kaRoy) E1<I€2R0V)> + O(a”) (59a)
ek o bR 2
(—1) - <1 + BTG In {1 + 1+t/f§D + O(a”).  (59b)

The even mode number v determines the sign of the amplitude, and the
square of the amplitude does not depend on v:

1
2 2
0) = ——— 20 F Ry, O 60
u3(0) 0 (raRoy) + 2a Ey(k2Ro,) + O(a”) (60a)
K2 o t K2
= 14+ 1 — In |1 1 O(a? 60b
+/€§ + tr3 n{ +1+t/€§:| + 0a) (60D)

The amplitude increases with increasing a in accordance with Fig. 6.

In the cutoff limit k1 — 0, F1(k2Ryp,) vanishes and therefore in this limit,
the amplitude is independent on «.

In contrast, according to (60b), in the limit ko — 0 the change of the ampli-
tude due to « is remarkable.

Let R be fixed and |a] < 1.
If x =0, then T'(0, ko R) = 0 and (58a) and (58b) imply
1

uz(0) = sl + «a cos(ReR) T'(RaR) . (61)

The sign of T'(%zR) depends on ®; = /g3 —4%. Numerical investigation
shows that T' < 0 if 7y < 1.9. Then positive o produces a decrease of the
amplitude u2(0), whereas negative « increases the amplitude (see Fig. 7).
This dependence of the amplitude on « referring to fixed R is in strong
contrast to the situation for fixed ~.

In the cutoff limit k; — 0 where k1/ke = O(0) = k1 /K, T is given by
11 1
T = —— —6 + 0@ 62
2 K21+t + 0() (62)
and turns out to be negative.
Since T is vanishing if § — 0, in agreement to the situation for fixed =, the

amplitude is independent on « in the cutoff limit.
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2.1.3 Exact amplitude

Multiplying (30a) with 2u’ and integrating with respect to x yields

() + mguﬂﬁ + 2a/ ds u'(s) B(u(s)) = 0. (63)
0
Taking into account the boundary conditions
u(0) = uy, u(kaR) =1 (64a)
and
u'(0) =0, u' (kaR) = — kK1 (64Db)
and inserting function B according to (44), one obtains (see A.2.6)
K2 o [rR
uy = 14— + 2— ds u'(s) B(u(s)) (65a)
k3 ka3 Jo
K2 a . 1+tud
= 1+ + — 2. 65b
* K3 * tr3 ST (65D)

A comparison of uy(«), generated on one hand by a contour plot of (65b)
(solid line), and on the other hand determined by us(0) according to (53)
where v is fixed (pointed line), is shown in Fig. 8. The agreement is satis-
factory.

Let 7 be fixed and |o| < 1.
Approximating R by R,y and u by u; = cos(kex)/ cos(kaR,0) in (65a), the
linear approximation of the amplitude given by (60a) and (60b) is reproduced.

Let R be fixed and |a] < 1.

Then ~ depends on « according to v = 79 + avy; + O(a?). In contrast to
the situation of fixed ~, the term 1 + k2 /3 in (65a) has to be considered as
a function of a using (57a), (57b) and (51).

Taking into account only terms of zero and first order in «, (61) is reproduced.

2.1.4 Ratio n of power flow in the core

The ratio n of power flow through the core is given by
Pint

= —_—— 66
7 Dint + Pext ( )
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Figure 8: ug = ug(a)according to (65b) (solid line) and (53) (pointed line);
t:()]_, Y= ]_5, €1 = 1;82 =1

where
R R

Dint = / dr u3(x) (even modes), Dint = / dr v3(z) (odd modes),
0 0

& 1
Dewt = / d:vu%(:v) = —.

R 2:‘11

Let o be fixed.

Fig. 9 shows that n = n(v) increases linearly if x;/xk < 1. Furthermore, n
increases with positive «, whereas negative o diminishes the ratio.

Let 7 be fixed and R = Ro, + aRy, + O(a?).
Using (55a), the expansion of p;,; with respect to « is given by

Pint = Pov + apr, + aRy, + O(a?)
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12 " " Y

Figure 9: n = n(y) according to (66); « =0, £0.5, t = 0.1, e, = 1569 =4

where
FRov COS KoX 2
L, = — | dx, 67
Po /0 <cos K/QROI/> v (672)
2 / e cosmr Roy) d (67h)
L, = _ Ko, ko Ry, ) dx .
b1 ; cos o Roy 2 247

Since Ry, > 0 according to (48b), together with (56) one obtains
pw + Ru>0  if v=0. (68)

The ratio of power flow through the core is given by

P1v + Rlu

77(04) = Tov + Moy (1 - 7701/) D + O(Oé2) ) (69)
Ov
where
.: 2p01/
o 2p01/ + %

is given by (13).

Since 0 < 1y < 1 and py, + Ry, > 0 if v = 0 (fundamental mode), positive «
produces an increase of n(«) in the core.

The agreement of 7 according to (66) (dotted line in Fig. 10; a; = —0.1 +
i-0.01,7=0,...,20) with the linear approximation according to (69) (solid
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‘ —
0.1 0.2

Figure 10: 1 = n(«a) according to (66) (dotted line) and (69) (solid line);
vy=15,t=0.1, e1=1;e0=4

line in Fig. 10) is satisfactory if |a| < 0.1 (cf. Fig. 10).

Let R be fixed and |a] < 1.
By means of (58a), the normalized power flow through the core is determined
by

Pint = Do + ap1 + O(a?)

where
R cos? Fgx
bo /0 cos? "o R . (70a)
= Q/RMH(K_I R R) dx (70b)
bro= o cos(RzR) 22 '

Finally, the ratio of power flow in the core in relation to the total power flow
is given by

p
o) =+ am(i-mw) |2+ 2 L o@). @)
Po K1
Numerical investigation shows that p; is negative if ¢ = 1,69 = 4 and

7 < 1.7. Since 7, according to (51) is negative, too, the power ratio 7
decreases if « is positive (see Fig. 11).

27



Figure 11: n

= n(«) according to (66) (dotted line) and (71) (solid line);
R:=05304.... t =

0.1, g1 = 1;52 =4

Similar to Fig. 10, the agreement of n according to (66) (dotted line in Fig.
11) with the linear approximation according to (71) (solid line in Fig. 11) is
satisfactory if |a| < 0.1 (cf. Fig. 11).

The selected pair {R, v} = {0.5304..., 1.5} (cf. Fig. 10 resp. 11) is a solution
of the linear dispersion relation (8) (cf. Fig. 1).

To summarize, in order to estimate the amplitude resp. the ratio n of power
flow as a function of « if |a] < 1 and if a photorefractive permittivity with
external electric field is considered, due to the boundary conditions of the
waveguide two cases have to be distinguished:

If the propagation constant kv is fixed and v = 0 (fundamental mode), it is
shown analytically that an increasing « leads to a rise of the amplitude as well
as the ratio n. However, if R is fixed, supported by numerical investigations
for sufficiently small %7y it is shown that an increasing « leads to a decrease
of the amplitude and ratio 7.

Experimental results [9] indicate that the assumption of fixed v may be
crucial for a correct description of spatial solitons in a planar waveguide.
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2.2 0Odd modes

Odd modes are defined by odd functions v.

First, evaluation of (37) yields

Sin Ko

flz) = vi(z) = . (37b)

sin ko R

(41) can be simplified by using v(—z) = —v(z) and is given by

Fo) = — & /0 s Sl gy (41b)

1 ko R
o= - ds vi(s) B(vy) (72a)
ka Jo
1 ko R 2
= L[ Tas 0B (720)
k5 Jo 1 + tvi(s)
_ 1 KoR — L arctan[y/ Py tan(koR)] (72c¢)
= e B 0 2
where
P sin?(koR) +t
0 = T o

sin?(koR)

Using g according to (16) and F; according to (72c), the dispersion relation
can be written as

g—aFi(v)=0. (73)
(73) determines triples {R, v, a}.
Let v be fixed and |a] < 1.
Following the lines of 2.1 leads to

koRg, = l/g + g - arctan:—? (74)
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and

Fi(Ro,
koRy, = ﬂ (75a)
1 9g
ko OR R=Ro,
== SinQ(K,QRQV) Fl(figR()V) (75b)
1 1
= 3 (I/g + g - arctan:—j + NG arctan[\/Pg:—j]) (75¢)
where
K2 K2
Py, = (1 t)— t—L
b= g g

As for even modes, since Ry, > 0, positive « increases, whereas negative «
decreases the radius R = R(«).

Let R be fixed and |a] < 1.
Similar to 2.1, the coefficient -y, of lowest order is determined by g(y) = 0,
and v is given by

Fl (")/0) Sin2</€2R) Fl(/ﬁ',QR) 1
" g e 1 + "R Yo (76)
9 1=

where 7 and %3 are defined by (50a) and (50b).

As for even modes, 7y and ~; can’t be represented explicitly. ~; again is
negative since Fy according to (72b) is positive.

Let k1/k < 1 (cutoff limit) and |o| < 1.
Neglecting all terms of second order, the cutoff radius is given by

T 1 1 1 7 K
Ry = v (1+a— = T o —~1,3,5,...).
g ”2( +atﬁ2)+&t/€2\/1——|—t2+lﬁ+ @) )
(77)
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2.2.1 The second iteration function vs(z)

The second iteration function v, follows from (42) and is written as

onl) — sin(kox)
2 sin(ko R)
= «a | sin(kax) cos(keR) Fi(kaR) — sin(kaR) cos(kox) Fi(kew, ko R)
+ « sin(kex) sin(kaR) |:E1(H2R) — Ei(kaz, HQR)] + O(a?) (78)
where
1 KX
Ei(kox, koR) = = ds vy(s) B(v1(s)) (79a)
2 Jo
1 /“2“” Cos § sins(i%m
= —= ds — (79b)
2 P
K 0 Sln</€2R> sin s
? L+ t(sin(ngR))

11 sin? (ko)
——In(1l+t—5—"=%] . 79
K3 2t n( i sin?(koR) (79¢)

A special property of odd functions v is the slope v’(0). By integration of
(30a) and application of the boundary conditions

v(0) =0, v(keR) =1, V' (kaR) = —Ky (80)
one obtains without approximation
Ko R
W'(0)° = K2 + 2a/ ds v'(s) B(v(s)) (81a)
0
= K2 - % In(1+1), (81b)

which neither depends on R nor on 7.
The expansion of v5(0) with respect to o around « = 0 for fixed 7 resp. fixed
R reproduces (81b) if terms of second order are neglected.

In Fig. 12, va(x) according to (78) is compared with a numerical solution of
(30a) where o = +0.01. The agreement is satisfactory.

Let v be fixed and |a] < 1. Then

= 7Sin(ﬂ2x) v RoX, K 062
'UQ(.I') = Sin(KQROV) + H( 2, QR) + O( ) (82)
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Figure 12: vy = ve(x) according to (78) (solid line) and numerical solution
of (30a) (dashed line); t = 0.1, 1 = 1; g9 = 4; a=+0.01; v = 1.5

where
H(K,Qfﬂ, HQRQ,/) =
SiIl(lQQROl,) ( — COS(KJQ.Z‘) Fl(HJQI, KJQROV) + Sin(:‘igl‘) |:E1(I€2Rgl,) — El(ligx, HQROV)]) .

(83)
If v = 1.5, the dependence of vy(x) on « is shown in Fig. 13 where z €
[_Rv R]
Let R be fixed and |a] < 1. Then
sin(Rzx) o 2
=Sl it 5 H 4
v () Sn(nR) a H(Rzx,ReR) +  O(a) (84)
where
H(maz,73R) = sin(Faz) sin(fR) (T(/TQR) ~ T(rw) + [El(m—zm —El(/i_zsc)D
Fi(Raz Fi(rReR
+ cos(RzR) cos(Rax) (K_QR %%}?2 — K_ﬂll—i(—%};) (85a)
with

cot(Rax) Fi(Rax, e R)
1+ %R '

T(Fax,RaR) := FEi(Far,RaR) + (85Db)

32



v2

1pha=+0.01

alpha=-0.0D

Figure 13: vy = vy(x) according to (78); x € [-R, R|; t = 0.1, « = 0, £0.01;
y=15,e1=1Lea=4v=1

If R =1.7178..., the dependence of vy(x) on « is shown in Fig. 14 where
x € [-R, R).

v2

alpha=-0.01

1 alpha=+0.01
0.5
X
-1.5 -1 -0.5 0.5 1 1.5
~0.5

Figure 14: vy = vy(x) according to (78); ¢t = 0.1, « = 0, £0.01; R = 1.7178,
er=lieg=4v=1

v=1.5and R = 1.7178... are related by the linear dispersion relation (16),
thus the graphs of functions vy(z, = 0) in Fig. 13 and 14 coincide.

In Fig. 13 and 14, though ¢'(0) depends on « according to (81b), all curves
are indistinguishable in the vicinity of the origin due to the smallness of a.

In contrast to Fig. 6 resp. Fig. 7 where o = +0.1 and v = 0, in Fig. 13
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and 14 « has been chosen to be much smaller: Investigating higher modes
numerically, it is necessary to choose « sufficiently small in order to satisfy
the condition of convergence.

2.2.2 Ratio n of power flow in the core

Let 7 be fixed and |a| < 1. Then the ratio n of power flow is given by (69)

where
Row Sin KoX 2
— — | dx, 86
Po /0 (sm ﬁ2R0y> v (862)
2 / st Roy) d (86D)
, = ———— H(kox, ko Ry,) dx
P 0 sin ko R, 2 27

and H is given by (83).

The agreement of 1 according to (66) (dotted line in Fig. 15; o; = —0.01 +
i0.0005, ¢ = 0,...,40) and the linear approximation (69) where pg, resp.
p1y is given by (86a) resp. (86b) and Ry, is given by (75) (solid line in Fig.
15) is, compared to Fig. 10, restricted to a smaller range of || (see Fig. 15).

Figure 15: 1 = n(«) according to (66) (dotted line) and (69) (solid line);
v:=15,t=0.1, ¢1 =1,e9 =4;

Let R be fixed and |a| < 1. Then the ratio n of power flow is given by (71)
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where

R : 2
sin® Rax
= = d 87
Po /0 Sin2/<;_2R €, ( a)
R .
[T 2/ S,miﬂ H(Rszx,R"aR) dx (87b)
o Siny

and H is given by (85a).

Numerical investigation shows that p; is negative if e = 4 and 7y < 1.7.
Since 7, according to (76) is negative, too, the power ratio n according to
(71) diminishes if « increases (see Fig. 16).

Similar to Fig. 15, the agreement of 1 according to (66) (dotted line in Fig.
16) and the linear approximation (71) where py resp. p; is given by (87a)
resp. (87b) and 7, is given by (76) (solid line in Fig. 16) is, compared to
Fig. 11, restricted to a smaller range of |« (see Fig. 16).

0.81

-0.02 -0.01

Figure 16: 7

= n(a) according to (66) (dotted line) and (71) (solid line);
R:=1.7178.., t =

0.1, e1=1le9=4,v=1

To summarize, similar to even modes it is shown that if the propagation
constant kv is fixed, an increasing « leads to a rise of the ratio n. However,
if R is fixed, an increasing « leads to a decrease of 7.
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2.3 Convergence of the iteration sequence {u,}

The convergence of the iteration (42) is proved for even modes using the
Banach fixed point theorem (see A.3.1); the investigation of odd modes is
analogous.

Consider the operator
S — F(9)
F: R (88)
ur— Fu) = « /_ ds G(s,x) B(u(s)) + f(x)

R

S is set of functions in C[—R, R| which will be specified below.
Then (42a) is equivalent to u, 1 = F(u,).

To check the convergence of operator F' with the norm

IF]] = max [F(u(z))], (89)

z€[—R,R]

let KoR = v-7w/2 + 6, v=20,2,4,... and |0| < 7/2. Then the estimation

R
1
ds G(s,x) B < (C,— 90
| [asceosae)| < agl (90
holds where . .
= — |1 1 91
C K3 ( * cosé) (v +1) (91)
(see A.3.2) and consequently
R
IF@I < ol ||/ ds6ts.0 5| + 1)
1 1
< — . 2
< a5 G0+ s (92)
In A.3, the estimation
[F(u) — F)|| < ol Gy [lu—v (93)
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is proved.

Choose « sufficiently small and k4 sufficiently large so that

la|C, < 1. (94)

Then according to (93), F' is a contraction.
Furthermore, choose S; := {u € C[—R, R]| ||u|| < ﬁz + L}

Then according to (92)

1 1
<
IF@I < 57+ o (95)
or
F(St)gSt,

i. e. F" maps S into itself and finally, from the Banach fix point theorem, it
follows the convergence of the sequence (u,)nen-
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3 Cylindrical waveguide with photorefractive
permittivity of the core

In the following, a permittivity according to

1
€2 — T r <R (core)
I 14 tu (96)

€1 r > R (cladding)

is considered, where £; and €, are independent on u? and the spatial coordi-
nates and B is given by (44).

The electric field is determined by the wave equations

1 1

u’ + ;u’ - gu Kyu + aBu) =0  (r<R)  (97a)
1 1

u” + ;u/ - g - KIu =0 (r>R) (97Db)

and the boundary conditions (22).

After multiplication with r and introducing the linear differential operator

or?  ror 72
0 0 , 1
= Z(r= _ - <
B (T&“) + K5 (r<R) , (98)
Eq. (97a) reads
Lu + arB(u) = 0. (99)

The solution of (99) can be expressed in terms of a Green function defined
by
LG = =6(p—r), (100a)

G(r,0) .= 0 = G'(r,R), (100b)
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with [14]

g [Jl(’ij{p(zi;]g;@r) Yl’(,%QR) — J1</432,0)Yl(/€27")} p<r<R
G(p,r) =

T [ Ji(k2p) Ji(kar)

2 { TRy 12R) = J1<“27“>Y1<“2P>} r<p<R

(101)
where Y; denotes the Bessel function of the second kind.
Applying the second Green’s formula, the solution of (99) is given by

R
« /Odp pG(p,7)B(u(p)) + RGR,r)u'(R—0) r<R

Ky (kr)
N r>R.
Kl(HlR) -
(102)
If p= R, (101) leads to
Ji(kor) 1
p— p— _— . 1
G(T7 R) G(R7 r) J{(EQR) KQR ( 03)

Taking into account (103) and the boundary conditions (22) together with

u(R+0) = 1, (104a)
W(R+0) = m%a (104b)
one obtains
R R1 Ji1lRaT i K1
u(r) = « /Odp pG(p,r) Blu(p)) + /.@_2 j{((/@R)) §1E/{1§§ (r<8)
(105)
and
1 =« /OdppG(,O, R) B(u(p)) + R ,ile ﬂ:zg i Ilgigzgi

Multiplication by (koR) Ji{(k2R) K1 (k1 R) yields the dispersion relation

9(77 R) - OKF(%R;U) =0, (1O6>
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where ¢ is given by (24) and

F(v,R;u) = Ki(kR) AdTTB(U(T))Jl(RQT) (107a)

R

u
= —Ki(mR drr —— J . 107b
1(k1R) /0 rr 1112 1(Kar) ( )

By iterating (105) according to

R /
walr) = o [ dppGip.r) Blun(p)) + 2 il ) ‘]11(“2” (108a)

L Jl(/ﬁgT)
Uy = YACHD) (108b)

one obtains a sequence {u, (r;7"Y, R"~V)}. It can be shown that {u,}
converges uniformly to the exact solution (105) (see 3.2).

The associated dispersion relation is formally equal to the dispersion relation
(43) of the planar waveguide. If o« = 0, the linear dispersion relation g = 0
holds and by means of (24a) it is easy to verify that u, = u;.

The sequence 7™ resp. R™ of solutions of the approximate dispersion rela-
tions g(y™, R™) — a F(y™, R™;u,) = 0 converges to the exact solution
v resp. R of the dispersion relation (106), thus the existence of solutions of
(106) is proved (see 3.2 and [14]).

Substitution of u; into (106) leads to first the approximate dispersion relation

gy, RY) — a F(yW RW: ) = 0. (109)
If « is fixed, it determines pairs {7(1), R(l)} represented by Fig. 17 where
three modes RM = RM(y(V) are depicted, each of them consisting of three

parts referring to a = 0, « = +0.1 and a = —0.1.

In order to study the dependence of the relation R = RM(yM) on «
analytically, it is useful to study the cutoff region 7" ~ VETL-

For convenience, in the following the superscript (' is omitted.
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=Y

Figure 17: Solution R = R(y) of (110); t =0.1, « =0, £0.1; ey = 1;e9 =4

3.1 Analytical approximations

Dividing (109) by K;(k1R) Ji(k2R), one obtains

a(keR) + b(k1R) + % Fi(kaR) = 0 (110)
where
L J()(FLQR)
a(kaR) = KoR AR (111a)
L Ko(lilR)
b(kiR) = /ﬁRm (111b)
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and

Introducing

(5::ﬂ<<1
K

and
R:=R,(1 + x + O(x*) where y<1,

Equation (110) reads

Fi(jov)

: =0
(KJOV)Q

1 I
X — 552 + 62 ln[§j0m5] -«

(see B.1) if terms of second order o and x are neglected.

If k1 = 0 resp. 6 = 0, combination of (113) and (114) leads to

KBu(0) = o (1 ' 3F{j§°”>) L o) + 0.

(112a)

(112b)

(112¢)

(113)

(114)

(115)

The dependence of R, = R,(«) on « is presented in Fig. 18 by a plot of

(115) (dashed straight line) and a ContourPlot of (110).

Let R be fixed.
Then y is fixed, too, and (114) determines o = a(9).

If x =0 and ¢ < 0.7698, then

() = (rjou)” <——52 + 52 ln[gjoyd]) <0

1
Fl(j(]l/) 2

since F; > 0 according to (112b).
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Figure 18: R, = R,(«a) according to (115) (dashed straight line) and as a
solution of (110) (solid line); v = 1; v = 1.0001; 1 = 1,65 = 4; t = 1;

If a radius larger than the cutoff radius is considered, then x > 0 has to be
added in the bracket, and in the limit 6 — 0 the associated « is first positive,
then o again becomes negative with increasing 6. This relation is sketched
in Fig. 19 by a ContourPlot oo = () of (110).

3.1.1 The second iteration function us ()

The second iteration function follows from (108a) and is given by

0 [0 pGior) Bt + Dl
ug(r) =
Ki(kar) rzR
Kl /‘ilR ’ ‘
(k1R) (116)

The integrals in (116) can’t be solved analytically; the second iteration func-
tion uy is plotted with the plot-routine (cf. Fig. 20) for fixed o, v and R,
and compared with the numerical solution of (97). Except for the origin, the
agreement is satisfactory.
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-0.1 y

1 1.002 1.004 1.006 1.008 1.01

Figure 19: Solution o = a(y) of (110); R = R, (1 + x); x = 0.01; ¢t = 0.1;
er=leg=4v=1

u2

Figure 20:  wug = uy(r) according to (116) and numerical solution of (97);
t=01,6,=1 6y =4 a=+0.1; R=2, v = 1.3697 ...

Let v be fixed.
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With increasing «, the radius R = R(«), determined by (110), increases as
well as the amplitude of function uy, whereas negative a leads to the opposite
effect (see Fig. 21).

u2

1.5 :R:2
|
1.25 [
|
1l
|
alpha=+0.1
0.75 ! P
|
|
0.5 |
|
|
0.25 Plpha:fo.l
|
. 1 . . : v
1 2 3 4 5 6

Figure 21: uy = uy(r) according to (116); v = 1.394...; « = —0.1, 0, +0.1;
&1 = 1,82 =4

Let R be fixed.

v = () is determined by (110). In contrast to the situation of fixed -,
positive a now decreases the amplitude, whereas negative o produces a higher
amplitude (see Fig. 22).

v =1.394... and R = 2 are related by the linear dispersion relation (23),
thus the graphs of functions us(r, = 0) in Fig. 21 and 22 coincide.
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Figure 22: uy = wuy(r) according to (116); R = 2; a = —0.1, 0, +0.1;
g1 = 1,82 =4

3.1.2 Ratio 7 of power flow in the core

By means of the second iteration function us, the ratio of power flow in the
core to the total power flow

R
P /Odr ru%(r)
=P T m
/o dr rug(r)

(117)

can be investigated.

Let R = R,(1+ x) be fixed where xy < 1 and v = 1.

Let further § < 1 (cutoff limit). Then ¢ depends on « according to (114).
Fig. 23 depicts n = n(«). If x = 0 and o« — 0, the cylindrical waveguide with
constant permittivity is reproduced and 7 vanishes in consistence with (28).
If R deviates from the cutoff radius by y < 1, then 7 converges towards a

positive constant if « — 0 (cf. Fig. 23). The sensitive dependence of 7 on «
if R 2 R. may be of interest for application by optical switches.
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0.05r

Figure 23: n = n(«a) according to (117); R = R. = 1.3884... and R = 1.39;
t:01, g1 = 1,82 =1

3.2 Convergence of the iteration

After introduction of the operator
S — F(9)

F: R (118)

ur Fu) = Oé/OdPPG(Pﬂ”)m + f

where )
ﬂKl(mR) J1(Kar)

K9 J{(ligR) Kl(lilR) ’
iteration (108a) can be written as

Unt1 = Fluy), n=12....

Similar to 2.3, the convergence of the iteration (108a) with respect to the
norm (89) is proved by application of the Banach fixed point theorem.

Let

Jon < KaR < jin. (119)
Then the estimation o

o Gp, )|l < P (120)
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holds where

1 1

Ci ‘"= 7 N
! |J{(301)| Jo1

Jo1
/ dttJi(t) ~ 2.83214
0

(see B.2.1).

Equation (119) implies that

K K
Lo < mR < “Ljy (121)
K2 Ko

and leads to the estimation

Ki(n) A
K1 . 1\, J11 1\J11
= ; B . =: C\K 7I{ °

K2

These preliminary investigations can be summarized by the estimation

1 C1
F(u < |la|——= = 4+ c(Kk1,k2). 122
||()||_||N“% (K1, Ka) (122)

Further analytical considerations yield the estimation

&1
1 (u2) = Fu)ll < lallpGl| luz =]l < laf 5 lluz —w] - (123)
2

(see B.2.2).
Choose || sufficient small and k9 sufficient large so that

|04|Z—1% < 1. (124)
Then F' is a contraction.

Furthermore, choose S; := {u € C[0, R] | |Ju|| < ﬁz + ¢(K1, K2)}

Then F' maps S; onto itself, and from the Banach fixed point theorem follows
the convergence of the iteration (108a).
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4 Summary and Outlook

The planar and cylindrical waveguide with linear cladding and a core of
diameter 2R with real, field dependent permittivity modelled by (29) are
considered, where even and odd modes are investigated. It is assumed that
the field independent part €5 of the permittivity of the core is larger than
the constant permittivity e; of the cladding.

The strength of the additional field dependent permittivity in the core is
expressed by a nonlinearity parameter a.

Assuming a wave with suitable polarization and a propagation constant kg7,
Maxwell’s equations for the electric field lead to the linear, inhomogeneous
differential equation (33) whose solution is approximated by means of a Green
function and an iteration method. Referring to a photorefractive permittivity
with external field, the approximate solution is compared with the numerical
solution; furthermore, the amplitude of even modes in the planar waveguide
is compared with the analytically determined amplitude. In both cases, the
agreement is satisfactory.

If a, v and R are chosen according to (94) resp. (124) (both conditions can,
in principle, be satisfied for arbitrary R and ~ if || is chosen sufficiently
small), the conditions of convergence of the iteration method are given for a
photorefractive permittivity with external field.

In contrast to numerical investigations, analytical considerations by means
of the iteration method allow to study the dependence of the ratio n of power
flow in the core to the total power flow on the parameters €1, €5, v, R and a.

The boundary conditions give rise to a dispersion relation (39) relating the
half diameter R of the waveguide, the propagation constant kqy of the soli-
tary wave and the nonlinear parameter . By means of the iteration method,
the change of the linear dispersion relation due to the field dependent per-
mittivity (29) is described with the help of function Fy ((45a) resp. (72a) for
even resp. odd modes).

Approximate solutions of v and R are investigated with respect to « for pho-
torefractive permittivity. If v is fixed, R enlarges with increasing « for all
modes of the planar waveguide as well as the odd modes of the cylindrical
waveguide.
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The amplitude of the solution of (30a) resp. (33) is presented by an implicit
equation (65a). The change of the amplitude due to the field dependent
permittivity (29) is described by function F; ((54a) resp. (79a) for even
resp. odd modes).

The ratio n of the power flow in the core to the total power flow is linearized
with respect to o with the help of functions F} and E; for even and odd
modes of the planar waveguide with field dependent permittivity (29).

If R is fixed and a photorefractive permittivity with external field is con-
sidered, an increasing « leads to a decrease of n for even as well as for odd
modes. However, if the propagation constant kg7 is fixed, an increasing «
leads to an increase of 7.

As an outlook, it seems that the approach outlined in this work can be
applied to more general permittivities (higher order, saturating, complex
valued). Furthermore, the restriction of a linear cladding seems not to be
essential. Crucial for the approach are the assumption of TE-waves and the
possibility of finding an explicit expression for the Green function.
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A Planar waveguide

A.1 Even function

A.1.1 Linear case, cut off limit

The cutoff limit is defined by v — /€1 or k1 — 0. Then

is an appropriate parameter for an expansion of g. Then

Ky = e2—7 =(2—e1) — (V¥ —ea1) =

and

K

2—,%% = K2 (1—52)

Ky = kKV1 =482 =k (1 — %524—(’)(54)) :

Next R = R(7) is expanded in a series with respect to §:

R(8) := Ry + R16 + O(6%)

It follows immediately

koR = KRy + kR16 + 0(2).

Inserting
1
tankoR = tankRgy + o (iR kR16 + O(2)
and !
K1 K1 K
AL A =46+ O3
K2 K K2 V1-—462 ®)
in the linear dispersion relation
tan ko R = i
K2
leads to
t R ———— kR0 ) 0(3),
anklip + cos?(kRp) A + (3)
and after comparing equal orders in ¢ it follows
tankRg = 0 — kRy = z-m, (2=0,1,2,...)

o4



and
I{Rl = 1.

Therefore if k1 /k < 1, R = R(k1) can be approximated by

nR:z-w+5+O(52):z-w+%+0(2).

The width R = R() of the core in the cutoff limit for both, even and odd modes,
can be described by

HR:V'g“‘(S—FO(éZ)a v=0,1,2...; d:=— (11)

where even values of v belong to even TE modes, while odd values of v belong to
odd modes (cf. Marcuse, Light transmission optics, p. 327.)

Additionally, Fig. 24 shows the ContourPlot of function g in the region of small
k1 (1 <7 < 1.1 where &1 = 1) together with the function R(y) = r1/x? for the
fundamental mode (v=0).

0.15r g

i
o

0.125F

0.075F

0.025

1.02 1.04 1.06 1.08 1.1

Figure 24: R= R(7); e1 = l;ea =4;51 — 0 (1 <y < 1.1)

A.2 Field dependent permittivity, even modes
A.2.1 Construction of function f

Function f is determined by following considerations:
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First, with the help of Lu = —aB(u) and LG = —§(s — z), we have
R

/Rds (G(s,x)Lu - uLG(s,x)) = / ds ( —G(s,z)aB(u) + u(s)&(sfzn))

-R -R

R
= u(r) -— a/ ds G(s,z)B(u)

On the other hand, taking into account | L := 8% + k3|, the relation

R R
/ ds (vLu —ulv) = / ds (vu” —uv")

R -R
R R
= )Ry - / ds v — <[uv’}RR - / ds u’v’>
-R -R
= [ou)fg — [u)Bg
is valid.
With v(s) := G(s,x) and taking into account ‘G(R, x) = G(—R,x) =0}, we find
R
flz) = / ds (G(s,a:)Lu(s) - u(s)LG(s,x))
-R
= —[uvig
= —u(R) 2G(s x) + u(—R) 2G(s x)
a s ’ s=R s 7 s=—R
d 0
= — OSG(s,m) - + &G(s,x) e

since u(R) = 1 and u(—R) = £1, where u(R) = u(—R) for even functions and
u(—R) = —u(R) for odd functions.

From (35), the derivation of the Greens function with respect to s is given by

_sinfkg (R + )] cos[ka (R — )]

<s<
9 sin[2k9 R) zsss R
gG(s,x) =
sin[ke (R — x)] cos[ka (R + s)]
>85> —
sin[2k2 R] zzs2—R
It follows 3 infry (R - )
_ S|k +x
%G(s,x) w—Rr sin[2r2 R]
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and

0 _ sin[ka (R — z)]
88G(s’m) w—p  sin[2sR]
thus
R
/ ds (G(s,x)Lu - uLG(s,x)) = —0,G(s,2)|s=r £ 0sG(8,2)|s=—Rr
-R
_ sin[kg (R+ )] £ sinf[ka (R — )]
N sin[2k2 R]
For even functions, u(—R) = u(R), and therefore
flz) = sin[kg (R + )] + sinfky (R — )]  2sin(kaR) cos(kaz)  cos(kax)
B sin[2k9 R] ~ 2sin(kgR) cos(kaR)  cos(keR)’
whereas odd functions require u(—R) = —u(R), and in this case we have
flz) = sin[kg (R + )] — sin[ka (R — )]  2cos(k2R) sin(kox)  sin(kox)
N sin[2r2 R] ~ 2sin(kgoR) cos(kaR)  sin(kaR)

A.2.2 Dispersion relation, even mode

A dispersion relation connecting v and R follows from the continuity of the deriva-
tive of u(z) at = R:
o [f y
—Kk1 = a — [ ds G(s,x)- B(u(s)) + fU(R)
Ox -R =R

B B sin[kg (R 4+ s)] . B
= —aKy /_Rds o2 Sn[2naR] B(u(s)) ko tan(koR)

B sin[kg (R + 5)] 1
kotankoR — k1 = — a/RdS W B(u(s)) |/~$_2
R .
K1 a sin[ka (R + s)]
t R - — g _ — d _— B
Rt — 2 = [ s = Bugs)
or

g — aF(u) =0

where
g = tankoR — ﬂ,
K2
1 (B sin[ko (R+ 5)]
Flu) = —— s A N .
(u) Ko /_Rds sin[2k2 R] (u(s))
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If we assume that u(s) is a symmetric function, than B(u(s)) is a symmetric
function, too, and therefore

R
/ ds sin(kas)- B(u(s)) = 0.

-R
Thus
1 [ sin(kaR) cos(kzs)
F = —— . B
() Ko _Rds sin[2k2 R] (u(s))
1 (B cos(kgs)

= ds ——— - B(u(s))

"2y ) cos(kaR)

1 ko R
- ——2/0 ds —2° . B(u(s))

K5 cos(kaR)

A.2.3 Dispersion relation of the first iteration step, even mode

Introducing
wi(s) = oS §
! cos(k2R)
and the photorefractive nonlinearity Bpp,(u) = —u/(1 + tu?), we have
1 ko R
Fpp(u1) = —— ds wui(s)- B(ui(s))
k3 Jo
L[y
2 2
k5 Jo 1+ tui(s)
ko R 2
_oLrgmR ot
K3t 1+ tu?
2 0 1
11 [rh 1
- ?Z/ ds [ N 1+tu2]
2t Jo 1
With the help of
9 cos? s 1 9 5
1+tui; = 1 +t—5— = — cos”s [1 + Pytan s]

cos?(koR) Py

where
cos?(kaR)

Py = ——————
0 cos?(kaR) + t
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ds, we have

and the substitution: z(s) = Pytans; dz=+/Fp

cos? s
b b
1 1 1
/ds 5 = B /ds 5 5
a 1+ tuy a cos*s 1 + Pytan©s
e [
= z —_—
0 /z(a) 1+ 22

= /Py [arctan ZEEZ))

= VR (arctan[\/ﬁ)tanb] — arctan[/ Py tana])

For later purposes, we introduce the function

1 b

Fi(a,b) = 3 ds wui(s)- B(ui(s))
2 Ja
11 (° 1
= 2—/d8 {1 - 2]
k3t Jq 1+ tuf

b
= - [s — /Py arctan[y/ Py tans]]
K5t a

which depends on two arguments referring to the lower and upper boundary of the

integral.
Taking into account F'(u;) := F1(0, k2 R), we finally have
11
Flu)) = — n (IQQR — /Py arctan[/ Py tan(/igR)D .
k2
Summary:

The first iteration step dispersion relation is given by
g—aF; =0

where
K1

g = tankoR — —
K2

and

Fl(K,QR)

ko R
/ ds ui(s) B(uy)

0
RO
1+ tui(s)

(,@R — /Py arctan[\/P, tan(f-ng)])

=
Sio|

I
| — |~
c\

S
[N \)
| =

29

(46)

(45a)

(45b)

(45¢)



with

i (s) = cos s P cos?(keR) 1
B2 cos(kaR)’ 07 cos?(keR) + t 1+ tu?(0)

A.2.4 The amplitude wu,(0)

If x =0, from (42a) we have

R

i1 (0) = a /_ ds G(5,0) Blua(5) + 1(0).

From (35) we get

sin(kaR) sin[ka (R — s)]

Ko sin(2koR) s20
G(s,0) =
sin(keR) sin[ka (R + s)]

Ko sin(2koR) s<0
thus using the axial symmetry, u,(—s) = u,(s), we have
un(0) = £(0)

B sin(koR) 0 . R -
@ 2 sin(2k2R) </_Rds sinfrg (R + 5)] B(un(s)) + /0 ds sinfry (R 5)]B(Un(5))>
sin(ka R) R .
s [ ds sinls (Rt 8] B (5)

sin(ka R)

Ko sin(2ko R

) <_ /0 " s sinfka (R + s)] B(un(s)) + /0 “ s sin[ko (R—s)]B(un(s))>

sin(x R
—a sin(kaR) Fluy,) — « (r2 ) ) / ds 2cos(raR) sin(kgs) Blun(s))
0

Ko sin(2ko R

o R

—a sin(keR) F(u,) — — ds sin(kas) B(un(s))

K2 Jo

«

koR
—a sin(keR) F(up) — o / dz sinz B(up(z))
2 Jo
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where, assuming that wu,, is an even function,

1 R Ssin[ng(R—f—s)] w (s
Pl = = [ s S B ()

1 R cos(kas) (s

N 2kK2 _Rds cos(kaR) Blun(s))

B 1 R cos(kgs)

= _m—% ; ds mB(un(s))

Summary:
a ko R
un(0) — f(0) = —a sin(koR) F(u,) — — / dz sinz B(un(2))

ko Jo

A.2.5 The second iteration functions amplitude uy(0)

The first iteration function is given by wui(z) = ﬂ;
cos(kaR)
the photorefractive nonlinearity is given by B(u) = _ﬁ_
Let n = 2. Then, remembering Eqs. (45a) - (45¢),
1 2R  cos(kas)
1 (u1) "53/0 5 cos(ma ) (u1(s))
1 Ko R
= -5 / ds uq(s) B(ui(s))
k3 Jo
1 ko R 2
- / ds a0 _
k3 Jo 1+ tug(s)
1

(@R — /Py arctan[\/P, tan(@R)]) ,

N
N[N
~+ | =
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it is convenient to introduce the function

1 ko R
T3

E,:=FE(u) := -
2 JO

dz uj(z) Blui(2)

u1(s)

1 ko R ,
- d _ WS
F AT C e

Ko
11 1+ tu?(rk2R)
= —— —In |12V R) =1
K2 2t n[ 1+ tu2(0) ur(r2F)
11 1+t
= oS
k2 2t |1+ tu}(0)
L1, 1+ tu2(0)
ey — — n|—
K3 2t L+t
1
_ 11 1+tCOSQ("@zI‘?)
K3 2t L+t

Since cos?(koR) < 1, the counter of the logarithm’s argument is larger then the

denominator, therefore Eq(uy) > 0.
The sign of Eq(u;) can more easy deter

1 ko R
+ D) / dZ
Ky Jo
1 ko R
Ky Jo
1 ko R
K3 Jo

E(uy) =

mined by the transformation

ui(2) B(uy(2))

sin z
— B
cos(k2R) (u1(2))

sin z cos(k2R)

cos(roR) ¢ (005?551%))2

Inserting the definition of E(uq), we can immediately write

u2(0) —u1(0) = —a sin(k2R)

Fi(k2R) + «a cos(kaR) Eq(k2R) .

(125)

1 ko R
Fi(kaR) = _/{_% ; ds ui(s) B(ui(s)) > 0
ko R
Ev(maR) = & / ds ), (s) B(uy(s)) > 0
k3 Jo
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A.2.6 Exact amplitude

Multiplying the exact differential equation
W + K2u 4+ aBu) = 0

with 2u’ and integrating with respect to x with the upper boundary 0 yields

() + H%UZ]g + 2a/ ds u'(s) B(u(s)) = 0.
0
The amplitude is defined by
u(0) = up, v/ (0) =0,
thus we have

(u')? + ra(u® —ud) + 20 /Ids u'(s) B(u(s)) = 0.
0

Taking into account the boundary conditions for x = ko R,
u(kaR) =1, v (kaR) = —k1,

leads to an equation which determines ug as a function of «:

koR 1
KT+ ma(l —ud) + 204/0 ds u'(s) B(u(s)) = 0 =
2
,{2 a koR
1+ KJ—; — ud + 2?/ ds u'(s) B(u(s)) = 0
2 2 J0

2 K a [ref
ug = (1 + —2> + 2—2/ ds u'(s) B(u(s))
k3 K3 Jo

The integral can be solved analytically:

/OKQRdsu/(s) Blu(s) = _/DKQRdsu’(s) §

1+ tu?
u(k2R)
[
u(0) 1+ tu
1 1+tud
= — In
2t 1+1¢

Therefore we have an implicit equation for the exact amplitude ug:

K7 o 1+ tud
+ T
K5 tk5 1+t
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A.2.7 The second iteration function us(z), even modes

uz ()

where

cos(kax)

R
a /_Rds G(s,x) B(ui(s)) + cos(iaR) (42a)
o [y Slea R sl (R 0) g )y sl
R sin[k sin|k -5
* a/ s = (RI;_ si)i(Qm[RQ) — Blu()
- sin[ka (R — x)] sin[ka (R — t)] cos(Ka)
a/R (=dt) Ko sin(2koR) Blu(=1)) cos(kaR)
R sinlk x)| sin|k -5
" a/ s Q(RF;— si)r]l(an[Rj (E—s)] B(ui(s))
R sin[kg (R — )] sin[kg (R —t)] cos(Ka)
/ dt K2 5111(2/&2]%) B () cos(kaR)
* a/ ds == Ko sin( 22[22) (R — ) B(ui(s))
sin ka2 (R — ) sin ko (R + )

1

cos(

I{QR)
1
KZQR)

cos( K

1 b
sin ko R ?/dz ui(z) Bui(z)) +
2 Ja

1
2
K5 Ja
1
2

2

79 sin(koR)

J
J

J|—roz, kaR] + « 2 sin (o)

b
dz sin(kaR — z) B(u1(2))

b

J[kox,kaR] + wui(x)

dz (sin ke Rcos z — cos ko Rsin z) B(ui(z))

cos ko R —
K5 Ja

b
dz u}(z) B(uy(2))

—Fl [CL, b]

_ cosz ,
~ cos(kaR)’

and  wui(z):
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Further simplification can be achieved by using integrals with zero boundary:

a (sinkg(R—x)  sinka(R+ z)
— = - J10, ko R
uz() = () 2 ( sin ko R sin ko R 10, w2
a sin k(R — 7) a sinky(R + )
= J|- 0) — =——F=—J0
R R e ey ey R L
Due to the symmetry of the integrand of F}, according to (45b)
Fl[_HQCU,O] = Fl[’%Qan] )
whereas the antisymmetry of the integrand according to (54b) leads to
El[_KQIE,O] = _El [KZSU’O] )
thus
J[—krow,0] = —sin(kaR) Fi|—kKox,0] + cos(kaR) E1[—kKaz, 0]

= —sin(keR) F1[0, kox] — cos(keR) E1|0, kox]
and introducing the abbreviations
Fi(kor, ko R) == F1(0, Kozl Ey(kex, ko R) := E7 [0, ko],

- for convenience, in contrast to the main part of this work, in this calculation
Fi(kox, ko R) is abbreviated by Fj(kex) and Ej(kox, koR) by Ei(kox) -
we have

us(z) — % - gzcos(m) J[0, k2 R]
a sinka(R — x)
2 sin(kgR)
sin ko (R + )
sin(kaR)

[—sin(keR) Fi(kox) — cos(kaR) Ei(kax)]
- % [~ sin(koR) Fi(kaz) + cos(kaR) Ei(kaz)]

= «a cos(kax) [—sin(kaR) Fi(keR) + cos(kaR) E1(koR)]
a 2cos(kaR) sin(kox)

Sin(lﬁ:gR) F1 (ng)

2 sin(koR)
a 2sin(kaR) cos(kax)
_g E
5 Sn(5aR) cos(kaR) E1(kax)

= « [ — cos(kex) sin(keR) Fi(kaR) + cos(kaR) sin(kex) Fi(kox)

+ « cos(kax) cos(kaR) [El(/sz) — E1 (ko)
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cos(ka)
uz() = cos(kaR)

= « | —cos(ker) sin(keR) F1(k2R) + cos(keR) sin(kez) Fi(koz, koR)

+ o cos(kax) cos(kaR) |:E1(H2R) — B (Ko, koR)

It follows immediately that
u2(R) = wi(R) =1
and
ws(0) = ui(0) + a (—sin(@R) Fi(r2R) + cos(kaR) [El(@R) —El(O)D

= u1(0) + « (— sin(keR) F1(koR) + cos(kaR) El(/ng)>

where
1 KoX
Fi(kex, koR) = ——5 dz uy(z) B(ui(z))
k3 Jo
2
e (a25)
= +?/‘ dz 2
201 ()
11
= —l——QZ(Hgac — /Py arctan| Potan(/ﬁgx)])
k2
and
1 Kol
Ei(kox,k2R) = ?/ dz u}(2) B(ui(z))
2 Jo
K2X Ul(Z)
K3 Jo + tui(z)
1
L, (e
k32t 1 4 poos2(rar) |7
2 cos? (k2 R)
and

Fl(HQR) = Fl(HQR,HQR), El(HQR) = El(ligR,IigR),
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and

El(ligR) — El(KJQI',KQR) = —1In 1 T ; 2 1 N tcos2(,€2$)

cos2(koR)

1 1
1 (1 + tCOSQ(I{QR) ) _ i In L+ tcosg(,@R)

2
1+t (o)
= —1In
2t 141t

R
where uj(koR) = EZZ ZQR = 1 was used. Since 0 < koxr < koR it follows
2

cos(kar) > cos(kaR), and for this reason Fi(kaR) — E1(kax,kaR) > 0.

A.3 Convergence of the iteration
A.3.1 Banach fixed point theorem

A solution of the operator equation
u = Au, ue M, (126a)
by means of the iteration method
Upt1 = Ay, n=0,1,.., (126Db)

(where ug € M) is called a fized point of the operator A.
Let
(a) M be a nonempty set in the Banach space X over K, and

(b) the operator A : M — M be k-contractive, i.e., by definition,

|Au — Av|| < k|ju —v||  for all u,v € M, and fixed k, 0 < k < 1.

Then the following hold true:
(i) Existence and uniqueness.

The original equation (126a) has exactly one solution u, i.e., the operator A has
exactly one fixed point v on the set M.
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(ii) Convergence of the iteration method.

For each given ug € M, the sequence (u,) constructed by (126b) converges to the
unique solution of equation (126a).

A.3.2

Estimation of ‘LRR ds G(s,z) B(u(s))|, even modes

Assuming the symmetry of function u, for even functions u it can be shown (see
A.2.7) that

where

and

R
/ ds G(s,z) B(u(s))
“R

[ — cos(kox) sin(kaR) Fi(kaR) 4+ cos(kaR) sin(kox) Fi(kax)

+ cos(raz) cos(kaR) [El(@R) - El(@:c)}

cos(kaR) [sin(mx)ﬁl(ngcc) - COS(Kgx)El(FLQZ‘)]

_ CC:)):((TH;Z)) cos(k2R) [ sin(koR) Fi(kaR) — cos(kgR) EI(RQR)}

_ 1 KX
Fi(koz) = 2/ ds wui(s) B(u(s))
2
1 [re® COs § u(s)
= t3 o 2
k5 Jo coskaR 1 + tu?(s)

1 KoT .
- 4L / g _Sms u(s)
0

coskaR 1 + tu?(s)
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Inserting this formulas, we have

R
/ ds G(s,2) B(u(s))
“R
1 Ko

= H—% ; ds [ sin(kex) cos s — cos(kox)sin s #2)2(3)
1 cos(kox) [r2R . : u(s)
"2 cos(mB) /0 ds [ sin(kaR) coss — cos(ka2R) sms} TT tu(s)
1 KoX
= — ds sin(kox — S)LS)2
k5 Jo 1 + tu?(s)

1 cos(kor) /”2R . u(s)
_ - ARt d R—g)— )
k3 cos(keR) Jo s sin(s 8)1 + tu?(s)

Taking into account the estimation

U 1
B(u)| = < vt
Bl = || < 5
we can conclude
R
‘/ ds G(s, ) B(u(s))’
-R
1 K2 1 k2R
< o [as sintear = 1G] + 5 (S [ s snnak - )| B(u)
I . 1 | cos(kar) Rl
< —— d — = | == d _
N /0 s |sin(kex — 8)| + 2 |cos(naR) /0 s |sin(ka R — )|
I 1 R cos(kax) /”2R ,
< =3 d = — d R-—
S i (/o s | sin(kax — s)| costaR)| s | sin(ka s)]|

The substitution ¢ := kex — s yields

KoT 0 KoT
/ ds |sin(kox — s)| = / (—dt) |sint| = / dt | sint|
0 K 0

2T

therefore
R KX ko R
1 1 2 2
’/ ds G(s,z) B(u(s))| < ——2</ gt st 4+ |<oslree) / dtsint)
R 2Vt 55 \Jo cos(r2R) | Jo
1 1 cos(KaT) /“2R _
< — = |1 R dt t
< sy (1 o)) [ anteml
< L1 <1+ = )/deﬂs' f
— — —_— in
T2Vt K |cos(rk2R)| ) Jo
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Let

ﬁgR:ngra, v=0,2,4,..., &</

= z-m+ 6, z=0,1,2,....

Since koR = z-7m + 6§, 2=0,1,2,..., we have
R 1 1 1 z-m+0
ds G(s,z) B(u(s < ——= (1 + ———— / dt |sint
[ctamuen| < 57 ( |<—1>Zcosér) , i
LI 2z + /(Sdt int
= — — z sin
2V/t K3 6055 0
-t 1+ (v + 1—cosd)
N cosé
< L1y + 1)
— (v
T 2Vt K3 cos<5

Summary:

Let koR = v-m/2 + 0, v=0,2,4,... and |[0] < 7/2.

%52%/% (1 + 60185> w+1)  (90)

' /I;ds G(s,x) B(u(s))

Let ) )
vy = — |1 1) . 12
¢ K3 ( * cosd) v +1) (127)
Then
R 1
‘/Rds G(s,z) B(u(s))| < 2—\/¥C',,.
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A.3.3 Operator A maps S into itself

Consider the operator

S — F(9)

A R
A(u) — « /Rds G(s,z) B(u(s)) + f(x)

R
[Aul| = \Oé/ ds G(s,x) B(u(s)) + [f(2)
< H/ ds Gls,2) Bw)| + /()
< |OZ|WC + [ f(2)]
For even modes we have
cos(kax) cos(ka) 1
I£(@) HCOS(K}QR) H( 1)? COS(SH cosd’
thus
A < 1
vl < lol 72 C0 + o

C, is a constant which depends on ~, R and v.
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A.3.4 Contractivity of operator A

Let u,v € S.
Then
R
|Au — Av|| = |of ‘/ ds G(s,z) (B(u)—B(v))H
-R
1 KoT
= | ?/ ds sin(kox — $) (B(u)—B(v))
2 Jo
1 cos(kar) r2 R )
_ n_g cos(na ) /0 ds sin(koR — s) (B(u) —B(U))
1 KoX .
< o] ?/ ds | sin(kox — s)| ’B(u)—B(v)‘
2 Jo
1 | cos(kax) reR .
7 |connB) /0 ds | sin(raR — 5)| ‘B(u) B(v)
< ol 1B(u) = B(v)||
Y ) 1 | cos(kar) ro R .
H—g/o ds |sin(kox —s)|  + 2 | cos(ma) /0 ds | sin(koR — s)]
< lal [[B(u) =B@)|| Cy
where
C, = 1 1+ ! (v + 1)
K3 cos
u v
1B - B = |5~ 1o
< 1—tuv I — o]
|11+ tu?)(1 + tw?)
Since .
— tuv
<1 12
’(1+tu2)(1+t02) sl VuwueR (129)
we have
[B(u) = B@)| < [lu—uv. (130)
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B Cylindrical waveguide

B.1 Cutoff limit

Let
 Jo(x)
a(x) = =z @)
 Ko(x)
b(x) = =z Ki(n)

In the limit v — /g7, taking into account 2 := 4% — &1, we have

5= <1
K

Since kg := g9 —v% and k? := k3 + K3, we have

2

Ry 2
o= 1-6°.
Let further
R:=R,(1+x) where R, = ‘YOTm and x <1
Then
HQR = Hsz (1 + X)
= “2.R, (1+x)
K
= 1 — 62 jom (1 + x)
1
— on (1= 3+ O (140
. 1, 2
= Jom 1—55 +x + O(x?)
and

kiR = dkRn(1+x) = 0jo1 (1 +x).

We assume that
O(x*) < 0(8%) < O(x) < 0O(6)
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(more exactly, it is assumed that O(x) = O(621n[d])).

Let jom be the m* zero of Bessel function Jy and € < 1. Let further
u = jJom + €.

Taking into account Jy(jom) = 0 and J)(u) = —J1(u), we have

Oa
a(u) = a(jom) + € 5 + O(e?)
8U U=Jom
Jo(u) [ 3J0(U) 2
B0 g, TR 0 |y, T
Jom . 2
Jl(]Om) 1(]0 ) ( )
= —¢€ jOm + 0(82)
Combination of
a(jOm + 5) = —€ jOm + 0(52)
and 1
KoR = j()m + jOm(X - 552)
leads to
— _;2 — 152 2
a(r2R) = —jom (X = 507) + OKX). (132a)

Taking into account the asymptotic behavior of the MacDonald functions,

Ko(x) ~ ~h(gz) (@<1),

(r<1)

SN

where I" := €7 and v ~ 0.577 (Euler constant), and taking into account k1R =
0 kR < 1, one obtains

BR) = ~30(1+x)? I ond(1 + X))
= —j2.0%(1+x)? <ln[gj0m5] + In[l + X])
= (14007 (nlGdond] + 3+ O0))
= —j2 62 ln[gj()mé] + O(x?) (132b)
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Summary:

1
Kol = jou (1 - 562+x + O(X2)>

kKR = 5jol, (1 +X+O(X2))

alwaR) = g, (x— 35°) + OG3) (1322)
b(kiR) = —ji,0° ln[gjoycﬂ + O(x%) (132b)

Inserting (132a) and (132b) in the linear dispersion relation a + b = 0, we have

) 1 . T
~Jom (X = 50%) = J6md” W[ jomd] = 0
or

x0) = (5 = Wl )

Therefore if 6 < 1 (cutoff limit), the radius R = R(J) converges towards jom/k
according to

K

R(0) = Jom {1 + (% - ln[géjom]> 52} . (133)

B.2 Convergence
B.2.1 Estimation of ||pG||

Introducing the abbreviation

D = J - Y ,
(1) = hn) Sy~ Vi
the Greens function G' can be written
5 J1(k2p) D(kar) p<r<R
G(kap, Kor) =
5 D(kap) Ji(kar) r<p<R

Then
R
s(kar) = /0 dp 1pGlp,r)| = s1(r) + sa(r)
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where

silrar) = 5 |D(an)| [ dp plhs(rap)
0
and
- R
salwar) = 3 La(ar)| [ do p|Dsar)
The substitution
t = Kap
U = Kor
U = koR
yields
1 ko R
s(u,U) = —2/ dt |t G(t,u)|

T 1

u U
= 2.2 <|D(U)I /Odtt|<]1(t)| + \Jl(u)|/udtt|D(t)\>

For the following considerations, the condition

jor < kaR < jn1 resp. Jjn < U < jn (134)

where jp1 = 2.405... and j;; = 3.832... is assumed.

Properties of function s = s(u, U)
Let

Y/(U)

D(u,U) = Ji(u) 70) — Yi(u) .

Then .
Yl (U) /

sy ~

D'(w,U) = Ji(w)

and therefore
D'(U,U) = 0. (135)

By means of a 2D-plot, it is easy to show that if u € [0,U] and U € [jo1, j11], then
there exists exactly one zero do(U) of D(u,U) and D(u,U) < 0 if u > do(U).

Let u > do(U). Since Ji(u) > 0if 0 < u < j11, it follows

s U) = —g% <D(u) /udttjl(t) N /UdttD(t)>

0 u
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The derivative is given by

—%m% s'(u,U) = D'(u) /OudttJl(t) + D(u)-uJi(u)

U
) / QtDE) —  Ji(u)-uD(u)

U

= D'(u) / dttJi(t) + Ji(u) / dt t D(t)
0 u
With D'(U,U) = 0 it follows immediately that

$'(UU) = 0 (136)

The following 3D-Plot of s = s(u,U) (Abb. 26) clearly shows that if jo; < U <
j11 then

s(u, U) < s(jor,jo1)

Figure 25: s =s(u,U); 0<u<U; jo<U<jn

Abb. 26 confirms in accordance with (136) that the maximum s = s(u, U) is build
up if u = U and furthermore if U = jo1.
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Figure 26: s =s(u,jn); 0<u<U; U=jyn

Then the following estimation holds:

= R
lp G(p,7)] Trer%%s(w, ko R)

max_s(u,U) where jo1 < U < ji1
u€e[0,U]

s(Jo1, jo1)

s1(jo1, Jo1) (82(j01,j01) =0 due tou:U)

= X X X
o] T S| s o] T

™ o Jo1
§\D(301,Jo1)\/0 dt t Ji(t)

Taking into account

V)
7(0) Yl(U))
1

= 70 (Jl(U) Y{(U) — Yl(U)J{(U>)

1 21
J(U) n U

DW.U) = <J1<U)

(Snyder/Love, (37-76a), S. 714) (137)

and U = jo1, it follows
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C1
lp Glp, 1) = (138)
2
where

1 1

jo1
c] = —————— — dt t J1(t) ~ 2.83214 .
TGo0] Jon / Q

B.2.2 Contraction
The contractivity can be shown with the help of

1 — tujus

<1 A t>0. 139
14+ tu?) (1 +tul)| — 1.2, (139)
1 2
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